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�0 Introdu
tion0.0 Questions(0) The basi
 question. How do people use and a
quire human languages?(1) Traditional strategy: list what speakers of language X know
• squib, n. [skwIb℄A 
ommon spe
ies of �rework, in whi
h the burning of the 
omposition is usually terminated by aslight explosion.Something that fails ignominiously to satisfy the expe
tations aroused by it; an anti-
limax, adisappointment.A short 
omposition of a satiri
al and witty 
hara
ter; a lampoon.

⇒ In te
hni
al literature, a squib is just a short essay on a spe
i�
 topi
.
• (games)I'm a little _ _ _ _ _ _, short and stout. Carroll 
hara
ter: _ _ _ _ _�Is the 
omputer going to be able to solve the 
lues involving puns and wordplay? I don't think so,�Shortz wrote in an introdu
tion to a volume of The New York Times daily 
rossword puzzles. He gaveexamples of 
lues he felt 
omputers would miss, su
h as �Event That Produ
es Big Bu
ks� referring to�Rodeo,� �Pumpkin-
olored� translating as �Orange,� or �It Might Have Quarters Downtown� meaning�Meter.�
• (headlines) Enraged 
ow injures farmer with ax.(On the wrapper of my new so
ks:) Fits all sizes.
• (diale
ts) (Mos Def, �Tell the truth�) Man u hear this bullshit they be talkin. . .(2) (Q) How 
ould any devi
e a
quire, re
ognize and produ
e a human language?
· distinguish the re
ognition problem (and what we know at a given time) from the learning problem
· Instead of trying to list lexi
on and grammar, de�ne their fundamental properties.On
e we have an idea of what they are, we 
an aim to understand how they are a
quired.

1



2 �0. INTRODUCTION0.1 Computational arguments in linguisti
 theory
• Frege 1923It is astonishing what language 
an do. With a few syllables it 
an express an in
al
ulable numberof thoughts, so that even a thought grasped by a terrestrial being for the very �rst time 
an be putinto a form of words whi
h will be understood by someone to whom the thought is entirely new. Thiswould be impossible, were we not able to distinguish parts in the thought 
orresponding to the partsof a senten
e, so that the stru
ture of the senten
e serves as an image of the stru
ture of the thought.[92℄(3) "tElE�gôæf (in isolation, primary stress on 1st syllable, se
ondary on 3rd)(4) �tElE"gôæf (in telegraphi
, primary stress on 3rd syllable, se
ondary on 1st)(5) tEl"E�gôæf (in telegraphy, primary stress on 2nd syllable)
• Chomsky and Halle 1968Regular variations su
h as this are not matters for the lexi
on, whi
h should 
ontain only idiosyn
rati
properties of items, properties not predi
table by general rule. The lexi
al entry for telegraph must
ontain just enough information for the rules of English phonology to determine its phoneti
 form inea
h 
ontext; sin
e the variation is fully determined, the lexi
al entry must 
ontain no indi
ation ofthe e�e
t of 
ontext on the phoneti
 form. In fa
t, as we shall see, the lexi
al representation for theword telegraph should be (6), where ea
h of the symbols t,e,. . . is to be understood as an informalabbreviation for a 
ertain set of phonologi
al 
ategories (distin
tive features):(6) +tele+græf+.Thus the lexi
al representation is abstra
t in a very 
lear sense; it relates to the signal only indire
tly,through the medium of the rules of phonologi
al interpretation that apply to it as determined by itsintrinsi
 abstra
t representation and the surfa
e stru
tures in whi
h it appears. [53, p.12℄
• Kenstowi
z 1994A

ording to Miller and Gildea (1987), in the 
ourse of normal development a 
hild learns a vo
abularyof some 80,000 lexi
al items. Many adults have lexi
ons of mu
h greater size. . .While a groan anda giggle are readily distinguished from one another, no language en
odes its vo
abulary in su
h grossvo
al wholes. Think of the 
ognitive hardware that would be required to per
eive, learn, and put intooperation 80,000 di�erent gestures. A mu
h more e�
ient system would stipulate a small number ofbasi
 atoms and some simple method for 
ombining them to produ
e stru
tured wholes. [147, p.13℄
• Fromkin et al 2000Minimally, a lexi
al entry will 
ontain information that is su�
ient to distinguish its surfa
e realizationfrom that of any other form whi
h, in the judgement of the speaker, is realized distin
tly in the same
ir
umstan
es. . . The entries of write and ride must be distin
t, sin
e they are realized as [raIt℄ and[raId℄ respe
tively under most 
ir
umstan
es. Therefore the voi
ing values in the �nal stops of writeand ride will have to be part of the lexi
al entries, as it is these voi
ing values that 
ause the speakerto realize these two forms distin
tly. [95, p.602℄



�1 Time and sequen
e1.0 Denoting linguisti
 obje
ts(0) Insert the minimum number of quotation marks to make these strings grammati
al and sensible.The tea
her's name is Ed.The is not always a determiner.I want to put hyphens between the words �sh and and and and and 
hips in my �sh and 
hips sign.Then, here's a harder one (for this one, it helps to add 
ommas too).Wouldn't the senten
e I want to put a hyphen between the words �sh and and and and and 
hips inmy �sh and 
hips sign have looked 
leaner if quotation marks had been pla
ed before �sh and between�sh and and and and and and and and and and and and and and and and and and and and and 
hipsas well as after 
hips?We solve a problem like this every time we interpret a spoken senten
e.1.1 Order and sequen
e(1) 1+1=2. Introdu
ing stru
tures and re
ursive de�nitions. (draw pi
tures)(* we de�ne a new type for natural numbers *)type nn = Z | S of nn;;(* e.g. *)Z;;S Z;;S (S Z);;let iszero x = mat
h x withZ −> true
| S −> false;;let re
 sum a b = mat
h a withZ −> b
| S x −> S (sum x b);;(* e.g. *)sum (S Z) (S Z);;sum Z (S (S (S Z)));;sum (S (S Z)) (S (S (S Z)));;(2) 2*2=4. let re
 times a b = mat
h a withZ −> Z
| S x −> sum b (times x b);;(* e.g. *)times (S (S Z)) Z;;times (S (S Z)) (S (S (S Z)));; 3



4 �1. TIME AND SEQUENCE(3) Know what's happening. If you don't, you 
an print out 
lues.
let re
 sumP a b = mat
h a withZ −> begin print endlineline "finally"; b; end
| S x −> begin print string "blip "; S (sumP x b); end;;(* e.g. *)sumP (S Z) (S Z);;sumP (S (S Z)) (S (S (S Z)));;let re
 timesP a b = mat
h a withZ −> begin print string "ding "; Z; end
| S x −> begin print string "zzz "; sumP b (timesP x b); end;;(* e.g. *)timesP (S (S Z)) Z;;timesP (S (S Z)) (S (S (S Z)));;

(4) Sequen
es. That is, lists. Instead of (1+1)=2 we have (append ["hi"℄ ["ho"℄) = ["hi";"ho"℄
(* we 
an de�ne a new type for lists *)type 'aa ls = Nil | Cons of 'a * 'aa ls;;Nil;;Cons ("sings", Nil);;Cons ("Mary", Cons ("sings",Nil));;Cons (1, Cons (0,Nil));;Cons (1, Cons ("a",Nil));;let re
 append x y = mat
h x withNil -> y| Cons (h,t) -> Cons (h,append t y);;(* e.g. *)append (Cons ("how", Nil)) (Cons ("Mary", Cons ("sings", Nil)));;append (Cons (1, Nil)) (Cons (1, Cons (0, Nil)));;(append (Cons ("hi", Nil)) (Cons ("ho", Nil))) = (Cons ("hi", Cons ("ho",Nil)));;let re
 printStringList x = mat
h x withNil -> ()| Cons (h,t) -> begin print_string h; print_string " "; printStringList t; end;;printStringList (Cons ("my", (Cons ("how", Cons ("Mary", Cons ("sings", Nil))))));;



1.1. ORDER AND SEQUENCE 5(5) Lists in O
aml. [℄ is Nil, and :: is Cons, but usually we don't show either one!(* the OCaml notation for lists is easier to read *)"sings"::[ ℄;;"Mary"::"sings"::[ ℄;;1::"sings"::[ ℄;;List.mem "sings" ["Mary";"sings";"songs"℄;;List.mem "song" ["Mary";"sings";"songs"℄;;let re
 member e list = mat
h list with[ ℄ −> false
| h::t −> if h=e then true else member e t;;(* e.g. *)member "sings" ["Mary";"sings";"songs"℄;;member "song" ["Mary";"sings";"songs"℄;;(* here is list �addition�: appending *)let re
 append x y = mat
h x with[ ℄ −> y
| h::t −> h::(append t y);;(* e.g. *)append [ ℄ ["songs";"daily"℄;;append ["Mary";"sings"℄ ["songs";"daily"℄;;(append ["hi"℄ ["ho"℄) = ["hi";"ho"℄;;(6) Noam Chomsky, Aspe
ts of the Theory of Syntax [45, p.8℄:But the fundamental reason for this inadequa
y of traditional grammars is a . . . te
hni
al one.Although it was well understood that linguisti
 pro
esses were in some sense �
reative,� the te
h-ni
al devi
es for expressing a system of re
ursive pro
esses were simply not available until mu
hmore re
ently. In fa
t, a real understanding of how a language 
an (in Humboldt's words) �makein�nite use of �nite means� has developed only within the last thirty years, in the 
ourse of studiesin the foundations of mathemati
s. Now that these insights are readily available it is possible toreturn to problems that were raised, but not solved, in traditional linguisti
 theory. . .



6 �1. TIME AND SEQUENCE



�2 Languages and grammars2.0 The Chomsky hierar
hy of rewrite grammars(0) We assume our alphabets Σ are �nite and nonempty.(1) Σ∗ is the set of all sequen
es of elements of Σ, in
luding the empty sequen
e ǫ(2) By a �language�, we mean any subset of Σ∗.(3) How many languages are there?(4) A rewrite grammar G = 〈Cat, Σ, ֌, S〉 has these parts:
Cat �nite set of Categories

Σ �nite nonempty set of vo
abulary items disjoint from C
֌ ⊆ V ∗CatV ∗ × V ∗ a �nite set of `rules', where V = Cat ∪ Σ

S ∈ Cat start 
ategoryFor ea
h rewrite grammar, we de�ne the relation ⇒⊆ V ∗ ×V ∗ as follows: x ⇒ z i� there are t, u, v, w ∈ V ∗su
h that x = tuv, u֌w, and z = twv.(5) We let ⇒∗ be the re�exive, transitive 
losure of ⇒.(6) The language de�ned by the grammar L(G) = {x ∈ Σ∗| S ⇒∗ x}.(7) How many grammars are there?(8) Most languages do not have grammars.(9) Chomsky hierar
hy:a. A 
ontext sensitive (CS) grammar is rewrite grammar in whi
h all the rules have one of the followingforms:
uAv֌uwv where A ∈ Cat, u, v, w ∈ V ∗, w ∈ V +

S֌ǫ if S is not on the right side of any rule.b. A 
ontext free (CF) grammar is a rewrite grammar in whi
h all the rules have the following form:
A֌u where C ∈ Cat, u ∈ V ∗.
. A (right linear) regular (Reg) grammar is a rewrite grammar in whi
h all the rules have one ofthe following forms:

C֌ǫ where C ∈ Cat and ǫ is the empty sequen
e
C֌a D where C, D ∈ Cat and a ∈ Σ.d. A list grammar is a rewrite grammar in whi
h all the rules have the following form:

C֌u where C ∈ Cat and u ∈ Σ∗.(10) List grammars de�ne �nite languages (Fin).Otherwise, We say that a language L is an α language i� it is de�ned by some α grammar, for any of thegrammar types α 7
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Reg CF CS RE non−REFin

(11) Example. The language {love, loves}.
S֌love S֌loves.List grammar derivations 
an be depi
ted by phrase stru
ture trees:Sl o v e sA �nite list of di
tionary entries (either their spellings, or their phoneti
 trans
riptions), is another, mu
hbigger list language.(12) Example. Language {a, b}∗ = {ǫ, a, b, aa, ab, ba, bb, aaa, . . .}:

S֌ǫ S֌aS
S֌bS.Right linear grammar derivations 
an also be depi
ted by phrase stru
ture trees:Sa Sb Sa SNoti
e that when S֌ǫ in the tree, interpreting that as the expansion of S to the empty sequen
e, I simplyshow the S with nothing below it.(13) Example. The following 3 rule right linear grammar grammar de�nes (ab)∗ = {ǫ, ab, abab, ababab, . . .}:

S֌ǫ S֌aB
B֌bS.Sa Bb Sa Bb SIt turns out that any language de�nable by a right linear grammars 
an also be de�ned by a grammar thatbran
hes only on the left edge, but we will only need the right bran
hing versions here.



2.1. LANGUAGES, GRAMMARS AND FINITE AUTOMATA 92.1 Languages, grammars and �nite automata(14) A �nite automaton A = 〈Q, Σ, δ, I, F 〉 has these parts:
Q �nite set of states
Σ �nite nonempty set of vo
abulary items

δ : (Q × Σ) → ℘(Q) the `transitions'
I ⊆ Q initial states
F ⊆ Q �nal statesWe extend δ to δ′ : (Q × Σ∗) → ℘(Q) as follows:

δ′(q, ǫ) = {q} for all q ∈ Q
δ′(q, aw) = {δ(q′, w)|q′ ∈ δ(q, a)} for all q ∈ Q, a ∈ Σ, w ∈ Σ∗When q′ ∈ δ′(q, w) we often say that w labels a path from q to q′. We extend δ′ to a fun
tion δ′′ :

(℘(Q) × Σ∗) → ℘(Q) as follows:
δ′′(S, w) =

⋃

{δ′(q, w)| q ∈ S} for all S ∈ ℘(Q)Then we simply 
all all these fun
tions δ, letting 
ontext of use (i.e. the types of arguments) make 
learwhi
h fun
tion we mean.The language a

epted by A, L(A) = {w| δ(I, w) ∩ F 6= ∅}.We say that A is deterministi
 if it has at most one initial state, and if the sets of �next-states� in the rangeof δ never have more than one element.
A trim if every state in on some path from an initial state to a �nal state.
A is 
y
li
 if there is some path 
ontaining more than one o

urren
e of a state; otherwise, A is a
y
li
.(15) Thm. For every right linear grammar G, there is a �nite automaton A, su
h that L(G) = L(A).(16) The language

L = {love, loves, loved, loveless, lovesomeness}is a

epted by the following automaton, where we show the initial state 0 with a bold 
ir
le, and the �nalstates with double 
ir
les:
0

1

l
5

l

10
l

15

l

23

l

2
o

6
o

11
o

16
o

24
o

3v 4e

7
v

8
e 9s

12
v

13
e 14d

17
v

18
e

19
l

20e 21
s 22s

25
v

26
e

27
s

28
o

29
m

30
e

31
n

32
e

33
s

34
sThis one might be 
alled the list automaton, sin
e every element of the �nite language is given as a separatesequen
e. Every list automaton is deterministi
.(17) The pre�x tree automaton, PT (L), in whi
h the states are the pre�xes p of the language, and for any inputsymbol a, if pa is a pre�x of some string in the language, δ(p, a) = {pa}. The �nal states are the words ofthe languages. So for our example, the PT (L) is this:

0 1
l

2
o

3
v

4
e

5

d

6
s

14

l
7

o

15
e

8
m

9
e

10
n

11
e

12
s

13
s

16
s

17
s(18) The 
anoni
al a

eptor AL, the minimal deterministi
 a

eptor for L,
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0 1

l
2

o
3

v
4

e
5

d

6
l

9

s

7
e

10
o

8
s

s

11
m

12
e

13
n

e(19) Even when it is theoreti
ally possible to treat a problem with a weak ma
hine, we 
an some-times get a mu
h more elegant, or mu
h smaller, or mu
h more e�
ient treatment with amore powerful devi
e.(20) Basi
 propertiesa. Regular languages are 
losed under union.b. Regular languages are 
losed under interse
tion.
. Regular languages are 
losed under 
on
atenation.d. Regular languages are 
losed under 
omplements.(21) For any language L and any x, y ∈ Σ∗ de�ne
x ≡L y i� for all z ∈ Σ∗, xz ∈ L i� yz ∈ L.This is sometimes 
alled the Nerode equivalen
e relation for L.(22) For any x ∈ Σ∗, the �blo
k� of elements equivalent to x is B(x,≡L) = {y| y ≡πL

x}.(23) πL = {B(x,≡L)| x ∈ Σ∗} is a partition of Σ∗.(24) Thm. If w ∈ L and B(w, πL) = B(w′, πL) then w′ ∈ L.(25) Thm. If a ∈ Σ and B(w, πL) = B(w′, πL) then B(wa, πL) = B(w′a, πL).Proof: Assume a ∈ Σ, w ∈ Σ∗ and B(w, πL) = B(w′, πL). By de�nition, for any x ∈ Σ∗,
wx ∈ L i� w′x ∈ L So let x = az:
w(az) ∈ L i� w′(az) ∈ L But then
(wa)z ∈ L i� (w′a)z ∈ L and so B(wa, πL) = B(w′a, πL).

2(26) Thm. (Myhill-Nerode Theorem) For any language L, the number of blo
ks in πL is �nite i� L is regular.Proof: (⇐) Sin
e every regular language is a

epted by a �nite a

eptor A = 〈Q, Σ, δ, I, F 〉, assume L =
L(A). De�ne a partition πA by

x ≡πA
y just in 
ase δ(I, x) = δ(I, y).Sin
e the values of δ are subsets of Q, the number of blo
ks in πA 
annot be larger than 2|Q|. But if

B(x, πA) = B(y, πA) then for all z, B(xz, πA) = B(yz, πA), and so xz ∈ L i� yz ∈ L. Hen
e, by thede�nition of the Nerode equivalen
e relation, if B(x, πA) = B(y, πA) then B(x, πL) = B(y, πL). It followsthat πL has no more states than πA, and hen
e πL has �nitely many blo
ks.(⇒) Assume πL has �nitely many blo
ks. We de�ne the 
anoni
al a

eptor for L, AL. We let the blo
ksof πL themselves be the states of the automaton, Q = {B(w, πL)| w ∈ Prefix(L)}. So, by assumption, Q is�nite. Let
δ(B(w, πL), a) = {B(wa, πL)} whenever w, wa ∈ Prefix(L),

F = {B(w, πL)| w ∈ L}, and

I = {B(ǫ, πL)}.Now it is 
lear that AL = 〈Q, Σ, δ, I, F 〉 is deterministi
. Furthermore, this automaton a

epts L, sin
e byde�nition w ∈ L(AL) i� B(w, πL) ∈ F i� w ∈ L. 2(27) Thm. L = {anbn| n ∈ N} is not regular.(28) The automata shown above are all deterministi
. The following automaton is not:
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0

a
b

1
a

2
a

b
3

a

b

The 
orresponding minimal deterministi
 automaton is this one:

0

b 1
a

2
a 3

b

4a

5

b

6
a

7

b

a
b

a

b

a
b

b

a

Adding one state to the nondeterministi
 automaton, we �nd that its minimal deterministi
 equivalentdoubles in size:
0

a
b

1
a

2
a

b
3

a

b
4

a

b

0

b
1

a

2

a
3

b

4

a

5

b
6

a

7

b

8a

9b

10 a

11

b

12

a
13b

14

a

15

b

a
b

a

b

a

b

a

b

a

b

a

ba
b

b

a(29) There are n-state automata A su
h that the smallest DFA a

epting L(A) has at least 2n − 1 states.



12 �2. LANGUAGES AND GRAMMARS2.2 Finite transdu
ers(30) A �nite transdu
er A = (Q, Σ, ∆, δ, µ, I, F ) has these parts:
Q �nite set of states
Σ �nite nonempty set of input vo
abulary items
∆ �nite nonempty set of output vo
abulary items

δ : (Q × Σ) → ℘(Q × ∆∗) the `transitions'
I ⊆ Q initial states
F ⊆ Q �nal statesWe extend δ to δ′ : (Q × Σ∗) → ℘(Q × ∆∗),

δ′(q, i) = {(q′, o)| i labels a path from q to q′whi
h is labelled with output sequen
e o.Then we extend δ′ to a fun
tion δ′′ : (℘(Q) × Σ∗) → ℘(Q) as follows:
δ′′(S, w) =

⋃

{δ′(q, w)| q ∈ S} for all S ∈ ℘(Q)Then we simply 
all all these fun
tions δ, letting 
ontext of use (i.e. the types of arguments) make 
learwhi
h fun
tion we mean.A �nite transdu
er is deterministi
 if it has at most one initial state, and if the sets of �next-states� in therange of δ never have more than one element.(31) Basi
 propertiesa. The domains and ranges of �nite transdu
tions are regular.b. Finite transdu
tions are 
losed under union.
. Finite transdu
tions are not 
losed under interse
tion.Proof sket
h: This is easily established by noting that we 
an de�ne a transdu
tion from an to bnc∗ anda transdu
tion from an to b∗cn, but the interse
tion of these relations maps an to bncn, whi
h 
annotbe de�ned by a �nite ma
hine. 2d. Some �nite transdu
tions are essentially nondeterministi
.Proof sket
h: The following transdu
er has no deterministi
 equivalent. Given strings xna or xnb, thema
hine 
annot deterministi
ally de
ide whether to start emitting a's or b's. Of 
ourse, some transdu
ers
an be determinized � see e.g. [225, �7.9℄ for an algorithm that applies in some spe
ial 
ases.
0

1x:a

2

x:b

x:a

3

a:a

x:b b:b

2e. Finite transdu
tions 
losed under interse
ting their domains with regular languages.Proof sket
h: Given a �nite state transdu
er T and a �nite state ma
hine A, we 
an easily 
onstru
tthe �nite state transdu
er whi
h de�nes the restri
tion of the transdu
tion of T to the interse
tion
Dom(T ) ∩ A.Given T = 〈Q1, Σ, Σ2, δ1, I1, F1〉 and A = 〈Q2, Σ, δ2, I2, F2〉,de�ne T ′ = 〈Q1 × Q2, Σ, Σ2, δ, I1 × I2, F1 × F2〉, where for all a ∈ Σ, b ∈ Σ2, q1, r1 ∈ Q1, q2, r2 ∈ Q2,

([q1, q2], a, b, [r1, r2]) ∈ δ i� (q1, a, b, r1) ∈ δ1 and (q2, a, r2) ∈ δ2.This result has important pra
ti
al appli
ations and so it is presented in, for example, [226, �1.3.7℄. 2



2.2. FINITE TRANSDUCERS 13f. Finite transdu
tions 
losed under inverses.Proof sket
h: We simply inter
hange the input and output symbols labeling ea
h transition. 2g. Finite transdu
tions 
losed under 
ompositions.Proof sket
h: Given T = 〈Q1, Σ1, Σ2, δ1, I1, F1〉 and
A = 〈Q2, Σ2, Σ3, δ2, I2, F2〉,de�ne T ′ = 〈Q1 ×Q2, Σ, Σ2, δ, I1 × I2, F1 × F2〉, where for all a ∈ Σ1, b ∈ Σ2, c ∈ Σ3, q1, r1 ∈ Q1, q2, r2 ∈
Q2,

([q1, q2], a, c, [r1, r2]) ∈ δ i� (q1, a, b, r1) ∈ δ1 and (q2, b, c, r2) ∈ δ2.

2(32) Some approa
hes provide an a

ount of English senten
es likeMaria eats tortillasMaria is eating tortillasMaria will have been eating tortillasa

ording to whi
h syntax pla
es the verbal in�e
tions next to the verbs, like this,Maria eat -s tortillasMaria be -s eating tortillasMaria will -s have -ǫ be -en eat -ing tortillasThe surfa
e forms are then de�ned by a separate step whi
h 
ombines stems and a�xes, sometimes yieldingan `irregular' form.Anti
ipating later developments, if the syntax were given by a regular grammar, and the morphology weregiven by a transdu
er, the two 
ould be 
omposed into a single devi
e.To see how this works, Let's take a simple �nite state grammar, and 
onvert it into a �nite state transdu
erwhi
h is the identity map on every string. And simple �spell-out� rules 
an be represented by another �nitetransdu
tion:
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s a

maria:maria

dwill:will

ehave:have

b

be:be

c

eat:eat

h-s:-s

i
-s:-s

f

-s:-s

g

-s:-s

jeat:eat

k
tortillas:tortillas

eat:eat

have:have

l

be:be

meat:eat

-ing:-ing
-en:-en

-en:-en

PSfragrepla
ementsbe:have:

S

maria:maria
tortillas:tortillas

eat:eat

D

A

B

C

-s:eats

-ing:eating

-en:eaten

-s:will

-s:has

-s:is

-en:been

-ing:being

PSfragrepla
ements

be:ǫhave:ǫ
eat:ǫ
will:ǫ

Now we 
an 
ompose these two transdu
tions, so that there are not two steps (syntax + spell-out) but onlyone, using the de�nition of 
omposition given above:
0 1

maria:maria

2

6

12

13

3
-s:will

7-s:has

9

-s:is

4

-s:eats

eat:eat

5
tortillas:tortillas

8

11

-en:been

-en:eaten

10

-ing:eating

PSfragrepla
ements be:ǫbe:ǫhave:ǫ eat:ǫeat:ǫeat:ǫwill:ǫ
This 
omposed ma
hine has the same number of states as the �rst, �synta
ti
� pro
essor, but in prin
ipleit 
ould need a mu
h larger number of states, up to the produ
t of the states of the two original ma
hines.In this 
ase, it 
ould be mu
h more e
onomi
al to refrain from 
omposing the two ma
hines, and simply�
oroutine� them, i.e. step through both ma
hines at on
e while pro
essing the input.(33) Components of grammar whi
h the linguist separates need not be separated in the model oflanguage performan
e.



�3 Di
tionaries and the lexi
on(0) From the online notes (refresh your online notes frequently!):let re
 naiveReverse list = mat
h list with[ ℄ −> [ ℄
| x::xs −> append (naiveReverse xs) [x℄;;But this de�nition does more work than it should. A better idea is this one:let re
 reverse2 input tmp = mat
h input with[ ℄ −> tmp
| x::xs −> reverse2 xs (x::tmp);;Sin
e we will usually be starting with the se
ond argument empty, we 
an de�ne:let reverse input = reverse2 input [ ℄;;(1) From the online notes:let re
 explode2 string i n =if i>=n then [ ℄ else string.[i℄::explode2 string (i+1) n;;let explode string = explode2 string 0 (String.length string);;(* e.g.*)# explode "ab
";;

− : 
har list = ['a'; 'b'; '
'℄(2) Mitton's publi
ly available phoneti
 di
tionary is adapted from the Oxford Advan
ed Learner's Di
tionaryof Current English (OALDCE), and provides a kind of phoneti
 trans
ription for British English. (TonyRobinson's beep is a bigger English phoneti
 di
tionary but that one has only spelling and pronun
iation,while the Mitton di
tionary has synta
ti
 information too.)<TITLE TYPE="main"> Oxford advan
ed learner's di
tionary of 
urrent English : expanded "
omputer usable" version / 
ompiled by Roger Mitton</TITLE><TITLE TYPE=SUB>A ma
hine readable edition</TITLE><RESPSTMT><RESP>unspe
ified</RESP><NAME>Hornby, Albert Sydney</NAME></RESPSTMT><RESPSTMT><RESP>unspe
ified</RESP><NAME>Cowie, Anthony Paul</NAME></RESPSTMT><RESPSTMT><RESP>unspe
ified</RESP><NAME>Lewis, John Windsor, 1926-</NAME></RESPSTMT>...'em �m Qx$ 1'neath niT T-$ 1'shun SVn W-$ 1'twas tw0z Gf$ 1'tween twin Pu$,T-$ 1'tween-de
ks 'twin-deks Pu$ 2'twere tw3R Gf$ 1'twill twIl Gf$ 1'twixt twIkst T-$ 1'twould twUd Gf$ 1 15



16 �3. DICTIONARIES AND THE LEXICON70646 entries, 9117095 bytes, 〈orthography,phoneti
,listOfPOS,sylls+listOfVpats〉I repla
ed every double quote " in the di
tionary by \", and then made the whole thing into 27 arrays of 4-tuplesof strings, like this, in mitton.ml:let mitton_A = [|("'em","�m","Qx$","1");("'neath","niT","T-$","1");("'shun","SVn","W-$","1");("'twas","tw0z","Gf$","1");("'tween","twin","Pu$,T-$","1");("'tween-de
ks","'twin-deks","Pu$","2");("'twere","tw3R","Gf$","1");("'twill","twIl","Gf$","1");("'twixt","twIkst","T-$","1");("'twould","twUd","Gf$","1");("'un","�n","Qx$","1");("A","eI","Ki$","1");("A's","eIz","Kj$","1");...("zoned","z�Und","H
%,Hd%","16A");("zones","z�Unz","Ha%,Kj%","16A");("zoning","'z�UnIN","Hb%,L�%","26A");("zoo","zu","K6%","1");("zoologi
al",",zu�'l0dZIkl","OA%","5");("zoologist","zu'0l�dZIst","K6%","4");("zoologists","zu'0l�dZIsts","Kj%","4");("zoology","zu'0l�dZI","L�%","4");("zoom","zum","I0%,L�%","12A,2C");("zoomed","zumd","I
%,Id%","12A,2C");("zooming","'zumIN","Ib%","22A,2C");("zooms","zumz","Ia%","12A,2C");("zoophyte","'z�U�faIt","K6$","3");("zoophytes","'z�U�faIts","Kj$","3");("zoos","zuz","Kj%","1");("zoot suit","'zut sut","K6$","2");("zoot suits","'zut suts","Kj$","2");("zu

hini","zU'kinI","M9%","3");("zu

hinis","zU'kinIz","Kj$","3")|℄;; mitton2.ml is the same, but keeps only the �rst 2 �elds.
olumn 2: phoneti
 trans
riptionMitton IPA example here Mitton IPA example herei i bead 0 N ­ sing 22I I bid 1 T T thin 23e E bed 2 D ð then 24& æ bad 3 S S shed 25A a bard 4 Z Z beige 260(zero) 6 
od 5 O E@ 
ord 27U U good 6 u u food 28p p 7 t t 29k k 8 b b 30d d 9 g g 31V 2 10 m m 32n n 11 f f 33v v 12 s s 34z z 13 3 3 bird 35r r 14 l l 36w w 15 h h 37j j 16 � @ about 38eI eI day 17 �U oV go 39aI aI eye 18 aU aU 
ow 40oI oI boy 19 I� I@ beer 41e� E@ bare 20 U� U@ tour 42R ô far 21' (primary stress) 43 , (se
ondary stress) 44+ (break) 45 - (or spa
e) (break) 46(3) O
aml arrays take less spa
e in memory than lists, so the mitton di
tionary has been represented as anarray. With big arrays, it is important to avoid 
reating multiple 
opies, so we a

ess their elements usingthe integer position of their elements, with a fun
tion similar to the List.nth fun
tion for lists.The mitton di
tionary in mitton2.ml is given in 27 arrays. The �rst for entries � mainly 
apitalized items� that o

ur before those beginning with 'a', then an array of the 'a'-words, then the 'b'-words, and so on.I named the arrays mitton_A, mitton_a, mitton_b,...mitton_z.(4) For example, suppose we want to write a fun
tion that will make a list of all the elements of an array. (Thereis a built-in fun
tion that does this too, Array.to_list, but we will write our own.)



17We don't want to do this with any huge arrays, but 
onsider the array that has just the last 6 entries ofmitton_e:let testArray = [|("eyewash","'aIw0S");("eyewitness","'aIwItn�s");("eyewitnesses","'aIwItn�sIz");("eying","'aIIN");("eyrie","'e�rI");("eyries","'e�rIz");("eyry","'e�rI");|℄;;Suppose that we want a list of the �rst elements of an array like this. We 
an 
al
ulate the list with thisfun
tion: let testArray = [|("eyewash","'aIw0S");("eyewitness","'aIwItn�s");("eyewitnesses","'aIwItn�sIz");("eying","'aIIN");("eyrie","'e�rI");("eyries","'e�rIz");("eyry","'e�rI");
|℄;;(* 
al
ulate the list of elements from position i to position n *)let re
 listFromArray2 a i n =if i>=n then [ ℄else (fst a.(i))::listFromArray2 a (i+1) n;;let listFromArray a = listFromArray2 a 0 (Array.length a);;(* e.g. *)listFromArray testArray;;(5) Exer
ise. Write a fun
tion that will take an array a like the previous one, and produ
e a list of the
hara
ters in the �rst elements of a.
harListsFromArray1 testArray;;
− : 
har list list =[['a'; 'z'; 'a'; 'l'; 'e'; 'a'℄; ['a'; 'z'; 'a'; 'l'; 'e'; 'a'; 's'℄;['a'; 'z'; 'i'; 'm'; 'u'; 't'; 'h'℄;['a'; 'z'; 'i'; 'm'; 'u'; 't'; 'h'; 's'℄; ['a'; 'z'; 'u'; 'r'; 'e'℄;['a'; 'z'; 'u'; 'r'; 'e'; 's'℄℄(6) To draw my beautiful �nite state ma
hines, I use two freely distributed pa
kages from AT&T: Graphviz,and Fsmtools. Let's use Graphviz �rst. (On windows, download the �stati
� version.)Test your installation by 
reating a �le 
alled test.dot like this:digraph G {"test"−>"result";"result"−>"revision";"revision"−>"test";}Then, in a terminal window, you should be able to exe
ute:dot −Tgif test.dot > dottest.gifYou should be able to view this gif �le to see:



18 �3. DICTIONARIES AND THE LEXICON
test

result

revision(7) Suppose that we wanted to use O
aml to generate a �le like test.dot. How 
ould we do that? The following
ode does the tri
k:let testOutput () =let out = open out "test2.dot" inbeginoutput string out "digraph G {\"test\"->\"result\";\"result\"->\"revision\";\"revision\"->\"test\";}"; 
lose out out;end;;Another useful 
ommand, with a format familiar from other programming languages, isPrintf.fprintf out "(%
,%b,%i,%s)\n" 'a' true 3 "hey";(8) Exer
ise. Consider this tiny pre�x tree:Pt ('\255', [ ℄, false,[Pt ('a', [ ℄, false,[Pt ('s', [ ℄, false,[Pt ('\255', ['&'; 'z'℄, true, [ ℄)℄);Pt ('t', [ ℄, false,[Pt ('\255', ['&'; 't'℄, true, [ ℄)℄)℄)℄)Write a fun
tion that will take the tree as argument to produ
e a dot �le for the graph on the left. Weshowed this same tree in the notes as the ma
hine on the left.
(0,false)

(a,false)

(s,false) (t,false)

(0,true)

0 1
a:#

2s:#

4

t:#

3ÿ :&z

5
ÿ :&t

That is, for ea
h node in the pre�x tree Pt(in
har,out
hars,final,subtrees), draw a link from (in-
har,�nal) to ea
h of the nodes it dominates. With this strategy, the graph on the left is not a tree, eventhough the ma
hine on the right is.)



�4 Creating and minimizing lexi
altransdu
ers4.0 
reating a pre�x tree transdu
er from an array of pairsSuppose we want to add an input-output pair to a tree if it doesn't have it, and otherwise leave the tree un
hanged.This is quite easy to do.(* here, ensureIn and ensureDown are mutually re
ursive, so we use �and� *)let re
 ptEnsure input output =(* ensureIn: string -> pt list -> input 
har list -> pt list *)let re
 ensureIn output trees list = mat
h list with[ ℄ −> ensureMember (Pt('\255',(explode output),true,[ ℄)) trees
| 
::
s −> ensureDown 
 
s output trees(* ensureDown: 
har -> 
har list -> string -> pt list -> pt list *)and ensureDown 
 
s output list = mat
h list with[ ℄ −> [Pt(
,[ ℄,false,(ensureIn output [ ℄ 
s))℄
| Pt (i,o,f,subtrees)::trees −>if 
ompare 
 i = 0 then Pt(i,o,f,(ensureIn output subtrees 
s))::treeselse if 
ompare 
 i < 0 then (* 
 
omes before i *)Pt(
,[ ℄,false,(ensureIn output [ ℄ 
s))::Pt (i,o,f,subtrees)::treeselse (* 
 
omes after i *)(Pt(i,o,f,subtrees))::(ensureDown 
 
s output trees)(* ptEnsure: 
har list -> string -> pt -> pt *)in fun
tionPt (i,o,f,subtrees) −> Pt(i,o,f,(ensureIn output subtrees input));;Noti
e that this de�nition uses two fun
tions whi
h are �mutually re
ursive�: ea
h 
alls the other, re
ursively. We
an now build up a pre�x tree transdu
er, one pair at a time:# ptEnsure ['a'℄ "b" (Pt('\255',[ ℄,false,[ ℄));;

− : 
har pre�xTree =Pt ('\255', [ ℄, false, [Pt ('a', [ ℄, false, [Pt ('\255', ['b'℄, true, [ ℄)℄)℄)# ptEnsure ['
'℄ "d" (ptEnsure ['a'℄ "b" (Pt('\255',[ ℄,false,[ ℄))) ;;
− : 
har pre�xTree =Pt ('\255', [ ℄, false,[Pt ('a', [ ℄, false, [Pt ('\255', ['b'℄, true, [ ℄)℄);Pt ('
', [ ℄, false, [Pt ('\255', ['d'℄, true, [ ℄)℄)℄)Now it is a simple matter to map an array of pairs of strings from our di
tionary mitton2.ml to a pre�x tree:# let mittonPairEnsure (inputString,outputString) tree =ptEnsure (explode inputString) outputString tree;;val mittonPairEnsure : string * string −> 
har pre�xTree −> 
har pre�xTree = <fun># let array2pt mittonArray = Array.fold right mittonPairEnsure mittonArray (Pt('\255',[ ℄,false,[ ℄));;val array2pt : (string * string) array −> 
har pre�xTree = <fun># let mitton eg2 = [|("are","AR");("area","'e�rI�");
|℄;;val mitton eg2 : (string * string) array = [|("are", "AR"); ("area", "'e�rI�")|℄19



20 �4. CREATING AND MINIMIZING LEXICAL TRANSDUCERS# let ptt2 = array2pt mitton eg2;;val ptt2 : 
har pre�xTree =Pt ('\255', [ ℄, false,[Pt ('a', [ ℄, false,[Pt ('r', [ ℄, false,[Pt ('e', [ ℄, false,[Pt ('a', [ ℄, false,[Pt ('\255', ['\'; 'e'; '�'; 'r'; 'I'; '�'℄, true, [ ℄)℄);Pt ('\255', ['A'; 'R'℄, true, [ ℄)℄)℄)℄)℄)4.1 minimization overview(0) sequential pre�x tree
(2') �rst try, merge equiv states
(1) se
ond try, (step i: �rst, push output up)
(2) then (step ii: merge equiv states)
(3) (merge equiv states, 
ontinued)



4.1. MINIMIZATION OVERVIEW 21(4) pre�x tree

(5) (step i: push output up)

(6) (step ii: merge equiv states)



22 �4. CREATING AND MINIMIZING LEXICAL TRANSDUCERS4.2 pushing the output up(* �le: di
tMin0.ml
reator: E Stablerdate: 2007-01-21 08:41:38 PDTThe fun
tions in this �le move output as high as possible in the transdu
er.It begins with the pre�x tree, whi
h should be stored in: mittonPt.bin*)(* setup *)type 'aa prefixTree = Pt of 'a * 'aa list * bool * 'a pre�xTree list;;let inputChannel = open in "mittonPt.bin";;let bigPt = input value inputChannel;;
lose in noerr inputChannel;;(** minimization **)(** maxPre�x: 'a list -> 'a list -> 'a list * 'a list * 'a list ***)(* given list1 list2, return (maximum pre�x,remainder1,remainder 2) *)let re
 maxPre�x = fun
tion([ ℄,list2) −> ([ ℄,[ ℄,list2)
| (list1,[ ℄) −> ([ ℄,list1,[ ℄)
| ((x::xs),(y::ys)) −> if (
ompare x y)=0then let (p,r1,r2)=(maxPre�x (xs,ys)) in (x::p,r1,r2)else ([ ℄,(x::xs),(y::ys));;(* tests *)maxPre�x ([0;1;2℄,[0;1℄);;maxPre�x ([0;1;2℄,[0;1;2;3;4℄);;maxPre�x ([0;1;2℄,[0;1;2℄);;(** nextElement: 'a -> 'a list list -> bool * 'a list list ***)(* given e lists, if e begins every list, return (true,remainders) else (false, ) *)let re
 nextElement e = fun
tion[ ℄ −> (true,[ ℄)
| [ ℄:: −> (false,[ ℄)
| (x::xs)::lists −>if x=e then let (yes,rem)=(nextElement e lists) in (yes,xs::rem)else (false,[ ℄);;(** maxPre�xLists 'a list list -> 'a list * 'a list list ***)(* given lists, return (maximum pre�x of lists,list of remainders) *)let re
 maxPre�xLists = fun
tion[ ℄ −> ([ ℄,[ ℄)
| [ ℄::lists −> ([ ℄,[ ℄::lists)
| (x::xs)::lists −> let (yes,rem)=(nextElement x lists) inif yes then let (pre�x,quotients)=(maxPre�xLists (xs::rem)) in((x::pre�x),quotients)else ([ ℄,(x::xs)::lists);;(* tests *)maxPre�xLists [[0;1;2℄;[0;1℄;[0;1;2℄℄;;maxPre�xLists [[0;1;2;3℄;[0;1;2℄;[0;1;2;3;4℄℄;;maxPre�xLists [[0;1;2;3;4℄℄;;(** pseudoDet pre�xTree -> pre�xTree **)(** given a pre�xTree, moveOutput as high as possible **)(* i.e. 
hange ea
h output to the quotient of the original output with the 
ommon pre�x *)let re
 outputsOf = fun
tion[ ℄ −> [ ℄
| Pt ( ,o, , )::ts −> o::(outputsOf ts);;(* tests *)outputsOf [ ℄;;outputsOf [Pt ('\000', ['&'; 'z'z'℄, true, [ ℄)℄;;outputsOf [Pt ('\000', ['&'; 'z'z'℄, true, [ ℄); Pt ('\000', ['&'; 't't'℄, true, [ ℄)℄;;let re
 pla
eOutputs = fun
tion



4.2. PUSHING THE OUTPUT UP 23([ ℄,[ ℄) −> [ ℄
| (o::os,(Pt (i, ,f,ts)::trees)) −>Pt (i,o,f,ts)::pla
eOutputs (os,trees)
| −> raise (failwith "pla
eOutputs error");;(* tests *)pla
eOutputs ([[ ℄℄,[Pt ('\000', ['&'; 't't'℄, true, [Pt ('\000', ['&'; 't't'℄, true, [ ℄)℄)℄);;pla
eOutputs ([['x'x'℄℄,[Pt ('\000', ['&'; 't't'℄, true, [ ℄)℄);;pla
eOutputs ([['x'x'℄;['y'y'℄℄,[Pt ('\000', ['&'; 'z'z'℄, true, [ ℄); Pt ('\000', ['&'; 't't'℄, true, [ ℄)℄);;(* given tree, push output of daughters and return new tree *)let re
 pushOutput (Pt (i,o,f,ts)) =let newTs=(List.map pushOutput ts) inlet (pre�x,remainders)=(maxPre�xLists (outputsOf newTs)) inPt (i,o�pre�x,f,(pla
eOutputs (remainders,newTs)));;(* tests *)let asAt=Pt ('\255', [ ℄, false,[Pt ('a'a', [ ℄, false,[ Pt ('s's', [ ℄, false, [Pt ('\255', ['&'; 'z'z'℄, true, [ ℄)℄);Pt ('t't', [ ℄, false, [Pt ('\255', ['&'; 't't'℄, true, [ ℄)℄);℄)℄);;pushOutput asAt;;(* in transdu
er pre�xTrees, push output but leave root alone *)let ptPushOutput (Pt (i,o,f,ts)) = Pt (i,o,f,(List.map pushOutput ts));;(* tests *)ptPushOutput asAt;;let mitton eg3 = [|("lead","led");("lead","lid");("read","red");("read","rid");

|℄;;let leadRead = Pt ('\255', [ ℄, false,[Pt ('l'l', [ ℄, false,[Pt ('e'e', [ ℄, false,[Pt ('a'a', [ ℄, false,[Pt ('d'd', [ ℄, false,[Pt ('\255', ['l'l'; 'i'i'; 'd'd'℄, true, [ ℄);Pt ('\255', ['l'l'; 'e'e'; 'd'd'℄, true, [ ℄)℄)℄)℄)℄);Pt ('r'r', [ ℄, false,[Pt ('e'e', [ ℄, false,[Pt ('a'a', [ ℄, false,[Pt ('d'd', [ ℄, false,[Pt ('\255', ['r'r'; 'i'i'; 'd'd'℄, true, [ ℄);Pt ('\255', ['r'r'; 'e'e'; 'd'd'℄, true, [ ℄)℄)℄)℄)℄)℄);;ptPushOutput leadRead;;let bigPt2 = ptPushOutput bigPt;;let outputChannel = open out "mittonPtPseudoDet.bin" inoutput value outputChannel bigPt2;
lose out noerr outputChannel;;



24 �4. CREATING AND MINIMIZING LEXICAL TRANSDUCERS4.3 storage in a `
hart'
possible keys

actual keys

[]

[]

[]

[]

Pt::Pt::[]

Pt::[]

Pt::[]

Pt::Pt::[]

Pt::Pt::[]

Pt::[]

h

memo

Hash function h maps keys to locations in the memo array
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number of cells in array

load = avg. values per cell of the array

(* �le: di
tMin1.ml
reator: E Stablerdate: 2007-01-21 15:41:38 PDTpurpose: this �le in
ludes the 
ode I used to introdu
e hash tables*)(* ensureMember e l adds e to end of list l unless it's already in the list *)let re
 ensureMember e = fun
tion[ ℄ −> [e℄
| x::xs −> if e=x then x::xs else x::(ensureMember e xs);;let explode word =let re
 explode2 i word tmp =if i<0 then tmp else explode2 (i−1) word (word.[i℄::tmp)in explode2 (String.length word − 1) word [ ℄;;type 'aa prefixTree = Pt of 'a * 'aa list * bool * 'a pre�xTree list;;(* for tests *)let emptypt = Pt ('\255', [ ℄, false, [ ℄);;let asAt=Pt ('\255', [ ℄, false,



4.3. STORAGE IN A `CHART' 25[Pt ('a'a', [ ℄, false,[ Pt ('s's', [ ℄, false, [Pt ('\255', ['&'; 'z'z'℄, true, [ ℄)℄);Pt ('t't', [ ℄, false, [Pt ('\255', ['&'; 't't'℄, true, [ ℄)℄);℄)℄);;let leadRead = Pt ('\255', [ ℄, false,[Pt ('l'l', [ ℄, false,[Pt ('e'e', [ ℄, false,[Pt ('a'a', [ ℄, false,[Pt ('d'd', [ ℄, false,[Pt ('\255', ['l'l'; 'i'i'; 'd'd'℄, true, [ ℄);Pt ('\255', ['l'l'; 'e'e'; 'd'd'℄, true, [ ℄)℄)℄)℄)℄);Pt ('r'r', [ ℄, false,[Pt ('e'e', [ ℄, false,[Pt ('a'a', [ ℄, false,[Pt ('d'd', [ ℄, false,[Pt ('\255', ['r'r'; 'i'i'; 'd'd'℄, true, [ ℄);Pt ('\255', ['r'r'; 'e'e'; 'd'd'℄, true, [ ℄)℄)℄)℄)℄)℄);;(* hash table setup *)let hashSize = 9689;;type bu
ket = 
har pre�xTree list;;type memo = bu
ket array;;let memo = Array.
reate hashSize [ ℄;;(* hash fun
tion de�nitions *)let re
 
odePt (Pt (i,o,f,subtrees)) =let 
odeInput 
 = Char.
ode 
 inlet 
odeOutput 
s = List.fold right (fun
tion x −> fun
tion y −> (Char.
ode x) + y) 
s 0 inlet 
odeBool x = if x then 1 else 0 inlet 
odeSubtrees ts = List.fold right (fun
tion x −> fun
tion y −> (
odePt x) + y) ts 0 in((
odeInput i) + (
odeOutput o) + (
odeBool f) + (
odeSubtrees subtrees));;let re
 hash pt = (
odePt pt) mod hashSize;;(* tests *)
odePt emptypt;; (* - : int = 255 *)
odePt asAt;; (* - : int = 1409 *)
odePt leadRead;; (* - : int = 3353 *)hash emptypt;; (* - : int = 255 *)hash asAt;; (* - : int = 1409 *)hash leadRead;; (* - : int = 3353 *)(* WARNING: for some reason, tuareg C-XC-e does not re
ognize the next 2 defs: 
opy them manually *)(* like ensureMember, but returns (list,val) where val=true i� returned list has new element *)let re
 ensureMemberValue e = fun
tion[ ℄ −> (e::[ ℄,true)
| x::xs −> if e=x then (x::xs,false) else let (list,value) = ensureMemberValue e xs in (x::list,value);;let hashEnsure x array =let bu
ket = hash x inlet 
ontents = array.(bu
ket) inlet (newList,value) = ensureMemberValue x 
ontents inif value then array.(bu
ket) <− newList else ();;let hashMember x array = List.mem x array.(hash x);;(* tests *)hashEnsure emptypt memo;;hashEnsure asAt memo;;hashMember emptypt memo;;hashMember asAt memo;;hashMember leadRead memo;;let re
 hashSubtrees (Pt (i,o,f,subtrees)) array =List.iter (fun
tion x −> hashSubtrees x array) subtrees;



26 �4. CREATING AND MINIMIZING LEXICAL TRANSDUCERShashEnsure (Pt (i,o,f,subtrees)) array;;let numberOfElementsInArray array =Array.fold right (fun
tion x −> (fun
tion y −> (List.length x) + y)) array 0;;let fet
h (bu
ket,pos) = List.nth memo.(bu
ket) pos;;(* tests *)numberOfElementsInArray memo;;(* big test: hash the whole pseudodeterminized mitton tree *)let memo = Array.
reate hashSize [ ℄;; (* 
reate fresh version *)let inputChannel = open in "mittonPtPseudoDet.bin";;let pseudoDet = input value inputChannel;;
lose in noerr inputChannel;;hashSubtrees pseudoDet memo;;numberOfElementsInArray memo;;4.4 merging equivalent states(* �le: di
tMin2.ml
reator: E Stablerdate: 2007-01-21 16:41:38 PDTpurpose: this �le in
ludes all the 
ode I used to produ
ed the dagversion of the Mitton di
tionary. It begins with thepseudodeterminized tree, whi
h should be stored in: mittonPtPseudoDet.bin*)(* ensureMember e l adds e to end of list l unless it's already in the list *)let re
 ensureMember e = fun
tion[ ℄ −> [e℄
| x::xs −> if e=x then x::xs else x::(ensureMember e xs);;let explode word =let re
 explode2 i word tmp =if i<0 then tmp else explode2 (i−1) word (word.[i℄::tmp)in explode2 (String.length word − 1) word [ ℄;;type 'aa prefixTree = Pt of 'a * 'aa list * bool * 'a pre�xTree list;;let inputChannel = open in "mittonPtPseudoDet.bin";;let pseudoDet = input value inputChannel;;
lose in noerr inputChannel;;(*** an 'a subdag has type ('a * 'a list * bool * (int*int) list ***)(*** a dag will be given by an array of subdags ****)type 'aa subdag = 'a * 'aa list * bool * (int*int) list;;let hashSize = 9689;;type bu
ket = 
har subdag list;;type memo = bu
ket array;;let memo = Array.
reate hashSize [ ℄;;let 
odeSubdag (i,o,f,addresses) =let 
odeInput 
 = Char.
ode 
 inlet 
odeOutput 
s = List.fold_right (fun
tion x -> fun
tion y -> (Char.
ode x) + y) 
s 0 inlet 
odeBool x = if x then 1 else 0 inlet 
odeAddresses ts = List.fold_right (fun
tion (x,y) -> fun
tion z -> x + y + z) ts 0 in((
odeInput i) + (
odeOutput o) + (
odeBool f) + (
odeAddresses addresses));;let re
 hash subdag = (
odeSubdag subdag) mod hashSize;;(* the "address" of an element in the 
hart is given by the pair of integers (
ell, position) *)(* WARNING: tuareg C-xC-e has trouble with the next 2 fun
tions, so I 
opy them manually! *)



4.5. EXERCISES 27(* like ensureMemberValue, but returns (list,val,pos) where pos is the position of element *)let re
 ensureMemberValPos e = fun
tion[ ℄ -> (e::[ ℄,true,0)| x::xs -> if e=x then (x::xs,false,0) else let (list,value,pos) = ensureMemberValPos e xs in (x::list,value,pos+1);;(* like the earlier definition, but this time return the address of the element *)let hashEnsure x array =let bu
ket = hash x inlet 
ontents = array.(bu
ket) inlet (newList,value,position) = ensureMemberValPos x 
ontents inif value then array.(bu
ket) <- newList else (); (bu
ket,position);;(* we traverse a tree and produ
e a dag, represented as a 
hart of 
hart addresses *)(* tree2hashedDag pt -> array -> dag *)let re
 tree2hashedDag (Pt (i,o,f,subtrees)) array =let subdags = List.map (fun
tion x -> tree2hashedDag x array) subtrees inhashEnsure (i,o,f,subdags) array;;let dag = tree2hashedDag pseudoDet memo;; (* val dag : int * int = (8721, 0) *)let outputChannel = open_out "mittonDag.bin";;output_value outputChannel memo;;
lose_out_noerr outputChannel;;(* sin
e fet
h uses the memo array, redefine it after memo is updated *)let fet
h (bu
ket,pos) = List.nth memo.(bu
ket) pos;;(********* TRANSDUCE **************)(* transDown: 
har -> pt list -> (output*nextPtList) *)let re
 transDownDag 
 = fun
tion[ ℄ -> raise (failwith "input not a

epted")| dag::dags -> let (i,o,f,subdags)=fet
h dag inif 
ompare 
 i = 0 then (o, subdags)else if 
ompare 
 i < 0 then raise (failwith "input not a

epted")else transDownDag 
 dags;;let re
 dagTrans input address =(* dagTrans: dag list -> 
har list -> 
har list *)let re
 transDagList dags = fun
tion[ ℄ -> let (out,nextDagList) = transDownDag '\255' dags in out| 
::
s -> let (out,nextDagList) = transDownDag 
 dags in out�transDagList nextDagList 
s(* dagTrans: 
har list -> dag -> 
har list *)in let (_,_,_,subdags) = (fet
h address)in transDagList subdags input;;(********* END TRANSDUCE **************)dagTrans (explode "we") (8721, 0);;dagTrans (explode "have") (8721, 0);;dagTrans (explode "
ompressed") (8721, 0);;dagTrans (explode "the") (8721, 0);;dagTrans (explode "prefix") (8721, 0);;dagTrans (explode "tree") (8721, 0);;dagTrans (explode "substantially") (8721, 0);;dagTrans (explode "blogger") (8721, 0);;4.5 exer
ises1. Write a program that will 
ompute the number of times ea
h input 
hara
ter appars in a pre�x tree2. Get mitton2_r.ml from the website (see the �
ode-snippets� page)3. Use array2pt to produ
e a pre�x tree from it (you 
an 
opy and paste this from the web page)4. Use the fun
tion from exer
ise 1 to 
ompute how many times ea
h 
hara
ter appears in the mitton_r pre�xtree, and display the result in a readable form.
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�5 First glimpse of phonota
ti
s
• The Chomsky hierar
hy 
an be de�ned by the kinds of rules allowed in grammmars(and in many other equivalent ways)
• With standard assumptions about English grammar, English is not regular(be
ause the Nerode equivalen
e relation in English has in�nitely many blo
ks)
• Some �nite languages (like the lexi
on) are not best des
ribed by a list!There are regularities in the lexi
on that, of 
ourse, the list representation does not exploit.Our transdu
ers 
an use these, so they are not only mu
h more 
ompa
t than lists but also (as we'll see indetail soon) easier to use.
• With a good lookup method (like `hashing'), very many things 
an be looked up qui
kly (in `
onstant time')
• Simply 
ompressing the di
tionary transdu
er with the Shützenberger-Mohri algorithm does things like sharingthe s in (spellings) hooks and 
rooks or (pronun
iations) hUks and krUks. In fa
t, it shares Uks in these twoentries. Will it also share the s in these entries with the one in (spelling) miss or (pronun
iation) mIs? (no)
5.0 Fun
tions that 
ountYou should be getting used to 
ounting fun
tions like these:29



30 �5. FIRST GLIMPSE OF PHONOTACTICSlet re
 printStringList list = mat
h list with[ ℄ -> print_string "\n"
| x::xs −> begin print string x; printStringList xs; end;;printStringList ["hello";"world"℄;;let re
 ensureMember e list = mat
h list with[ ℄ −> [e℄
| x::xs −> if x=e then x::xs else x::(ensureMember e xs);;ensureMember 0 [ ℄;;ensureMember 0 [1;0℄;;ensureMember 0 [1;2℄;;let re
 
olle
tElements list hypothesis = mat
h list with[ ℄ −> hypothesis
| x::xs −> 
olle
tElements xs (ensureMember x hypothesis);;
olle
tElements [3;0;1;2;2;1;0;3℄ [ ℄;;let re
 addMember e list = mat
h list with[ ℄ −> [(e,1)℄
| (x,
)::xs −> if x=e then (x,
+1)::xs else (x,
)::(addMember e xs);;addMember 3 [ ℄;;let h1 = addMember 3 [ ℄;;let h2 = addMember 1 h1;;let h3 = addMember 2 h2;;let h4 = addMember 3 h3;;let re
 
ountElements list hypothesis = mat
h list with[ ℄ −> hypothesis
| x::xs −> 
ountElements xs (addMember x hypothesis);;
ountElements [3;1;2;3℄;;



5.0. FUNCTIONS THAT COUNT 31Using our pre�x trees, the 
ounting fun
tions are very similar:type 'a prefixTree = Pt of 'a * 'a list * bool * 'a pre�xTree list;;let t1 =Pt ('\255', [ ℄, false,[Pt ('a', [ ℄, false,[Pt ('s', [ ℄, false, [Pt ('\255', ['&'; 'z'℄, true, [ ℄)℄);Pt ('t', [ ℄, false, [Pt ('\255', ['&'; 't'℄, true, [ ℄)℄)℄)℄);;let re
 numberOfNodesInTree tree =let re
 numberOfNodesInTrees list = mat
h list with[ ℄ −> 0
| t::ts −> (numberOfNodesInTree t)+(numberOfNodesInTrees ts)in mat
h tree withPt ( , , ,subtrees) −> (numberOfNodesInTrees subtrees)+1 ;;numberOfNodesInTree t1;;let re
 printInputsInTree tree =let re
 printInputsInTrees list = mat
h list with[ ℄ −> ()
| t::ts −> begin printInputsInTree t; printInputsInTrees ts; endin mat
h tree withPt (i, , ,subtrees) −> begin print 
har i; printInputsInTrees subtrees; end;;printInputsInTree t1;;let �xUnprintable 
 = if 
='\255' then '0' else 
;;let re
 printInputsInTree2 tree =let re
 printInputsInTrees2 list = mat
h list with[ ℄ −> ()
| t::ts −> begin printInputsInTree2 t; printInputsInTrees2 ts; endin mat
h tree withPt (i, , ,subtrees) −> begin print 
har (�xUnprintable i); printInputsInTrees2 subtrees; end;;printInputsInTree2 t1;;let 
ountOnlyPrintable 
 = if 
='\255' then 0 else 1;;let re
 
ountInputsInTree tree =let re
 
ountInputsInTrees list = mat
h list with[ ℄ −> 0
| t::ts −> (
ountInputsInTree t)+(
ountInputsInTrees ts)in mat
h tree withPt (i, , ,subtrees) −> (
ountOnlyPrintable i)+(
ountInputsInTrees subtrees);;
ountInputsInTree t1;;let re
 
olle
tInputsInTree tree hypothesis =let re
 
olle
tInputsInTrees list hypothesis = mat
h list with[ ℄ −> hypothesis
| t::ts −> 
olle
tInputsInTrees ts (
olle
tInputsInTree t hypothesis)in mat
h tree withPt (i, , ,subtrees) −> if i='\255'then 
olle
tInputsInTrees subtrees hypothesiselse 
olle
tInputsInTrees subtrees (ensureMember i hypothesis);;
olle
tInputsInTree t1 [ ℄;;



32 �5. FIRST GLIMPSE OF PHONOTACTICS5.1 Exer
isesThese exer
ises are all easy, but if you de
ide to undertake any of them, 
he
k with me �rst. I 
an help you �gureout what to do, and lo
ate other resour
es whi
h might be helpful. In many of these exer
ises, you 
ould use eitherthe spellings or the phoneti
 trans
riptions. . . if your main interests are linguisti
, I re
ommend using the phoneti
s!(0) How do the (spelling or phoneti
) 
hara
ter 
ounts in thei. list automaton for Mitton
ompare with the 
hara
ter 
ounts forii. the pre�x automaton, andiii. the minimized transdu
er?We saw the numbers of 
hara
ters de
rease from (i) to (ii) to (iii), but do the shapes of the distributions
hange? We 
an get a �rst visual indi
ation simply by plotting the 
ounts for (i), (ii), and (iii) for the
hara
ters in `rank order'.(1) How do the 
hara
ter 
ounts for (i), (ii), (iii) 
ompare to 
hara
ter 
ounts from a natural 
orpus? A plotwill reveal some interesting things.(2) Using the extra 
olumns of the di
tionary,
• what is the proportion of nouns? How does this 
ompare to the proportion in natural dis
ourse [124℄?
• what is the proportion of 1(2,3,4,5)-syllable words in the di
tionary? in normal dis
ourse?(3) Prepare another di
tionary with the same methods we used for Mitton, and 
ompare the results.
• E.g. prepare a di
tionary transdu
er using Mitton's 
olumns 2 and 3, where the elements of 
olumn 3are not given treated as a sequen
e, but as a set.
• Or �nd a di
tionary of your favorite other language, and 
al
ulate (i), (ii), and (iii).(4) • Compute the phone transition frequen
ies in the Mitton di
tionary (`bigrams').
• Compare these with the phoneme transition frequen
ies in a natural 
orpus by, �rst, looking up thephoneme sequen
e for ea
h word in the di
tionary (de
iding on a simple poli
y in 
ases of ambiguity),and se
ond, 
ounting the bigrams in these.
• Plot these two frequen
ies by their rank-order in Mitton, or by their rank order in the natural text.What do you noti
e in these results?
• Computing the probability of ea
h word as the produ
t of the relative frequen
ies of its bigrams, arethe most frequent words the most probable?(5) Let's say that the edit distan
e between two words is given by the number of letters (or phones, if you usethe pronun
iation) where they di�er.
• Compute the edit distan
es between every pair of words
• How many words di�er in just one 
hara
ter (or phone)?
• Use a 
luster plot to look at the results (or at some small subset of them).
• As a linguist, de�ne a better measure of edit distan
e (based on features) and repeat the 
lassi�
ation.
• As a psy
holinguist, how 
ould you de�ne a better measure of edit distan
e, based on per
eptual simi-larity?
• As an engineer, to pro
ess typed do
uments, how 
ould you �nd a better measure of edit distan
e, basedon probability of typing and spelling errors?



5.2. SYLLABLES 335.2 Syllables(6) A famous quote from Leonard Bloom�eld 1933:In any su

ession of sounds, some strike the ear more for
ibly than others: di�eren
es of sonority playa great part in the transition e�e
ts of vowels and vowel-like sounds. . . In any su

ession of phonemesthere will thus be an up-and-down of sonority. . . Evidently some of the phonemes are more sonorousthan the phonemes (or the silen
e) whi
h immediately pre
ede or follow. . . Any su
h phoneme is a
rest of sonority or a syllabi
; the other phonemes are non-syllabi
. . . An utteran
e is said to have asmany syllables (or natural syllables) as it has syllabi
s. The ups and downs of syllabi�
ation play animportant part in the phoneti
 stru
ture of all languages. [22, p120℄(7) It is traditionally assumed that a syllable is formed from zero or more 
onsonants, followed by a vowel, andending with a shorter sequen
e of zero or more 
onsonants (but we will see this is an approximation). The
onsonants before the vowel, the vowel, and the 
onsonants after the vowel are 
alled the onset, the nu
leusand the 
oda, respe
tively, with the nu
leus as the only obligatory part.(8) So where is this a

ount of syllables in the Chomsky hierar
hy?(9) It is not 
ontroversial whether the syllable is needed for de�ning phone distributions [251℄, but it is oftenused, and is even more often used in de�nitions of stress pla
ement, so we 
onsider it here.(10) The possible onsets in English are restri
ted. (They are restri
ted in every language, but the exa
t restri
-tions vary.) The restri
tions on onsets are 
omplex, but we 
an get some idea of the situation with the usualsimpli�ed story, whi
h goes something like this. In English, any single 
onsonant is a possible onset. Only
ertain 2-
onsonant onsets are possible. The ones that o

ur most often in 
ommon English words are givenby the 32 +'s in this table: w j r l m n p t kp + + +t + + +k + + + +b + + +d + +g + + + +f + + +T + +S +s + + + + + + +This 
hart misses a few words with unusual sounds (borrowings from other languages, et
.). For example,sphere begins with the unusual onset [sf℄. The number of 3-
onsonant onsets is mu
h smaller. The familiarones are these 9: w j r l m nsp + + +st + +sk + + + +Again, 
ertain other onsets appear in words borrowed from other languages.(11) Sonority Prin
iple: onsets usually rise in sonority towards the nu
leus, and 
odas fall in sonority away fromthe nu
leus.Compare * rtag/trag, * gatr/gart(12) Given a list of possible onsets like the one above, a simple traditional pro
edure whi
h divides most Englishwords into syllables is this:1. Mark ea
h +vo
ali
 phone (vowels and syllabi
 liquids) as a nu
leus.2. Then, take the longest sequen
e of 
onsonants pre
eding ea
h nu
leus whi
h 
an form a possible onsetto be an onset for the following nu
leus.3. Take all remaining 
onsonants to be 
odas of the pre
eding nu
lei.



34 �5. FIRST GLIMPSE OF PHONOTACTICSFor obvious reasons, the idea behind this last step is sometimes 
alled �onsets before 
odas� or �maximizeonsets� (This tenden
y may be due to the per
eptual 
ues needed to re
ognize 
onsonants, and the fa
t that�nal 
onsonants are often unreleased [192, 250℄.)(13) The simplisti
 rules (1-3) work properly for many words (try matron, atlas, enigma), but they do not seemto provide quite the right a

ount of words like apple or gummy. The �rst syllable of apple is stressed, andit sounds like it should in
lude the 
onsonant. Cases like these are 
alled �ambisyllabi
:� a 
onsonant isambisyllabi
 if it is part of a (permissible) onset but immediately follows a stressed lax (-ATR) vowel.(14) Using rules (1-3) (ignoring ambisyllabi
ity et
)These steps are not too hard to 
ompute � they 
an be 
omputed in a number of steps that is a linearfun
tion of input length.But the rules presume that we have the whole word to work on, whi
h pre
ludes in
remental syllabi�
ation,as ea
h syllable is being heard/read/produ
ed, and obviously requires more and more memory withoutbound as word length in
reases. (And this is seriously problemati
 if, as dis
ussed later, we wanted to usesyllabi�
ation as a 
lue about word boundaries.) If we mark all vowels, left to right, then we have to �goba
k� to mark onsets, and then ba
k again to mark 
odas.Is there a way to 
ompute the same results without unbounded memory demands and without all thisba
k-and-forth? Yes.(15) Is the relation between a word and its syllabi�ed form a �nite transdu
tion, when this relation is de�ned bythe 3 rules above? yesLet's de�ne a �nite, 
y
li
 transdu
er that 
omputes the same result. To keep things simple, lets map ea
hword into a sequen
e in whi
h syllables are separated by the period '.', from whi
h we 
an easily �nd theonsets (the 
onsonants pre
eding the vowel) and the 
odas (
onsonants following the vowel).5.3 Morphophonology(16) Claim: English pluralization is naturally represented as a �nite transdu
tion.("sna
k","sn&k");("sna
ks","sn&ks");("snag","sn&g");("snags","sn&gz");Can we separate the pluralization option? Yes.(17) Pluralization options 
an be �
ompiled�, that is, we 
an 
ompose the lexi
on with the plural transdu
er.(18) Some derivational su�xes 
an 
ombine only to roots [80℄:-an -ian 
hanges N to N librari-an, Darwin-ian
hanges N to A reptil-ian-age 
hanges V to N steer-age
hanges N to N orphan-age-al 
hanges V to N betray-al-ant 
hanges V to N defend-ant
hanges V to A de�-ant-an
e 
hanges V to N annoy-an
e-ate 
hanges N to V origin-ate-ed 
hanges N to A money-ed-ful 
hanges N to A pea
e-ful
hanges V to A forget-ful-hood 
hanges N to N neighbor-hood-ify 
hanges N to V 
lass-ify
hanges A to V intens-ify-ish 
hanges N to A boy-ish-ism 
hanges N to N Reagan-ism-ist 
hanges N to N art-ist-ive 
hanges V to A restri
t-ive-ize 
hanges N to V symbol-ize
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hanges A to A dead-ly-ly 
hanges N to A ghost-ly-ment 
hanges V to N establish-ment-ory 
hanges V to A advis-ory-ous 
hanges N to A spa
-eous-y 
hanges A to N honest-y-y 
hanges V to N assembl-y(19) Some su�xes 
an 
ombine with a root, or a root+a�x:-y 
hanges N to N robber-y-y 
hanges N to A snow-y, i
-y, wit-ty, slim-y-ary 
hanges N-ion to N revolut-ion-ary-ary 
hanges N-ion to A revolut-ion-ary, legend-ary-er 
hanges N-ion to N va
at-ion-er, prison-er-i
 
hanges N-ist to A modern-ist-i
, metall-i
-(at)ory 
hanges V-ify to A 
lass-i�-
atory, advis-ory(20) Some su�xes 
ombine with a spe
i�
 range of su�xed items-al 
hanges N to A natur-alallows -ion, -ment, -or-ion 
hanges V to N rebell-ionallows -ize, -ify, -ate-ity 
hanges A to N profan-ityallows -ive, -i
, -al, -an, -ous, -able-ism 
hanges A to N modern-ismallows -ive, -i
, -al, -an-ist 
hanges A to N formal-istallows -ive, -i
, -al, -an-ize 
hanges A to V spe
ial-izeallows -ive, -i
, -al, -an(21) The 
oin
iden
e between syntax and morphology extends to �sub
ategorization� as well. In the 
lass ofverbs, we 
an see that at least some of the sub
ategories of verbs with distin
tive behaviors 
orrespondto sub
ategories that allow parti
ular kinds of a�xes. For example, -ify and -ize 
ombine with N or A toform V: 
lass-ify, intens-ify, spe
ial-ize, modern-ize, formal-ize, union-ize, but now we 
an noti
e somethingmore: the verbs they form are all transitive:i. a. The agen
y 
lass-i�ed the do
umentsb. *The agen
y 
lass-i�edii. a. The a
tivists union-ized the tea
hersb. *The a
tivists union-ized (no good if you mean they unionized the tea
hers)iii. a. The war intens-i�ed the povertyb. *The war intens-i�ed (no good if you mean it intensi�ed the poverty)(22) Another su�x -able 
ombines with many transitive verbs but not with most verbs that only sele
t an obje
t:i. a. Titus manages the proje
t (transitive verb)b. This proje
t is manag-ableii. a. The sun shines (intransitive verb)b. *The sun is shin-ableiii. a. The train arrived (�una

usative� verb)b. * The train is arriv-able
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�6 Representing the lexi
on6.0 lexi
al representation in di
tionaries("hook","hUk");("hooks","hUks");("
rook","krUk");("
rooks","krUks");("woman","'wUm�n");("women","'wImIn");("
hild","tSaIld");("
hildren","'tSIldr�n");("shelf","Self");("shelves","Selvz");("mouse","maUs");("mi
e","maIs");("foot","fUt");("feet","fit");("fish","fIS");("miss","mIs");("mix","mIks");("wax","w&ks");("wha
ks","w&ks");6.1 Computer s
ien
e approa
h to lexi
al representation
• let's get that redundan
y out! Gzip? No. (why not?) Let's use Shützenberger-Mohri:
• First, 
ompute a �nitely subsequential pre�x tree:

0

1
h:#

8
c:#

16

w:#

2o:#

9
r:#

17
a:#

3o:# 4k:#

5
#:hUk

6
s:#

7
#:hUks

10
o:#

11
o:#

12
k:#

13
#:krUk

14

s:#

15
#:krUks18

x:#
19

#:w&ks

• Then push the output towards the root: 37



38 �6. REPRESENTING THE LEXICON
0

1h:hUk

8
c:krUk

16

w:w&ks

2o:#

9
r:#

17
a:#

3o:# 4k:#

5
#:#

6
s:#

7
#:s

10
o:#

11
o:#

12
k:#

13
#:#

14

s:#

15
#:s18

x:#
19

#:#

• Then share subtrees:
0

1
h:hUk

7
c:krUk

8

w:w&ks

2
o:#

r:#

9
a:#

3
o:#

4
k:#

5

#:#

6

s:#
#:s

10
x:# #:#This is the minimal transdu
er (least number of states) that de�nes the relation we started with.6.2 Linguisti
 approa
h to lexi
al representation

• First, the traditional di
tionary has the wrong stu� in it! If we list morphemes (semanti
 atoms), and morphrules, the rest 
an be 
al
ulated
• Even for irregular in�e
tions, there is eviden
e that both the root and the a�xes are re
ognized.MEG, rt fMRI

[252, p.87℄ [228, p.12℄
• for many non-words, English speakers propose same plurals:(wug,wVg) → (wugs,wVgz)(wuk,wVk) → (wuks,wVkz) [102℄Lx1: Regular English pluralization:add [s℄ after ps=[p,k,T,t,f,h℄;add [�z℄ after zs=[z,s,S,Z℄;add [z℄ after gs=[d,n,r,w,R,N,D,b,g,m,l,i,I,e,&,A,0,U,V,eI,aI,oI,e�,O,u,3,�,�U,aU,I�,U�℄
• `dual route' models [205℄: represent ex
eptions separately

⋆ If you see more than one Mi
key Mouse at Disneyland, you did not see Mi
key Mi
e.
• In other languages, even regular in�e
tion is often not `
on
atenative'
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⋆ Tagalog: takbuh(run) → tumakbuh(ran), lakad(walk) → lumakad(walked) [277℄
⋆ Papago: ñeid(see) → ñei(perf), hi:nk(bark) → hi:n(perf) [275℄

• Stress is regular too, so maybe so maybe the kinds of 
onsiderations mentioned here so maybe Chomsky&Halleare right that it shouldn't be in the lexi
on (ex
ept when it's ex
eptional)? [These 
onsiderations are verydi�erent from the ones Chomsky&Halle mention!. . . we'll dis
uss their arguments later.℄ To handle stress, manyproposal assume that (i) syllable stru
ture is given, and (ii) roots and a�xes are distinguished.
• Summary, tentative ideas

⋆ syllables are not marked in lex, but 
omputed
⋆ regular a�xation is not marked in lex, but 
omputed
⋆ irregular a�xes may just be stored in lex
⋆ a�xation is not always 
on
atenative6.3 Naive syllables(0) A simple problem �rst! Call this language LCVa. A grammar for syllables σ:

σ֌Ons Rime Ons֌C
σ֌Rime Nuc֌V
Rime֌Nuc Coda Coda֌C
Rime֌NucNote that this de�nes a �nite set of syllables.b. The language Lcv is (σ)∗. This is an in�nite language. We 
ould say

w֌σ w
w֌σ ǫ

LCV is this language of words, an in�nite language.
. Thm V V V ∈ LCV , but CCC 6∈ LCVd. Putting a period between syllables, everything we have said so far suggests that V CV C 
ould be analyzedas either V C.V C or V.CV C, but that's not right. Only the latter analysis is possible.e. To analyze a rule a word into syllables:the phones: {C,V}the possible onsets=the possible 
odas: {C}the syllabi�
ation rule:i. every V is a nu
leusii. ea
h syllable has as onset the the longest possible onsetiii. 
onsonants not treated as onsets by ii are 
odas(1) Can we write a grammar that, unlike (1a,b), a
tually de�nes just the syllable sequen
es that (1e) allows?Let's 
lassify the syllables this way:
σo,c = syllables with onset and 
oda

σno,c = syllables with no onset and 
oda
σo,nc = syllables with onset and no 
oda

σno,nc = syllables with no onset and no 
odaIn a table of all the possible syllable-pairs, we see that `maximize onsets' prohibits 4 of the 16 possiblesequen
es, namely those sequen
es in whi
h a syllable with a 
oda pre
edes one with no onset:
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σo,c σno,c σo,nc σno,nc

σo,c * *
σno,c * *
σo,nc

σno,ncSo I think this grammar does the tri
k:
w֌σo,cwo σo,c֌Ons Rimec

w֌σno,cwo σno,c֌Rimec

w֌σo,ncw σo,nc֌Ons Rimenc

w֌σno,ncw σno,nc֌Rimenc

w֌ǫ Rimec֌Nuc Coda
wo֌σo,cwo Rimenc֌Nuc
wo֌σo,ncw Ons֌C
wo֌ǫ Nuc֌V

Coda֌CThis grammar de�nes in�nitely many words w, and now, every analysis allowed by the grammar will be onethat 
onforms to the syllabi�
ation rules in 1e.(2) Thm. The language LCV is regular. That is, although the grammar just given is not right linear, the samelanguage 
an be given by a right linear grammar.Proof sket
h: We 
an transform the grammar just given into a right linear grammar by noting that the �rst
ategories on the right sides of ea
h rule rewrite to just �nitely many strings, so these strings 
ould begenerated by appropriate right linear rules. Taking the �rst step, it is easy to see the the following grammar,obtained simply by putting in the V,C sequen
es for ea
h syllable type, generates the same strings,
w֌CV Cwo

w֌V Cwo

w֌CV w
w֌V w
w֌ǫ
wo֌CV Cwo

wo֌CV w
wo֌ǫTo make this grammar right linear, we need to introdu
e some new 
ategories whi
h we will simply number:

w֌C1 1֌V 2 2֌Cwo

w֌V 3 3֌Cwo

w֌C4 4֌V w
w֌V w
w֌ǫ
wo֌C5 5֌V 6 6֌Cwo

wo֌C7 7֌V w
wo֌ǫ

w

V

1
C

3
V

4
C

2
V

wo
C

V

C

5

C

7

C

6
V

V

C

This grammar is nondeterministi
, and has more states than ne
essary, but su�
es to establish the theorem.(3) Claim. The mapping from LCV that inserts periods between syllables is a �nite transdu
tion.



6.4. NAIVE MORPHOLOGY 41
0

1C:.C

2
V:.V

V:V V:.V 3C:#

4#:.

C:C.C

V:.CV

#:C.(This drawing is not quite 
lear: there is an ar
 from 2 to 4, and none from 4 to 2.)(* a simple 1-subsequential �nite state transdu
er SSFST *)(* That is: no indetermina
y, but just a single empty transition to the �nal state *)(* The 1-SSFST is a list of ((PrevState,NextIn),(NextOut,NextState)) pairs of pairs *)(* We 
ould put these into a hash table, but there are so few, it's not worth the trouble *)let syllSSFST = [((0,'C'),(['.';'C'℄,1));((0,'V'),(['.';'V'℄,2));((1,'V'),(['V'℄,2));((2,'V'),(['.';'V'℄,2));((2,'C'),([ ℄,3));((2,'\255'),(['.'℄,4));((3,'C'),(['C';'.';'C'℄,1));((3,'V'),(['.';'C';'V'℄,2));((3,'\255'),(['C';'.'℄,4));℄;;let re
 transdu
eSSFST ssfst state input = mat
h input with[ ℄ −> fst (List.asso
 (state,'\255') ssfst)
| 
::
s −>let (output,nextState) = List.asso
 (state,
) ssfstinbeginPrintf.fprintf stdout "(%i,%
)->(_,%i)\n" state 
 nextState;List.append output (transdu
eSSFST ssfst nextState 
s);end;;(* examples *)transdu
eSSFST syllSSFST 0 ['V'℄;;transdu
eSSFST syllSSFST 0 ['V';'V'℄;;transdu
eSSFST syllSSFST 0 ['C';'V';'C'℄;;transdu
eSSFST syllSSFST 0 ['C';'V';'C';'C';'V'℄;;transdu
eSSFST syllSSFST 0 ['C';'V';'C';'V'℄;;6.4 Naive morphology

• 
on
atenation of transdu
ers. Given transdu
ersA1 = 〈Q1, Σ1, Σ2, δ1, I1, F1〉 and A2 = 〈Q2, Σ3, Σ4, δ2, I2, F2〉,where Q1 ∩ Q2 = ∅, intuitively, we merge all the elements of F1 with all the elements of I2. De�ne T =
〈Q1 ∪ Q2, Σ1 ∪ Σ3, Σ2 ∪ Σ4, δ, I1F2〉, where δ in
ludes δ1 and δ2, and in addition, whenever (q1, a1, a2, q2) ∈ δ1and q2 ∈ F1, (q1, a1, a2, q3) ∈ δ1 for ea
h q3 ∈ I2.

• Regular expression notation extended to transdu
ers
(a, b)∗ = {(an, bn)| n ≥ 0}
(a : b) + (aa : bb)∗ = {(an, bn)| n ∈ {1, 2}}
(a : b)(c : d)∗ = {(acn, bdn)| n ≥ 0}

• Regular plurals 1:
(hook, hUk)(s, s) = (hooks, hUks)But this is only right for forms with pronun
iation ending in [p,k,T,t,f,h℄!
∗(hug, hV g)(s, s) = (hugs, hV gs)
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• 
omposition of transdu
ers. Given �nite transdu
ers A = 〈Q1, Σ1, Σ2, δ1, I1, F1〉 and

B = 〈Q2, Σ2, Σ3, δ2, I2, F2〉,de�ne (A◦B) = 〈Q1×Q2, Σ1, Σ2, δ, I1×I2, F1×F2〉, where for all a ∈ Σ1, b ∈ Σ2, c ∈ Σ3, q1, r1 ∈ Q1, q2, r2 ∈ Q2,
((q1, q2), a, c, (r1, r2)) ∈ δ i� (q1, a, b, r1) ∈ δ1 and (q2, b, c, r2) ∈ δ2.

• Naive English regular plurals, spelling → pronun
iation (
f. produ
tion).Re
all that we partitioned the output (pronun
iation) symbols of the lexi
on into {ps, gs, zs}. Letting ps : psrepresent the ar
s labeled x : x for any x ∈ ps, and similarly for the other sets, 
onsider the following transdu
erPL:
0

zs:zs

1
gs:gs

2

ps:ps

3
#:@z

zs:zs
gs:gs

ps:ps

#:z

zs:zs

gs:gs

ps:ps

#:s

Then, roughly: (hook,hUk) ◦ PL = (hook,hUks)(wish,wIS) ◦ PL = (wish,wIS�z)(hugs,hVg) ◦ PL = (hug,hVgz)The proposal: morphologi
al pro
esses (
on
atenative and otherwise) 
an be implemented by 
omposition. [134, 181,16, 224℄Is that true??6.5 Exer
ises1. Get plural1.ml from the 
ode-snippets page.(Or, if you're feeling on top of everything, you 
ould use a hash table instead of a list, and get plural2.ml.)Then modify the previous transdu
er PL so that(hook,hUk) ◦ PL = (hook,hUks)(wish,wIS) ◦ PL = (wish,wIS�z)(hugs,hVg) ◦ PL = (hug,hVgz)(tooth,tuT) ◦ PL = (tooth,tiT)That is, modify PL so that it maps tuT to tiT. Implement and test your proposal.2. Design a transdu
er, PERF, that takes any pronun
iation, and deletes the �nal segment � a simplisti
 versionof Papago:
⋆ neid(see) → nei(perf), hink(bark) → hin(perf)
⋆ hiwa(rub against) → hiw(perf), moto(
arry) → mot(perf)Implement it (as done in plural1.ml or plural2.ml), and test your proposal.3. Design a transdu
er, PAST, that takes any pronun
iation, and inserts -um- before the �rst vowel, leavingeverything else un
hanged � a simplisti
 version of Tagalog:
⋆ takbuh(run) → tumakbuh(ran), lakad(walk) → lumakad(walked)Implement it (as done in plural1.ml or plural2.ml), and test your proposal.



6.5. EXERCISES 434. Some Tagalog loanwords begin with 
onsonant 
lusters, in whi
h 
ase, -um- is sometimes also pla
ed after one
onsonant away from the �rst vowel (but always one -um- per word), as in
⋆ gradwet(graduate) → grumadwet AND gumradwet(graduated)
⋆ plahio(plagiarize) → pumlahi AND plumlahio(plagiarized)Implement it (as done in plural1.ml or plural2.ml), but note that some modi�
ation will be needed in orderto see more than one output. Make the modi�
ation as small and elegant as possible. Test your proposal.
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�7 Morphophonology on
e more(0) Last time we saw that morphophonologi
al rules 
an be separated from the lexi
al entries. In fa
t, an elegantrepresentation seems adequate for mu
h phonology: many phonologi
al pro
esses are �nite transdu
tions.(1) We mentioned brie�y some of the psy
hologi
al eviden
e that it is separated in humans. But we did not yettalk about the question: does that mean that derived forms are not (or not usually) stored? This questionturns out to be quite tri
ky: it 
ould be that we noti
e regularities but still store the derived forms.(Noti
e that 
ompiler optimizations often multiply out regularities: re
ursion unfolding, loop unrolling,inlining,. . . Super�
ial representations 
an allow faster performan
e, depending on the ar
hite
ture of there
ognizer. Humans 
ould well represent both super�
ial forms and their regularities.)7.0 Morphophonologi
al pro
esses as transdu
er 
ompositions(2) First example: Consider for example the following transdu
er BUG:
0 1

b:b
2

u:V
4

g:g

t:t

3

z:z

5
#:#

z:#And re
all our transdu
er for English pluralization:
0

zs:zs

1
gs:gs

2

ps:ps

3
#:@z

zs:zs
gs:gs

ps:ps

#:z

zs:zs

gs:gs

ps:ps

#:s

We 
an 
ompose BUG◦PL. (Computing 
ompositions in our O
aml implementation is slightly tri
ky be
ausewe have required that there be exa
tly 1 symbol in the input. If output were restri
ted to at most 1 symbol,the implementation of this 
omposition operation would be straightforward. But it is not too hard to extendthe 
omposition of transdu
tions to allow multiple symbols are allowed in the output too.)
0,0 1,1

b:b
2,1

u:V

4,1

g:g

4,2
t:t

3,0

z:z

4,3

#:z

#:s

4,0
z:#

5,3
#:#

#:@z45



46 �7. MORPHOPHONOLOGY ONCE MORE(3) Another example: This table from [173℄, abstra
ting away from e�e
ts of phonologi
al rules and additionof a�xes for agreement, mood, 
ase: /ktb/ /drs/ /sm/`write' `study' `poison'perfe
t a
tive kattab darras sammamperfe
t passive kuttib durris summimimperfe
t a
tive Cu+ kattib darris sammimimperfe
t passive Cu+ kattab darras sammam. . . this small array of fa
ts is su�
ient to demonstrate the property of shape-invarian
e in Arabi
templati
 morphology. Moving a
ross the 
olumns. . . 
hanges the 
onsonantal root, the fundamentallexi
al unit of the language. Despite this 
hange in the 
onsonants, the 
anoni
al pattern remains thesame. Similarly, moving down the rows. . . 
hanges the vo
alism: voi
e goes from a
tive to passive oraspe
t from perfe
tive to imperfe
tive.
 /ui/          perfective passive

/ktb/       ‘write’

CVVCVC    CV skeleton(4) Transdu
er representation (�rst idea): Represent the asso
iation lines in the previous �gure by trans-du
ers. Cf. e.g. [224, �2.2.9℄, [33℄Let 
template(kttb) be the Id transdu
er that allows any number of Vs between the 
onsonants:
0

V:V

1
k:k

V:V

2
t:t

V:V

3
t:t

V:V

4
b:b

V:V

As in our 
onstru
tion of the plural transdu
er, we let V:V abbreviate the identity on the vowels, andsimilarly for the 
onsonants C in the transdu
ers below.Let vtemplate(ui) be the Id transdu
er that allows any number of Cs between the vowels:
0

C:C

1
u:u

C:C

2
i:i

C:C


vskeleton(
v

v
)
0 1

C:C
2

V:V
3

C:C
4

C:C
5

V:V
6

C:C
template(kttb)◦
vskeleton(
v

v
)◦vtemplate(ui) = Id(kutib):
0 1

k:k
2

u:u
3

t:t
4

t:t
5

i:i
6

b:bComposition with restri
ted identity relations is really interse
tion. To de�ne 
omposition operation thatinterse
ts, while a

umulating outputs, so that, for example,
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0 1

k:k
2u:u

8

a:a

3
t:t

9
t:t

4t:t 5
i:i 6b:b 7#:{WRITE,PERF}

10
t:t

11
a:a

12
b:b

13
#:{WRITE,PERFACTIVE}

14

#:{WRITE,PERFPASSIVE}(5) 2 important points:
• Noti
e that kuttib and kattab must have separate paths after the �rst symbol, sin
e we must enfor
e the
onstraints between the �rst and se
ond vowel. This means that we end up having multiple 
opies of the/ui/ transdu
er. For some problems (e.g. handling a whole di
tionary with all morphologi
al 
hanges),this 
an lead to enormous transdu
ers.
• Parsing 
an be regarded as the 
omposition of Id(input) with a transdu
er that a

epts the language.(This idea mentioned in last Thursday's talk: `parser states are grammars'.)When the (possibly nondeterministi
) transdu
ers have n and m states respe
tively, this step 
an bedone in O(nm)2 steps [118, �4.3.3℄.(6) Instead of 
al
ulating the large 
omposed transdu
ers, we 
an parse the input simultaneously with the twosmaller, separate transdu
ers.7.1 Beyond �nite state morphology(7) Thm The language XX = {xx| x ∈ Σ∗} is not regular.Proof sket
h: Assuming that Σ has more than one element (as standard), let Σ = {a, b, . . .}. Then XX ∩a∗ba∗b =

{anbanb| n ≥ 0} By Nerode's theorem and the 
losure of regular languages under interse
tions, it is easy toshow that this language is not regular, as we did for the similar language {anan| n ≥ 0}. 2(8) Plurals in Pima. [185℄ C-
opying `lion' mávit mámvit`orange' nálash nánlashCV-
opying `ro
k' hódai hóhodai`pea
h' ñúlash ñúñulashSin
e there are �nitely many CV pairs, this is in prin
iple �nite state, but the �nite state representationmisses the simple generalization!(9) Habitual-repetitive in Javanese. [73℄`buy' tuku tuka-tuku`pu�' bul bal-bul`walk' melaku meloka-melaku`relapse' kumat kumat-kumet(10) There are many many languages with this kind of 
opying in their morphophonologies. English has some[187℄, but less than most other languages, and still one �nds redupli
ation 
reeping into spee
h/spellingerrors [276℄ and into motherese [162℄.We will look at grammars and transdu
ers with 
opying later.(11) Controversies:a. . . . the 
omputational knights have presented themselves at the Royal Court of Linguisti
s, rushed up to thePrin
ess of Phonology and Morphology in great ex
itement to deliver the same message �Dear Prin
ess. Ihave wonderful news for you: You are not like some of your NP-
omplete sisters. You are regular. You arerational. You are �nite state. Please marry me. Together we 
an do great things.� And time after time, theput-down response from the Prin
ess has been the same: �Not interested. You do not understand Theory.Go away you geek.� [137℄



48 �7. MORPHOPHONOLOGY ONCE MORE
• The �You are �nite state� remark is odd. Of 
ourse, every �nite 
reature � at least, every �nite 
omputingsystem of the sorts we 
an understand now � is a �nite state system. That does not mean that all su
hsystems are well des
ribed as �nite state systems.Viewing a 
omputer itself as a �nite state system is not satisfying mathemati
ally or realisti-
ally. . . To properly 
apture the notion of 
omputation we need a potentially in�nite memory,even though ea
h 
omputer installation is �nite. . . It is also tempting to view the humanbrain as a �nite state system. . . [but℄ the number of states is so large that this approa
h isunlikely to result in useful observations about the human brain, any more than �nite stateassumptions help us understand large but �nite 
omputer systems. [119, p.16℄
• Suppose linguists are interested in understanding what kinds of me
hanisms people use in morphology.A reasonable hun
h is that the phonologi
al and morphologi
al pro
esses found in human languages arethere be
ause they are natural options, given the nature of our language and our memories. So then. . .
` the `inelegan
e' of the treatments of 
ompositions (as noted for example in the Arabi
 above) suggests(though not de
isively) that these operations are not what people do. (I.e. that the range of �nite stateoperations is too small.)
` the inability to represent the very natural operation of 
opying (noti
ed, grammati
al repetition), ex
eptwith a brute-for
e enumeration of all the �nite options, suggests that this is not what people do. (I.e.the range of �nite state operations is too small.)
` many �nite state operations that are de�nable are not found in human morphologies. (I.e. the range of�nite state operations is too big.)b. . . . if someone is interested in how humans pro
ess morphology, rather than the formal 
omputational des
rip-tion of su
h pro
essing, they might be in
lined to wonder [upon being shown �nite state implementationsof alternative proposals℄: �so what?� But this 
learly appeals to psy
holinguisti
 eviden
e, and there thedata does not seem parti
ularly friendly to either side: there is in
reasing eviden
e that human morphologi
alpro
essing involves a powerful set of analogi
al reasoning tools that are sensitive to various e�e
ts in
ludingfrequen
y, semanti
 and phoneti
 similarity, register, and so on [115, 11℄. [224, pp.66,86℄
• the �. . . rather than . . . � phrase in the �rst senten
e is odd, sin
e we 
an perfe
tly well aim for a formal,
omputational des
ription of how humans pro
ess morphology
• The traditional strategy is to look for linguisti
ally 
onditioned (stru
tural) e�e
ts �rst, and the obviousfa
t that we are sensitive to `various e�e
ts in
luding frequen
y, semanti
 and phoneti
 similarity, reg-ister, and so on' does not show that there are no stru
tural e�e
ts!(The motivation behind this traditional strategy is also obvious: it is only feasible to model e�e
ts of
auses that we have some good theory about.)Ultimately, of 
ourse, we want models that 
apture frequen
y and semanti
 e�e
ts appropriately. In thepresent state of ignoran
e, that requires averaging a
ross unknown but massive sour
es of in�uen
e withstatisti
s.



�8 Segmentation and indetermina
y8.0 Two segmentation problems8.0.1 Segmenting the phones in the lexi
al entries(0) We must now 
onsider the diphthongs. . . Ea
h of these sounds involves a 
hange in quality within the one vowel.As a matter of 
onvenien
e, they 
an be des
ribed as movements from one vowel to another. The �rst part ofthe diphthong is usually more prominent than the last. In fa
t, the last part is often so brief and transitory that itis di�
ult to determine its exa
t quality. Furthermore, 
ontrary to the traditional trans
riptions, the diphthongsoften do not begin and end with any of the sounds that o

ur in simple vowels. [159, p.82℄(1) In the Mitton di
tionary, we have the simple vowels:Mitton: i I e & A 0 (zero) U V O u 3 �IPA: i I E æ a 6 U 2 E@ u 3 @example: bead bid bed bad bard 
od good but 
ord food bird aboutand the diphthongs Mitton: eI aI oI e� �U aU I� U�IPA: eI aI oI E@ oV aU I@ U@example: day eye boy bare go 
ow beer tourAs Ladefoged warns, in these trans
riptions, diphthongs have symbols in 
ommon with the simple vowels.(2) That means there are potential parsing ambiguities, ambiguities that 
ould matter for syllabi�
ation, stressassignment, et
.If there are never more than 2 vowels in a sequen
e, we 
ould just say: always prefer diphthong analyseswhen possible. But this poli
y might not su�
e for longer sequen
es, where there 
ould there be �ties�!That is, there 
ould two di�erent analyses both use the same number of diphthongs.Che
king to see whether this happens, even in a di
tionary where some of the syllable breaks are indi
atedby stress marks, it is easy to write a program that 
olle
ts and 
ounts maximal vowel sequen
es in thedi
tionary: 49512 I 97 �U� 3 i030671 � 94 eI� 3 A011535 & 92 iI 2 Ue11296 e 68 UeI 2 �UaU9710 eI 54 oI� 2 uA7939 0 44 I& 2 oIeI7124 V 32 OI 2 oI&6463 i 24 aUI 2 O�6404 aI 22 oII 2 IO6250 �U 16 i�U 2 eIi4690 O 16 IA 2 eIA4487 u 15 UI 2 aIu4179 A 15 aI& 2 aIi3095 3 10 I0 2 AI3056 I� 9 Ie 1 u�U1948 aU 7 eI�U 1 Ui1886 U 7 A�U 1 �Ue961 e� 7 aI�U 1 UaI840 aI� 4 �UII 1 u0751 U� 4 �UI� 1 &�U708 oI 4 U& 1 �U&579 II 4 iO 1 I�UI226 IeI 4 Ii 1 I�U&205 aU� 4 Ie� 1 ieI184 uI 4 eI0 1 �I178 �UI 4 aIA 1 eIe163 aII 3 uII130 i� 3 uI�114 eII 3 ueI108 u� 3 ie107 I�U 3 IaI49



50 �8. SEGMENTATION AND INDETERMINACYNoti
e that �U� appears in 97 entries! Should these be parsed ["�U";"�"℄ or ["�";"U�"℄? E.g.,("
oalition",",k�U�'lISn");("feather-boa",",feD�-'b�U�");("slower","'sl�U�R");("yellower","'jel�U�R");Squib topi
: Produ
e a version of mitton2.ml where the phones are 
orre
tly parsed, brie�y reporting on yourstrategy and the 
ode you write to assist in the task.8.0.2 Segmenting the morphs in an utteran
e(3) Segmenting the morphs from 
ontinuous spee
h presents many more ambiguities than we have in parsingthe di
tionary pronun
iations.In ordinary 
onversation, phones 
an be dropped or obs
ured by noise, but we �nd it even in the arti�
ialsituation where we are given perfe
t di
tionary entry sequen
es, but without spa
es between words. Consider,for example, 'aIskrimHere are some relevant Mitton entries:("I","aI");("ay","aI");("aye","aI");("eye","aI");("i","aI");("i
e","aIs");("
ream","krim");("s
ree","skri");("s
ream","skrim");("i
e-
ream","aIs-'krim");("i
e-
reams","aIs-'krimz");("i
e-lollies","aIs-'l0lIz");("i
eberg","'aIsb3g");Oddly, some of these phoneti
 entries 
ontain a hyphen, whi
h is not pronoun
ed; and there is no singular�i
e-lolly�; but worse, these entries do not have the normal Ameri
an 
ompound stress, whi
h we see onlyin i
eberg. I think the i
e-
ream entries should be:("i
e-
ream","'aIskrim");("i
e-
reams","'aIskrimz");("i
e-lollies","'aIsl0lIz");The OED agrees with Mitton, so apparently British English di�ers from Ameri
an English in this respe
t.So there are 2 problems here:The parsing problem. How to 
hoose among the possible segmentations of an input sequen
e?The `noise' and `variation' problem. How 
an you re
ognize something that is not pronoun
ed exa
tlythe way you would pronoun
e it? (e.g. with di�erent stress)Let's ignore stress and other possibly variable aspe
ts of pronun
iation for the moment, and work on theparsing problem �rst. We return to `noise' and `variation' below.(4) We will 
onsider 3 very di�erent responses to the parsing problem:
• ba
ktra
king � �nd one solution at a time, ba
ktra
king if ne
essary
• all paths at on
e � �nd all possible analyses
• probabilisti
 methods � �nd only the `most probable' solution



8.1. EXAMPLE 518.1 Example

0

2
a:#

19

s:#

4I:#

20
k:#

1

3
l:#

5

#:ice

10
k:#

11

b:#

60:#

12
r:#

13

3:#

s:#

#:eye

#:I

#:ay

7l:# 8
i:#

#:ice-lolly

9
z:# #:ice-lolly;plural

14
i:#

15
g:#

16
m:#

#:iceberg

17

z:#

#:ice-cream

18

z:#

#:ice-berg;plural

#:ice-cream;plural

21
r:#

22
i:# #:scree

23

m:# #:scream

0

2

a:#

19

s:#

I:I

I:ay

I:eye

4

I:#

20
k:#

1

3

l:#

5

#:ice

10

k:#

11
b:#

6

0:#

12
r:#

13

3:#

s:#

#:I

#:ay

#:eye

7

l:#

i:ice-lolly

8

i:#

z:ice-lolly;plural

#:ice-lolly

9
z:#

#:ice-lolly;plural

14

i:#

g:iceberg

15
g:#

m:ice-cream

16

m:#

#:iceberg

z:ice-berg;plural

17
z:#

z:ice-cream;plural

#:ice-cream

18
z:#

#:ice-berg;plural

#:ice-cream;plural

21

r:#

i:scree
22

i:#

m:scream

#:scree

23
m:# #:scream

8.2 Ba
ktra
king(5) A ba
ktra
king system takes the input, the �nite state ma
hine, and 
olle
ts the output, 
olle
ting allnext-step 
hoi
es on a sta
k.At ea
h step, taking the �rst (state,remainingInput,OutputSoFar) o� the sta
k, the next input symbol ispro
essed, putting all 
hoi
es onto the sta
k.



52 �8. SEGMENTATION AND INDETERMINACY(* a simple k-subsequential �nite state transdu
er SSFSA *)(* That is: at most k empty transitions to the �nal states *)(* This k-SSFSA is a list of ((PrevState,NextIn),(NextOut,NextState)) pairs of pairs *)(* We 
ould put these into a hash table, but there are so few, it's not worth the trouble *)let di
tSSFSA = [((0,'a'),([ ℄,1)); ((4,'l'),([ ℄,10));((1,'I'),([ ℄,2)); ((10,'0'),([ ℄,11));((2,'\255'),(["I"℄,3)); ((11,'l'),([ ℄,12));((2,'\255'),(["ay"℄,3)); ((12,'i'),([ ℄,13));((2,'\255'),(["eye"℄,3)); ((13,'\255'),(["i
e-lolly"℄,3));((2,'s'),([ ℄,4)); ((13,'z'),([ ℄,14));((4,'\255'),(["i
e"℄,3)); ((14,'\255'),(["i
e-lolly";"plural"℄,3));((4,'k'),([ ℄,5)); ((4,'b'),([ ℄,15));((5,'r'),([ ℄,6)); ((15,'3'),([ ℄,16));((6,'i'),([ ℄,7)); ((16,'g'),([ ℄,17));((7,'m'),([ ℄,8)); ((17,'\255'),(["i
eberg"℄,3));((8,'\255'),(["i
e-
ream"℄,3)); ((17,'z'),([ ℄,18));((8,'z'),([ ℄,9)); ((18,'\255'),(["i
e-berg";"plural"℄,3));((9,'\255'),(["i
e-
ream";"plural"℄,3)); ((0,'s'),([ ℄,19));((19,'k'),([ ℄,20));((20,'r'),([ ℄,21));((21,'i'),([ ℄,22));((22,'\255'),(["s
ree"℄,3));((22,'m'),([ ℄,23));((23,'\255'),(["s
ream"℄,3));℄;;let re
 transdu
eSSFSA ssfsa state input = mat
h input with[ ℄ −> fsa (List.asso
 (state,'\255') ssfsa)
| 
::
s −>let (output,nextState) = List.asso
 (state,
) ssfsainbeginPrintf.fprintf stdout "(%i,%
)->(_,%i)\n" state 
 nextState;List.append output (transdu
eSSFSA ssfsa nextState 
s);end;;(* examples *)transdu
eSSFSA di
tSSFSA 0 ['a';'I'℄;;transdu
eSSFSA di
tSSFSA 0 ['a';'I';'s'℄;;transdu
eSSFSA di
tSSFSA 0 ['a';'I';'s';'k';'r';'i';'m'℄;;transdu
eSSFSA di
tSSFSA 0 ['a';'I';'s';'k';'r';'i';'m';'z'℄;;transdu
eSSFSA di
tSSFSA 0 ['a';'I';'s';'b';'3';'g'℄;;transdu
eSSFSA di
tSSFSA 0 ['a';'I';'s';'b';'3';'g';'z'℄;;transdu
eSSFSA di
tSSFSA 0 ['a';'I';'s';'l';'0';'l';'i'℄;;transdu
eSSFSA di
tSSFSA 0 ['a';'I';'s';'l';'0';'l';'i';'z'℄;;transdu
eSSFSA di
tSSFSA 0 ['s';'k';'r';'i'℄;;transdu
eSSFSA di
tSSFSA 0 ['s';'k';'r';'i';'m'℄;;



8.2. BACKTRACKING 53(* a ** 
y
li
 ** nondeterministi
 �nite state transdu
er FSA *)(* still: at most k empty transitions to the �nal states *)(* This FSA is a list of ((PrevState,NextIn),(NextOut,NextState)) pairs of pairs *)(* We 
ould put these into a hash table, but there are so few, it's not worth the trouble *)let di
tFSA = [((0,'a'),([ ℄,1)); ((4,'l'),([ ℄,10));((1,'I'),([ ℄,2)); ((10,'0'),([ ℄,11));((2,'\255'),(["I"℄,3)); ((11,'l'),([ ℄,12));((2,'\255'),(["ay"℄,3)); ((12,'i'),([ ℄,13));((2,'\255'),(["eye"℄,3)); ((13,'\255'),(["i
e-lolly"℄,3));((2,'s'),([ ℄,4)); ((13,'z'),([ ℄,14));((4,'\255'),(["i
e"℄,3)); ((14,'\255'),(["i
e-lolly";"plural"℄,3));((4,'k'),([ ℄,5)); ((4,'b'),([ ℄,15));((5,'r'),([ ℄,6)); ((15,'3'),([ ℄,16));((6,'i'),([ ℄,7)); ((16,'g'),([ ℄,17));((7,'m'),([ ℄,8)); ((17,'\255'),(["i
eberg"℄,3));((8,'\255'),(["i
e-
ream"℄,3)); ((17,'z'),([ ℄,18));((8,'z'),([ ℄,9)); ((18,'\255'),(["i
e-berg";"plural"℄,3));((9,'\255'),(["i
e-
ream";"plural"℄,3)); ((0,'s'),([ ℄,19));((19,'k'),([ ℄,20));((20,'r'),([ ℄,21));((21,'i'),([ ℄,22));((22,'\255'),(["s
ree"℄,3));((22,'m'),([ ℄,23));((23,'\255'),(["s
ream"℄,3));(* for ea
h �nal ar
, we add an ar
 ba
k to 0 ** nondetermina
y enters here! *)((1,'I'),(["I"℄,0));((1,'I'),(["ay"℄,0));((1,'I'),(["eye"℄,0));((7,'m'),(["i
e-
ream"℄,0));((8,'z'),(["i
e-
ream";"plural"℄,0));((12,'i'),(["i
e-lolly"℄,0));((13,'z'),(["i
e-lolly";"plural"℄,0));((16,'g'),(["i
eberg"℄,0));((17,'z'),(["i
e-berg";"plural"℄,3));((21,'i'),(["s
ree"℄,0));((22,'m'),(["s
ream"℄,0));℄;;let re
 next fsa fsastate 
 
s outputSoFar states = mat
h fsa with[ ℄ −> states
| ((s0,i0),(o0,s1))::ar
s −>if s0=fsastate && i0=
thenbeginPrintf.fprintf stdout "(%i,%
)->(_,%i)\n" fsastate 
 s1;(s1,
s,o0�outputSoFar)::next ar
s fsastate 
 
s outputSoFar states;endelse next ar
s fsastate 
 
s outputSoFar states;;let re
 printStrings list = mat
h list with[ ℄ −> Printf.fprintf stdout "\n"
| s::ss −> begin Printf.fprintf stdout "%s; " s; printStrings ss; end;;let re
 output fsa fsastate outputSoFar states = mat
h fsa with[ ℄ −> states
| ((s0,i0),(o0,s1))::ar
s −>if s0=fsastate && i0='\255'thenbeginprintStrings (List.rev (o0�outputSoFar));output ar
s fsastate outputSoFar states;endelse output ar
s fsastate outputSoFar states;;(* returns list of resume states *)let re
 transdu
eFSA fsa resume = mat
h resume with[ ℄ −> [ ℄
| (fsastate,[ ℄,outputSoFar)::states −> transdu
eFSA fsa (output fsa fsastate outputSoFar states)
| (fsastate,
::
s,outputSoFar)::states −> transdu
eFSA fsa (next fsa fsastate 
 
s outputSoFar states);;(* examples *)transdu
eFSA di
tFSA [(0, ['a';'I'℄, [ ℄)℄;;transdu
eFSA di
tFSA [(0, ['a';'I';'s'℄, [ ℄)℄;;transdu
eFSA di
tFSA [(0, ['a';'I';'s';'k';'r';'i';'m'℄, [ ℄)℄;;transdu
eFSA di
tFSA [(0, ['a';'I';'s';'k';'r';'i';'m';'z'℄, [ ℄)℄;;transdu
eFSA di
tFSA [(0, ['a';'I';'s';'b';'3';'g'℄, [ ℄)℄;;transdu
eFSA di
tFSA [(0, ['a';'I';'s';'b';'3';'g';'z'℄, [ ℄)℄;;transdu
eFSA di
tFSA [(0, ['a';'I';'s';'l';'0';'l';'i'℄, [ ℄)℄;;transdu
eFSA di
tFSA [(0, ['a';'I';'s';'l';'0';'l';'i';'z'℄, [ ℄)℄;;transdu
eFSA di
tFSA [(0, ['s';'k';'r';'i'℄, [ ℄)℄;;transdu
eFSA di
tFSA [(0, ['s';'k';'r';'i';'m'm'℄, [ ℄)℄;;



54 �8. SEGMENTATION AND INDETERMINACY(* Adding prompt for next solution to the ** 
y
li
 ** nondeterministi
 FSA *)(* still: at most k empty transitions to the �nal states *)(* This FSA is a list of ((PrevState,NextIn),(NextOut,NextState)) pairs of pairs *)let di
tFSA = [((0,'a'),([ ℄,1)); ((4,'l'),([ ℄,10));((1,'I'),([ ℄,2)); ((10,'0'),([ ℄,11));((2,'\255'),(["I"℄,3)); ((11,'l'),([ ℄,12));((2,'\255'),(["ay"℄,3)); ((12,'i'),([ ℄,13));((2,'\255'),(["eye"℄,3)); ((13,'\255'),(["i
e-lolly"℄,3));((2,'s'),([ ℄,4)); ((13,'z'),([ ℄,14));((4,'\255'),(["i
e"℄,3)); ((14,'\255'),(["i
e-lolly";"plural"℄,3));((4,'k'),([ ℄,5)); ((4,'b'),([ ℄,15));((5,'r'),([ ℄,6)); ((15,'3'),([ ℄,16));((6,'i'),([ ℄,7)); ((16,'g'),([ ℄,17));((7,'m'),([ ℄,8)); ((17,'\255'),(["i
eberg"℄,3));((8,'\255'),(["i
e-
ream"℄,3)); ((17,'z'),([ ℄,18));((8,'z'),([ ℄,9)); ((18,'\255'),(["i
e-berg";"plural"℄,3));((9,'\255'),(["i
e-
ream";"plural"℄,3)); ((21,'i'),([ ℄,22));((0,'s'),([ ℄,19)); ((22,'\255'),(["s
ree"℄,3));((19,'k'),([ ℄,20)); ((22,'m'),([ ℄,23));((20,'r'),([ ℄,21)); ((23,'\255'),(["s
ream"℄,3));(* for ea
h �nal ar
, we add an ar
 ba
k to 0 ** nondetermina
y enters here! *)((1,'I'),(["I"℄,0)); ((12,'i'),(["i
e-lolly"℄,0));((1,'I'),(["ay"℄,0)); ((13,'z'),(["i
e-lolly";"plural"℄,0));((1,'I'),(["eye"℄,0)); ((16,'g'),(["i
eberg"℄,0));((7,'m'),(["i
e-
ream"℄,0)); ((17,'z'),(["i
e-berg";"plural"℄,3));((8,'z'),(["i
e-
ream";"plural"℄,0)); ((21,'i'),(["s
ree"℄,0));((22,'m'),(["s
ream"℄,0));℄;;let re
 next fsa fsastate 
 
s outputSoFar states = mat
h fsa with[ ℄ −> states
| ((s0,i0),(o0,s1))::ar
s −>if s0=fsastate && i0=
thenbeginPrintf.fprintf stdout "(%i,%
)->(_,%i)\n" fsastate 
 s1;(s1,
s,o0�outputSoFar)::next ar
s fsastate 
 
s outputSoFar states;endelse next ar
s fsastate 
 
s outputSoFar states;;let re
 printStrings list = mat
h list with[ ℄ −> Printf.fprintf stdout "\n"
| s::ss −> begin Printf.fprintf stdout "%s; " s; printStrings ss; end;;ex
eption HappyToBeOfServi
eComeAgain;;let promptForStop () =beginPrintf.fprintf stdout "more? (y or n) ";if (read line ()).[0℄ = 'n' then raise (HappyToBeOfServi
eComeAgain) else ();end;;let re
 output fsa fsastate outputSoFar states = mat
h fsa with[ ℄ −> states
| ((s0,i0),(o0,s1))::ar
s −>if s0=fsastate && i0='\255'thenbeginprintStrings (List.rev (o0�outputSoFar));promptForStop ();output ar
s fsastate outputSoFar states;endelse output ar
s fsastate outputSoFar states;;let apologize () = Printf.fprintf stdout "No (more) solutions.\n";;(* returns list of resume states *)let re
 transdu
eFSA fsa resume = mat
h resume with[ ℄ −> begin apologize (); [ ℄; end
| (fsastate,[ ℄,outputSoFar)::states −> transdu
eFSA fsa (output fsa fsastate outputSoFar states)
| (fsastate,
::
s,outputSoFar)::states −> transdu
eFSA fsa (next fsa fsastate 
 
s outputSoFar states);;(* examples *)let eg0 () = transdu
eFSA di
tFSA [(0, ['a';'I'℄, [ ℄)℄;;let eg1 () = transdu
eFSA di
tFSA [(0, ['a';'I';'s'℄, [ ℄)℄;;let eg2 () = transdu
eFSA di
tFSA [(0, ['a';'I';'s';'k';'r';'i';'m'℄, [ ℄)℄;;let eg3 () = transdu
eFSA di
tFSA [(0, ['a';'I';'s';'k';'r';'i';'m';'z'℄, [ ℄)℄;;let eg4 () = transdu
eFSA di
tFSA [(0, ['a';'I';'s';'b';'3';'g'℄, [ ℄)℄;;let eg5 () = transdu
eFSA di
tFSA [(0, ['a';'I';'s';'b';'3';'g';'z'℄, [ ℄)℄;;let eg6 () = transdu
eFSA di
tFSA [(0, ['a';'I';'s';'l';'0';'l';'i'℄, [ ℄)℄;;let eg7 () = transdu
eFSA di
tFSA [(0, ['a';'I';'s';'l';'0';'l';'i';'z'℄, [ ℄)℄;;let eg8 () = transdu
eFSA di
tFSA [(0, ['s';'k';'r';'i'℄, [ ℄)℄;;let eg9 () = transdu
eFSA di
tFSA [(0, ['s';'k';'r';'i';'m'℄, [ ℄)℄;;



8.3. AN EXERCISE IN 5 EASY PARTS 558.3 An exer
ise in 5 easy partsGet a 
opy of the ba
ktra
king transdu
er above, whi
h I 
alled i
e
ream1.ml. Re
all that the 7 symbol input['a';'I';'s';'k';'r';'i';'m'℄produ
es 3 di�erent analyses. Send me a session trans
ript with the following:(1) Use List.length to 
al
ulate the number of ar
s in the transdu
er.(2) Modify transdu
eFSA in a minimal way so that at ea
h step, the next input symbol and the number ofelements on the ba
ktra
k sta
k is printed, like this:# transdu
eFSA di
tFSA [(0, ['a';'I';'s'℄, [ ℄)℄;;Next input symbol:a Sta
k depth:1(0,a)−>( ,1)Next input symbol:I Sta
k depth:1(1,I)−>( ,2)(1,I)−>( ,0)(1,I)−>( ,0)(1,I)−>( ,0)Next input symbol:s Sta
k depth:4(2,s)−>( ,4)Sta
k depth:4i
e;Next input symbol:s Sta
k depth:3(0,s)−>( ,19)Sta
k depth:3Next input symbol:s Sta
k depth:2(0,s)−>( ,19)Sta
k depth:2Next input symbol:s Sta
k depth:1(0,s)−>( ,19)Sta
k depth:1
− : 'a list = [ ℄(3) Using this transdu
er, whi
h 7 symbol input produ
es the most di�erent outputs?(4) For ea
h symbol x in the input, let the ba
ktra
k 
ost of x be the sum of the ba
ktra
k sta
k lengths reportedat that symbol. So in the example above the 
osts are a=1, I=1, s=11.Summing the ba
ktra
k 
ost for ea
h symbol and dividing by the length of the string gives an averageper-symbol ba
ktra
k 
ost. So in the example above the average is 4 1

3 .Whi
h 7 symbol input has the highest per-symbol ba
ktra
k 
ost? (* Show the session, and put your
al
ulated per-symbol ba
ktra
k 
ost in a 
omment. *)(5) (* In a brief 
omment, explain why the ba
ktra
k ma
hine is not �nite state, even though the transdu
erhas only �nitely many states. *)(Optional) Various methods are used by psy
holinguists to determine how mu
h �e�ort� you are spending onreading or listening to ea
h word in a presented senten
e, and sometimes they display their results in word-by-word 
omplexity graphs. Draw a 
hara
ter-by-
hara
ter 
omplexity graph showing the total sta
k depthsat ea
h 
hara
ter in the word �eiskrimz�. That is, for ea
h 
hara
ter, add up all the sta
k depths re
ordedat that position.
 0

 2

 4

 6

 8

 10

 12

 1  1.5  2  2.5  3(Optional) Write a fun
tion that will take a transdu
er in the format used above, and write out all the stateto state links in dot format. Or use the ATT FSM tools and the 
ode in my �le attFST.ml to draw thetransdu
er.



56 �8. SEGMENTATION AND INDETERMINACY8.4 The 
omplexity of ba
ktra
king(6) Thm. Given an input of length n, �nding an analysis using an nondeterministi
 a

eptor or transdu
erusing ba
ktra
king 
an take exponentially many steps, that is, cn steps for some 
onstant c.Proof: This 
an be established with example. Consider this transdu
er:
0

1
a

3

a

a

2

a

a
b

If the transdu
er takes the uppermost paths �rst in an attempt to parse an input an+1b, the analysis willvisit the states 01n03n2, for a total of 2n + 2 steps. If we add another path like this:
0

1

a

3
a

4

a

a

2

a
a

b

a
c

With this ma
hine, an attempt to parse an+1b, the analysis will visit the states 01n03n04n2, for a totalof 3n + 3 steps. To make things worse, we just need to provide more false paths, as for example in thisa

eptor:
0

1

a

3a

4

a

a

a

2

a

a
a

b

a c



8.4. THE COMPLEXITY OF BACKTRACKING 57With this ma
hine, an attempt to parse an+1b, the analysis will visit the states 0{1, 3}n042, for a total of
2n + 3 steps.(7) Corollary. Obviously, in an a

eptor or transdu
er with empty input transitions, an attempt to analyzean input of length n 
an fail to terminate.
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�9 indetermina
y: paths and probabilities9.0 All paths at on
eThis is the strategy we have already studied!(0) With any transdu
er, deterministi
 or not, you 
an get a representation of all possible analyses by interse
tingPt(input) with the word sequen
e transdu
er, or equivalently, 
omposing the Id(Pt(input)) transdu
er withthe word sequen
e transdu
er,If you only want to know whether one of these analyses su

eeds, you 
an throw away the states you'verea
hed in previous steps: at ea
h step through the input you need only 
ompute all the next states you 
anget to.WE WILL WORK OUT AN EXAMPLE IN CLASS(1) As we mentioned before, this step requires at most On2 steps, so it is, in the worst 
ase, very mu
h slowerthan using a deterministi
 transdu
er, but very mu
h better than ba
ktra
king.We will have more to say about this method later, be
ause it generalizes to other language 
lasses that are 
losedunder interse
tion with regular languages.9.1 PFSGs for most probable solutionsFor a good survey of basi
 results on probabilisti
 �nite state grammars/automata, see e.g. [264℄. Mohri has somere
ent important results [182, 5℄.(2) A probabilisti
 regular (right linear) grammar G = 〈Cat, Σ, ֌, S, P 〉 has these parts:
Cat �nite set of Categories

Σ �nite nonempty set of vo
abulary items disjoint from C
֌ ⊆ (Cat × ΣCat) ∪ (Cat × {ǫ}) a �nite set of `rules'

S ∈ Cat start 
ategory
P : (֌) → [0, 1] su
h that for ea
h C ∈ Cat,

∑

α∈V ∗

p(C → α) = 1(3) For ea
h rewrite grammar, letting V = Σ ∪ Cat, we de�ne the relation ⇒⊆ V ∗ × V ∗ as follows: x ⇒ z i�there are t, u, v, w ∈ V ∗ su
h that x = tuv, u֌w, and z = twv.We will 
all x ⇒ z a step using rule u֌w.(4) As before, ⇒∗ is the re�exive, transitive 
losure of ⇒, and L(G) = {x ∈ Σ∗| S ⇒∗ x}.(5) An n-step derivation is a sequen
e of elements related by ⇒,
S ⇒ α0 ⇒ . . . ⇒ αnfor αn ∈ Σ∗, using n rules Ai → βi for 0 ≤ i ≤ n, where A0 = S, α0 = β0.Let Γ(G) be the set of derivations.(6) Ea
h su
h derivation S ⇒ . . . ⇒ αn, using rules Ai → αi for 0 ≤ i ≤ n has probability
Π0≤i≤nP (Ai → αi).59



60 �9. INDETERMINACY: PATHS AND PROBABILITIES(7) For s ∈ Σ∗, let Γ(G, s) be the set of derivations terminating in s. Let's say
p(s) =

∑

d∈Γ(G,s)

p(d).(8) Thm. If G has no useless states, and no rules have probability 0, then
∑

s∈L(G)

p(s) = 1.(9) Are there regular languages L with probability fun
tion p on Σ∗ su
h that the set with �support,� {x ∈
L| p(x) > 0}, is not regular? Yes, of 
ourse.Can it happen that there is a probability fun
tion p on Σ∗ su
h that {x ∈ L| p(x) > 0} is regular, but thereis no probabilisti
 regular grammar G su
h that p = pG? Yes, this 
an happen too [79, 74, 157℄.(10) Example. We 
ould use some estimate of relative frequen
ies of the words to 
hange our �i
e 
ream�transdu
er into a weighted transdu
er.Note that, in a

ord with our grammar-based de�nition above, there is only 1 start state, and that ea
h�nal state needs to have a �stop� probability.That transdu
er is not at all a

urate though, in the sense that typi
al pronun
iations of �i
e 
ream� aredi�erent from typi
al pronun
iations of �I s
ream�. If these small variants in pronun
iation were appropriatelyrepresented and assigned probabilities, we 
ould get a mu
h better parser for phone sequen
es.(11) Computing the most probable parse: the `Viterbi method' [267℄.Viterbi was a Professor at UCLA from 1963 to 1973. In 1967 he published a famous paper that had thebasi
 insight is that at any point in 
omputing the probability of a derivation, we need only the probabilityof rea
hing the 
urrent state, and the probability of the transitions to the next state.So in our ma
hines whi
h have a unique start state (
orresponding to the `start' 
ategory S), we startthere with probability 1. Then for ea
h state that 
an be rea
hed, a

epting the next symbol, we 
omputethe probability of all the next states in the derivation. For the following symbols we 
ompute maximumprobabilities of rea
hing the next states, and so on.The e�e
t is often said to be a 
al
ulation with a trellis stru
ture, sin
e we must, for ea
h possible 
urrentstate, �nd the probability of rea
hing any of the next possible states, so that we 
an note the maximumresulting probabilities at all the next states.At the end, the string is a

epted only if at least one transition to has been taken, and we 
an �nd themost probable parse(s) by going to prede
essors of that last step that have maximum probability.9.1.1 Sto
hasti
 pro
esses(12) A sto
hasti
 pro
ess is a fun
tion X from times (or �indi
es�) to random variables.If the time is 
ontinuous, then X : R → [Ω → R], where [Ω → R] is the set of random variables.If the time is dis
rete, then X : N → [Ω → R](13) For sto
hasti
 pro
esses X , instead of the usual argument notation X(t), we use subs
ripts Xt, to avoid
onfusion with the arguments of the random variables.So Xt is the value of the sto
hasti
 pro
ess X at time t, a random variable.When time is dis
rete, for t = 0, 1, 2, . . . we have the sequen
e of random variables X0, X1, X2, . . .(14) We will 
onsider primarily dis
rete time sto
hasti
 pro
esses, that is, sequen
es X0, X1, X2, . . . of randomvariables.So Xi is a random variable, namely the one that is the value of the sto
hasti
 pro
ess X at time i.(15) Xi = q is interpreted as before as the event (now understood as o

urring at time i) whi
h is the set ofout
omes {e| Xi(e) = q}.So, for example, P (Xi = q) is just a notation for the probability, at time i, of an out
ome that is named qby Xi, that is, P (Xi = q) is short for P ({e| Xi(e) = q}).



9.1. PFSGS FOR MOST PROBABLE SOLUTIONS 61(16) Noti
e that it would make perfe
t sense for all the variables in the sequen
e to be identi
al, X0 = X1 =
X2 = . . .. In that 
ase, we still think of the pro
ess as one that o

urs in time, with the same 
lassi�
ationof out
omes available at ea
h time.Let's 
all a sto
hasti
 pro
ess time-invariant (or stationary) i� all of its random variables are the samefun
tion. That is, for all q, q′ ∈ N, Xq = Xq′ .(17) A �nite sto
hasti
 pro
ess X is one where sample spa
e of all the sto
hasti
 variables,
ΩX =

⋃∞
i=0 ΩXi

is �nite.The elements of ΩX name events, but in this 
ontext the elements of ΩX are often 
alled states.(18) A sto
hasti
 pro
ess X0, X1, . . . is �rst order i� for ea
h 0 ≤ i, ∑

x∈Xi
P (x) = 1 and the events in ΩXi

areall independent of one another.(Some authors number from 0, 
alling this one 0-order).(19) A sto
hasti
 pro
ess X0, X1, . . . has the Markov property (that is, it is se
ond order) i� the probabilityof the next event may depend only on the 
urrent event, not on any other part of the history.That is, for all t ∈ R and all q0, q1, . . . ∈ ΩX ,
P (Xt+1 = qt+1|X0 = q0, . . . , Xt = qt) = P (Xt+1 = qt+1|Xt = qt)The Russian mathemati
ian Andrei Andreyevi
h Markov (1856-1922) was a student of Pafnuty Chebyshev. He usedwhat we now 
all Markov 
hains in his study of 
onsonant-vowel sequen
es in poetry.(20) A Markov 
hain or Markov pro
ess is a sto
hasti
 pro
ess with the Markov property.(21) A �nite Markov 
hain, as expe
ted, is a Markov 
hain where the sample spa
e of the sto
hasti
 variables,

ΩX is �nite.(22) It is sometimes said that an n-state Markov 
hain 
an be spe
i�ed with an n × n matrix that spe
i�es, forea
h pair of events si, sj ∈ ΩX the probability of next event sj given 
urrent event si.Is this true? Do we know that for some Xj where i 6= j that P (Xi+1 = q′|Xi = q) = P (Xj+1 = q′|Xj = q)?No.1 For example, we 
an perfe
tly well allow that P ({e| Xi+1(e) = q′}) 6= P ({e| Xj+1(e) = q′}), simplyby letting {e| Xi+1(e) = q′}) 6= {e| Xj+1(e) = q′}. This 
an happen quite naturally when the fun
tions
Xi+1, Xj+1 are di�erent, a quite natural assumption when these fun
tions have in their domains out
omesthat happen at di�erent times.The 
ondition that disallows this is: time-invarian
e, de�ned in (16) above.(23) Given a time-invariant, �nite Markov pro
ess X , the probabilities of events in ΩX 
an be spe
i�ed byi. an �initial probability ve
tor� whi
h de�nes a probability distribution over Ωx = {q0, q1, . . . , qn−1}. This
an be given as a ve
tor, a 1 × n matrix, [P0(q0) . . . P0(qn−1)], where ∑n−1

i=0 P (qi) = 1ii. a |ΩX | × |ΩX | matrix of 
onditional probabilities, here 
alled transition or digram probabilities,spe
ifying for ea
h si, sj ∈ ΩX the probability of next event/state qi given 
urrent event/state qj .We introdu
e the notation P (qi|qj) for P (Xt+1 = qi|Xt = qj).(24) Given an initial probability distribution I on ΩX and the transition matrix M , the probability of statesequen
e q0q1q2 . . . qn is determined. Writing P0(qi) for the initial probability of qi,
P (q0q1q2 . . . qn) = P0(q0)P (q1|q0)P (q2|q1) . . . P (qn|qn−1)Writing P (qi|qj) for the probability of the transition from state qj to state qi,

P (q1 . . . qn) = P0(q1)P (q2|q1) . . . P (qn|qn−1)
= P0(q1)

∏

1≤i≤n−1 P (qi+1|qi)(25) Given an initial probability distribution I on ΩX and the transition matrix M , the probability distributionfor the events of a �nite time-invariant Markov pro
ess at time t is given by the matrix produ
t IM t. Thatis, at time 0 P = I, at time 1 P = IM , at time 2 P = IMM , and so on.1The better written texts are 
areful about this, as in [194, p637℄ and [72, p165℄, for example.



62 �9. INDETERMINACY: PATHS AND PROBABILITIES9.2 Linear algebra review 0(26) An m × n matrix A is an array with m rows and n 
olumns.Let A(i, j) be the element in row i and 
olumn j.




rows/
ols 1 2 ... n

1 a b . . . d
... . . .
m a b . . . d



(27) We 
an add the m × n matri
es A, B to get the m × n matrix A + B = C in whi
h
C(i, j) = A(i, j) + B(i, j).(28) Matrix addition is asso
iative and 
ommutative:

A + (B + C) = (A + B) + C
A + B = B + A(29) For any n × m matrix M there is an n × m matrix M ′ su
h that M + M ′ = M ′ + M = M , namely the

n × m matrix M ′ su
h that every M(i, j) = 0.(30) We 
an multiply an m × n matrix A and a n × p matrix to get an m × p matrix C in whi
h
C(i, j) =

∑n

k=1 A(i, k)B(k, j).This de�nition is sometimes 
alled the �row by 
olumn� rule. To �nd the value of C(i, j), you add theprodu
ts of all the elements in row i of A and 
olumn j of B. For example,
[

1 4
2 5

] [

8 9 0
2 6 0

]

=

[

(1 · 8) + (4 · 2) (1 · 9) + (4 · 6) (1 · 0) + (4 · 0)
(2 · 8) + (5 · 2) (2 · 9) + (5 · 6) (2 · 2) + (5 · 0)

]Here we see that to �nd C(1, 1) we sum the produ
ts of all the elements row 1 of A times the elementsin 
olumn 1 of B. � The number of elements in the rows of A must mat
h the number of elements in the
olumns of B or else AB is not de�ned.(31) Matrix multipli
ation is asso
iative, but not 
ommutative:
A(BC) = (AB)CFor example, [

3 5
]

[

2
4

]

6=

[

2
4

]

[

3 5
]It is interesting to noti
e that Lambek's (1958) 
omposition operator is also asso
iative but not 
ommutative:

(X • Y ) • Z) ⇒ X • (Y • Z)

X/Y • Y ⇒ X

Y • X/Y 6⇒ XThe 
onne
tion between the Lambek 
al
ulus and matrix algebra is a
tually a deep one [196℄.(32) For any m × m matrix M there is an m × m matrix Im su
h that TIm = ImT = T , namely the m × mmatrix Im su
h that every Im(i, i) = 1 and for every i 6= j, Im(i, j) = 0.(33) Exer
ise:a. Explain why the 
laims in 28 are obviously true.b. Do the 
al
ulation to prove that my 
ounterexample to 
ommutativity in 31 is true.
. Explain why 32 is true.d. Make sure you 
an use o
tave or some other system to do the 
al
ulations on
e you know how to dothem by hand:1% o
taveO
tave, version 2.0.12 (i686-p
-linux-gnulib
1).Copyright (C) 1996, 1997, 1998 John W. Eaton.This is free software with ABSOLUTELY NO WARRANTY.For details, type `warranty'.o
tave:1> x=[1,2℄x =1 2o
tave:2> y=[3;4℄y =34o
tave:3> z=[5,6;7,8℄z =
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tave:4> x+xans =2 4o
tave:5> x+yerror: operator +: non
onformant arguments (op1 is 1x2, op2 is 2x1)error: evaluating assignment expression near line 5, 
olumn 2o
tave:5> 2*xans =2 4o
tave:6> x*yans = 11o
tave:7> x*zans =19 22o
tave:8> y*xans =3 64 8o
tave:9> z*xerror: operator *: non
onformant arguments (op1 is 2x2, op2 is 1x2)error: evaluating assignment expression near line 9, 
olumn 2(34) To apply the idea in (25), we will always be multiplying a 1× n matrix times a square n× n matrix, to getthe new 1 × n probability distribution for the events of the n state Markov pro
ess.(35) For example, suppose we have a 
o�ee ma
hine that (upon inserting money and pressing a button) will doone of 3 things:(q1) produ
e a 
up of 
o�ee,(q2) return the money with no 
o�ee,(q3) keep the money and do nothing.Furthermore, after an o

urren
e of (q2), following o

urren
es of (q2) or (q3) are mu
h more likely thanthey were before. We 
ould 
apture something like this situation with the following initial distribution for
q1, q2 and q3 respe
tively,

I = [0.7 0.2 0.1]and if the transition matrix is: T=



0.7 0.2 0.1
0.1 0.7 0.2
0 0 1



a. What is the probability of state sequen
e q1q2q1?
P (q1q2q1) = P (q1)P (q2|q1)p(q1|q2) = 0.7 · 0.2 · 0.1 = 0.014b. What is the probability of the states ΩX at a parti
ular time t?At time 0 (maybe, right after servi
ing) the probabilities of the events in ΩX are given by I.At time 1, the probabilities of the events in ΩX are given byIT=[

0.7 · 0.7 + 0.2 · 0.1 + 0.1 · 0 0.7 · 0.2 + 0.2 · 0.7 + 0.1 · 0 0.7 · 0.1 + 0.2 · 0.2 + 0.1 · 1
]=[

0.49 + 0.02 0.14 + 0.14 0.07 + 0.04 + .1
]=[

0.51 0.28 .21
]At time 2, the probabilities of the events in ΩX are given by IT2.At time t, the probabilities of the events in ΩX are given by ITt.o
tave:10> i=[0.7,0.2,0.1℄i =0.70000 0.20000 0.10000o
tave:11> t=[0.7,0.2,0.1;0.1,0.7,0.2;0,0,1℄t =0.70000 0.20000 0.100000.10000 0.70000 0.200000.00000 0.00000 1.00000o
tave:12> i*tans =0.51000 0.28000 0.21000o
tave:13> i*t*tans =0.38500 0.29800 0.31700
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tave:14> i*t*t*tans =0.29930 0.28560 0.41510o
tave:15> i*t*t*t*tans =0.23807 0.25978 0.50215o
tave:16> i*(t**1)ans =0.51000 0.28000 0.21000o
tave:17> i*(t**2)ans =0.38500 0.29800 0.31700o
tave:18> result=zeros(10,4)result =0 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 0 0o
tave:19> for x=1:10> result(x,:)= [x,(i*(t**x))℄> endforo
tave:20> resultresult =1.000000 0.510000 0.280000 0.2100002.000000 0.385000 0.298000 0.3170003.000000 0.299300 0.285600 0.4151004.000000 0.238070 0.259780 0.5021505.000000 0.192627 0.229460 0.5779136.000000 0.157785 0.199147 0.6430687.000000 0.130364 0.170960 0.6986768.000000 0.108351 0.145745 0.7459049.000000 0.090420 0.123692 0.78588810.000000 0.075663 0.104668 0.819669o
tave:21> gplot [1:10℄ result title "x",\> result using 1:3 title "y", result using 1:4 title "z"Gibert Strang's undergrad text Introdu
tion to Linear Algebra is very readable, and videos of Strang's le
turesare available on the web here http://o
w.mit.edu/O
wWeb/Mathemati
s/ � you 
an get a good review of basi
linear algebra, from the �rst few (or more!) of these le
tures.9.3 Markov 
hains and Markov models

00.10.20.3
0.40.50.60.7
0.80.9

1 2 3 4 5 6 7 8 9 10

path of a Markov 
hain xyz

(36) Noti
e that the initial distribution and transition matrix 
an be represented by a �nite state ma
hine withno vo
abulary and no �nal states:
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s s1 s2 3

0.7

0.7 0.2 0.1

0.20.2

1

0.7

0.1

0.1(37) Noti
e that no Markov 
hain 
an be su
h that after a sequen
e of states acccc there is a probability of 0.8that the next symbol will be an a, that is,
P (a|acccc) = 0.8when it is also the 
ase that
P (b|bcccc) = 0.8This follows from the requirement mentioned in (23) that in ea
h row i, the sum of the transition probabilitiesfrom that state ∑

qj∈ΩX
P (qj |qi) = 1, and so we 
annot have both P (b|c) = 0.8 and P (a|c) = 0.8.(38) Chomsky [44, p337℄ observes that the Markovian property that we see in state sequen
es does not always holdin regular languages. For example, the following �nite state ma
hine, to whi
h we have added probabilities,is su
h that the probability of generating (or a

epting) an a next, after generating acccc is P (a|acccc) = 0.8,and the probability of generating (or a

epting) a b next, after generating bcccc is P (b|bcccc) = 0.8. Thatis, the strings show a kind of history dependen
e.

s1 s2

s3

c 0.2

c 0.2

a 0.8

b 0.8

stop

b 0.4

a 0.4
0.2

However the 
orresponding state sequen
es of this same ma
hine are Markovian in some sense: they arenot history dependent in the way the strings seem to be. That is, we 
an have both P (q1|q1q2q2q2q2) =
P (q1|q2) = 0.8 and P (q1|q1q3q3q3q3) = P (q1|q3) = 0.8 sin
e these involve transitions from di�erent states.We will make this idea 
learer in the next se
tion.(39) A Markov 
hain 
an be spe
i�ed by an initial distribution and state-state transition probabilities 
an beaugmented with sto
hasti
 outputs, so that we have in addition an initial output distribution and state-output emission probabilities.One way to do this is to is to de�ne a Markov model as a pair X, O where X is a Markov 
hain X : N →
[Ω → R] and O : N → [Ω → Σ] where the latter fun
tion provides a way to 
lassify out
omes by the symbols
a ∈ Σ that they are asso
iated with.In a Markov 
hain, ea
h number n ∈ R names an event under ea
h Xi, namely {e| Xi(e) = n}.In a Markov model, ea
h output symbol a ∈ Σ names an event in ea
h Oi, namely {e| 0i(e) = a}.
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on
erning Markov models where the state sequen
e is not given, the model is often said to be�hidden,� a hidden Markov model (HMM).See, e.g., Rabiner [214℄ for an introdu
tory survey on HMMs. Some interesting re
ent ideas and appli
ations appearin, e.g., [127℄, [126℄, [67℄, [69℄, [220℄, [219℄.(41) Let's say that a Markov model (X, O) is a Markov sour
e i� the fun
tions X and O are �aligned� in thefollowing sense:2
∀e ∈ 
, ∀i ∈ N, ∀n ∈ R, ∃a ∈ Σ, Xi(e) = n implies Oi(e) = aThen for every Xi, for all n ∈ ΩXi

, there is a parti
ular output a ∈ Σ su
h that P (Oi = a|Xi = n) = 1.(42) Intuitively, in a Markov sour
e, the symbol emitted at time i depends only on the state n of the pro
ess atthat time. Let's formalize this idea as follows.Observe that, given our de�nition of Markov sour
e, when Oi extended pointwise to subsets of Ω, the set ofoutputs asso
iated with out
omes named n has a single element, Oi({e| Xi(e) = n}) = {a}.So de�ne Outi : ΩXi
→ Σ su
h that for any n ∈ ΩXi

, Outi(n) = a where Oi({e| Xi(e) = n}) = {a}.(43) Let a pure Markov sour
e be a Markov model in whi
h Outi is the identity fun
tion on ΩXi
.3Then the outputs of the model are exa
tly the event sequen
es.(44) Clearly, no Markov sour
e 
an have outputs like those mentioned in (38) above, with P (a|acccc) = 0.8 and

P (b|bcccc) = 0.8.(45) Following Harris 1955 [113℄, a Markov sour
e in whi
h the fun
tions Outi are not 1-1 is a grouped (orproje
ted) Markov sour
e.(46) The output sequen
es of a grouped Markov sour
e may la
k the Markov property. For example, it 
an easilyhappen that P (a|acccc) = 0.8 and P (b|bcccc) = 0.8.This happens, for example, the 2-state Markov model given by the following initial state matrix I, transitionmatrix T and output matrix O:
I = [0.5 0.5]T=[

1 0
0 1

]O=[

0.8 0 0.2
0 0.8 0.2

]The entry in row i 
olumn j of the output matrix represents the probability of emitting the j'th element of
〈a, b, c〉 given that the system is in state i. Then we 
an see that we have des
ribed the desired situation,sin
e the system 
an only emit a a if it is in state 1, and the transition table says that on
e the systemis in state 1, it will stay in state 1. Furthermore, the output table shows that in state 1, the probabilityof emitting another a is 0.8. On the other hand, the system 
an only emit a b if it is in state 2, and thetransition table says that on
e the system is in state 2, it will stay in state 2, with a probability of 0.8 ofemitting another b.(47) Miller and Chomsky 1964 [178, p427℄ say that any �nite state automaton over whi
h an appropriate probabil-ity measure is de�ned �
an serve as� a Markov sour
e, by letting the transitions of the �nite state automaton
orrespond to states of a Markov sour
e.(Chomsky [44, p337℄ observes a related result by S
hützenberger 1961 [232℄ whi
h says that every regularlanguage is the homomorphi
 image of a 1-limited �nite state automaton.)9.3.1 Computing the probabilities of output sequen
es: naive(48) As noted in (24), given any Markov model and any sequen
e of states q1 . . . qn,

P (q1 . . . qn) = P0(q1)
∏

1≤i≤n−1

P (qi+1|qi) (9.1)Given q1 . . . qn, the probability of output sequen
e a1 . . . an is2This is nonstandard. I think �Markov sour
e� is usually just another name for a Markov model.3With this de�nition, pure Markov sour
es are a spe
ial 
ase of the general situation in whi
h the fun
tions Outi are 1-1.
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n

∏

t=1

P (at|qt). (9.2)The probability of q1 . . . qn o

urring with outputs a1 . . . an is the produ
t of the two probabilities (i) and(ii), that is,
P (q1 . . . qn, a1 . . . an) = P0(q1)

∏

1≤i≤n−1

P (qi+1|qi)
n

∏

t=1

P (at|qt). (9.3)(49) Given any Markov model, the probability of output sequen
e a1 . . . an is the sum of the probabilities of thisoutput for all the possible sequen
es of n states.
∑

qi∈ΩX

P (q1 . . . qn, a1 . . . an) (9.4)(50) Dire
tly 
al
ulating this is infeasible, sin
e there are |ΩX |n state sequen
es of length n.9.3.2 Computing the probabilities of output sequen
es: forwardHere is a feasible way to 
ompute the probability of an output sequen
e a1 . . . an.(51) a. Cal
ulate, for ea
h possible initial state qi ∈ ΩX ,
P (qi, a1) = P0(qi)P (a1|qi).b. Re
ursive step: Given P (qi, a1 . . . at) for all qi ∈ ΩX , 
al
ulate P (qj , a1 . . . at+1) for all qj ∈ ΩX asfollows

P (qj , a1 . . . at+1) =
(

∑

i∈ΩX

P (qi, a1 . . . at)P (qj |qi)
)

P (at+1|qj)
. Finally, given P (qi, a1 . . . an) for all qi ∈ ΩX ,
P (a1 . . . an) =

∑

qi∈ΩX

P (qi, a1 . . . an)(52) Let's develop the 
o�ee ma
hine example from (35), adding outputs so that we have a Markov model insteadof just a Markov 
hain. Suppose that there are 3 output messages:(s1) thank you(s2) no 
hange(s3) x�b*/!Assume that these outputs o

ur with the probabilities given in the following matrix where row i 
olumn jrepresents the probability of emitting symbol sj when in state i:O=



0.8 0.1 0.1
0.1 0.8 0.1
0.2 0.2 0.6



Exer
ise: what is the probability of the output sequen
e
s1s3s3Solution sket
h: (do it yourself �rst! note the trellis-like 
onstru
tion)a. probability of the �rst symbol s1 from one of the initial states

p(qi|s1) = p(qi)p(s1|qi) =
[

0.7 · 0.8 0.2 · 0.1 0.1 · 0.2
]

=
[

0.56 0.02 0.02
]b. probabilities of the following symbols from ea
h state (transposed to 
olumn matrix)
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p(qi|s1s3)

′ =

2

4

((p(q1, s1) · p(q1|q1)) + (p(q2, s1) · p(q1|q2)) + (p(q3, s1) · p(q1|q3))) · p(s3|q1)
((p(q1, s1) · p(q2|q1)) + (p(q2, s1) · p(q2|q2)) + (p(q3, s1) · p(q2|q3))) · p(s3|q2)
((p(q1, s1) · p(q3|q1)) + (p(q2, s1) · p(q3|q2)) + (p(q3, s1) · p(q3|q3))) · p(s3|q3)

3

5

=

2

4

((0.56 · 0.7) + (0.02 · 0.2) + (0.02 · 0)) · 0.1
((0.56 · 0.2) + (0.02 · 0.7) + (0.02 · 0)) · 0.1
((0.56 · 0.1) + (0.02 · 0.1) + (0.02 · 1)) · 0.6

3

5

=

2

4

(0.392 + 0.04) · 0.1
(0.112 + 0.014) · 0.1

(0.056 + 0.002 + 0.02) · 0.6

3

5

=

2

4

0.0432
0.0126
0.0456

3

5

p(qi|s1s3s3)
′ =

2

4

((p(q1, s1s3) · p(q1|q1)) + (p(q2, s1s3) · p(q1|q2)) + (p(q3, s1s3) · p(q1|q3))) · p(s3|q1)
((p(q1, s1s3) · p(q2|q1)) + (p(q2, s1s3) · p(q2|q2)) + (p(q3, s1s3) · p(q2|q3))) · p(s3|q2)
((p(q1, s1s2) · p(q3|q1)) + (p(q2, s1s3) · p(q3|q2)) + (p(q3, s1s3) · p(q3|q3))) · p(s3|q3)

3

5

=

2

4

((0.0432 · 0.7) + (0.0126 · 0.2) + (0.0456 · 0)) · 0.1
((0.0432 · 0.2) + (0.0126 · 0.7) + (0.0456 · 0)) · 0.1
((0.0432 · 0.1) + (0.0126 · 0.1) + (0.0456 · 1)) · 0.6

3

5

=

2

4

(0.03024 + 0.00252) · 0.1
(0.00864 + 0.00882) · 0.1

(0.00432 + 0.00126 + 0.0456) · 0.6

3

5

=

2

4

0.003276
0.001746
0.030708

3

5
. Finally, we 
al
ulate p(s1s3s3) as the sum of the elements of the last matrix:
p(s1s3s3) = 0.032859.3.3 Computing the probabilities of output sequen
es: ba
kwardAnother feasible way to 
ompute the probability of an output sequen
e a1 . . . an.(53) a. Let P (qi ⇒ a1 . . . an) be the probability of emitting a1 . . . an beginning from state qi.And for ea
h possible �nal state qi ∈ ΩX , let

P (qi ⇒ ǫ) = 1(With this base 
ase, the �rst use of the re
ursive step 
al
ulates P (qj ⇒ an) for ea
h qi ∈ ΩX .)b. Re
ursive step: Given P (qi ⇒ at . . . an) for all qi ∈ ΩX , 
al
ulate P (qj ⇒ at−1 . . . an) for all qj ∈ ΩXas follows:
P (qj ⇒ at−1 . . . an) =

(

∑

j∈ΩX

P (qi ⇒ at . . . an)P (qj |qi)
)

P (at−1|qj)
. Finally, given P (qi ⇒ a1 . . . an) for all qi ∈ ΩX ,
P (a1 . . . an) =

∑

qi∈ΩX

P0(qi)P (qi ⇒ a1 . . . an)(54) Exer
ise: Use the 
o�ee ma
hine as elaborated in (52) and the ba
kward method to 
ompute the probabilityof the output sequen
e
s1s3s3.9.3.4 Finding the most probable parse with Viterbi's algorithm(55) Given a string a1 . . . an output by a Markov model, what is the most likely sequen
e of states that 
ould haveyielded this string? This is analogous to �nding a most probable parse of a string.Noti
e that we 
ould solve this problem by 
al
ulating the probabilities of the output sequen
e for ea
h ofthe |ΩX |n state sequen
es, but this is not feasible!



9.4. MORE EXAMPLES. 69(56) The Viterbi algorithm allows e�
ient 
al
ulation of the most probable sequen
e of states produ
ing agiven output (Viterbi 1967; Forney 1973), using an idea that is similar to the forward 
al
ulation of outputsequen
e probabilities in �9.3.2 above.Intuitively, on
e we know the best way to get to any state in ΩX at a time t, the best path to the next stateis an extension of one of those.(57) a. Cal
ulate, for ea
h possible initial state qi ∈ ΩX ,
P (qi, a1) = P0(qi)P (a1|qi).and re
ord: qi : P (qi, a1)@ǫ.That is, for ea
h state qi, we re
ord the probability of the state sequen
e ending in qi.b. Re
ursive step: Given qi : P (~qqi, a1 . . . at)@~q for ea
h qi ∈ ΩX ,for ea
h qj ∈ ΩX �nd a qi that maximizes

P (~qqiqj , a1 . . . atat+1) = P (~qqi, a1 . . . at)P (qj |qi)P (at+1|qj)and re
ord: qj : P (~qqiqj , a1 . . . atat+1)@~qqi.4
. After these values have been 
omputed up to the �nal state tn, we 
hoose a qi : P (~qqi, a1 . . . an)@~q witha maximum probability P (~qqi, a1 . . . an).9.4 More examples.(58) Word asso
iations, priming, et
: naive models. There are word asso
iation thesauri that 
ould beused to dynami
ally adjust weights for lexi
al a

ess. See, e.g. the Edinburgh Asso
iative Thesaurus (EAT)at http://www.eat.rl.a
.uk/ [149, 65, 66℄(59) Regularities in �uent spee
h.(60) Noise: 
onfusion matri
es et
.

4In 
ase more than one qi ties for the maximum P (~qqiqj , a1 . . . atat+1), we 
an either make a 
hoi
e, or else 
arry all the winningoptions forward.
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�10 Phrase stru
ture syntax(0) The Chomsky hierar
hy 
an be de�ned by the kinds of rules allowed in grammmars.

plurals
naive English syllable sequences

English semantics?
(acceptable bindings, etc)

English dictionary (nondet)

naive English syntax (nondet)

English syntax (nondet)

morpheme/lexeme sequences (nondet)

Reg CF CS RE non−REFin

(1) A �nite di
tionary 
an be listed.a. faster, more 
ompa
t to use a 
ompressed, subsequential a
y
li
 �nite state transdu
erb. Loose end: how to handle indetermina
y of outputs?(2) Morphology 
an be separated:a. Simple approa
hes to syllabi�
ation: 
y
li
 deterministi
 transdu
erb. Simple approa
hes to plurals: 
y
li
 deterministi
 transdu
er
. Can all of morphology be represented this way? No � redupli
ation impossible, other things awkwardd. Loose end: how to handle redupli
ation et
?(3) Segmenting morphs in phone sequen
es highly nondeterministi
a. human determination of `intended parse' of �uent spee
h usually rapid, e�ortlessb. but this sele
tion of `intended' parse is in�uen
ed by nonlinguisti
 fa
tors! (priming, et
!)(4) 3 ways to handle nondeterminism (for loose end 1b, problem 3, and many problems later. . . )
• ba
ktra
king+ very simple- 
an take > 2n or even ∞ steps to pro
ess input of length n

• all paths at on
e by automaton interse
tion (`
hart parsing', `dynami
 progamming')+ very simple+ works even when there is ∞ ambiguity, be
ause we do not list ea
h derivation- takes no more than n2 steps to pro
ess input of length n (too mu
h for �uent spee
h)- loose end: how to 
hoose the analysis you want from the result71
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• most probable parse+ very simple+ works even when there is ∞ ambiguity- Viterbi algorithm: no more than n2 steps needed for input of length n (too mu
h for �uent spee
h)- loose end: what are the approp probabilities? (unsolved for many problems, like spee
h re
ognition)- loose end: 
an appropriate probabilities be de�ned by a regular grammar? (ES 
laims: no!)

• With standard assumptions about English grammar, English is not regular(be
ause the Nerode equivalen
e relation in English has in�nitely many blo
ks)10.0 CF re
ognition: top-down(5) A 
ontext free grammar G has 4 parts, G = 〈Σ, N, (→), S〉, where
Σ is a �nite nonempty vo
abulary
N is a set of 
ategories (disjoint from Σ)
→ is a rewrite relation that is a subset of N × (Σ ∪ N)∗. So ea
h pair (or �rule� or �produ
tion�) in thisrelation has the form

(C, α), often written C → α,where C ∈ N is a 
ategory and α is a (possibly empty) sequen
e of vo
abulary elements and 
ategories.
S is some 
ategory 
hosen as the �start� symbol.(6) A produ
tion is right bran
hing i� it has the form A → ∆B where ∆ ∈ Σ∗.A produ
tion is left bran
hing i� it has the form A → B∆ where ∆ ∈ Σ∗.A produ
tion is non-bran
hing i� it has the form A → ∆ for some ∆ ∈ Σ∗.A 
hain produ
tion has the form A → B (and so it is both left and right bran
hing).(7) De�ne ⇒G as follows: for any x, y, z ∈ (Σ ∪ N)∗ and any A ∈ N

xAy ⇒ xzy i� A → z.Let ⇒∗
G be the re�exive, transitive 
losure of ⇒.(8) A derivation of s ∈ Σ∗ from A ∈ N is a �nite sequen
e of steps:

A ⇒ . . . ⇒ s.If there is su
h a derivation, then of 
ourse A ⇒∗
G s. Su
h a derivation is leftmost(rightmost) if every steprewrites the leftmost(rightmost) 
ategory. We sometimes write x ⇒lm y to indi
ate a leftmost rewrite step,and similarly x ⇒rm y for rightmost.(9) The language de�ned by the grammar LG = {s ∈ Σ∗| S ⇒∗

G s}.(10) In general, yieldG(A) = {s ∈ Σ∗| A ⇒∗
G s}, so LG = yieldG(S).(11) s ∈ yield(G, A) is right (left) bran
hing i� every derivation of s from any 
ategory uses only right (left)bran
hing and non-bran
hing produ
tions.(12) S ⊆ yield(G, A) is right (left) bran
hing i� every s ∈ S is right (left) bran
hing.(13) Produ
tion A → γ is re
ursive i� γ ⇒∗

G αAβ, for some α, β ∈ (N ∪ Σ)∗.Produ
tion A → γ is left re
ursive i� γ ⇒∗
G Aβ, for some β ∈ (N ∪ Σ)∗.Produ
tion A → γ is right re
ursive i� γ ⇒∗

G βA, for some β ∈ (N ∪ Σ)∗.(notation) We usually leave o� the G subs
ripts when no 
onfusion 
an result.(14) Category A ∈ N is (left,right)re
ursive i� it the left side of a (left,right) re
ursive produ
tion.(15) Grammar G is (left,right) re
ursive i� it has a (left,right) re
ursive produ
tion.



10.0. CF RECOGNITION: TOP-DOWN 73IP → DP I1 I1 → I0 VP I0 → willDP → D1 D1 → D0 NP D0 → theNP → N1 N1 → N0 N0 → ideaN1 → N0 CPVP → V1 V1 → V0 V0 → su�
eCP → C1 C1 → C0 IP C0 → that
IPDPD1D0the NPN1N0idea

I1I0will VPV1V0su�
e

IPDPD1D0the NPN1N0idea CPC1C0that IPDPD1D0the NPN1N0idea
I1I0will VPV1V0su�
e

I1I0will VPV1V0su�
e

(16) Top-down, �LL� parsing. Where IP is the start 
ategory, and we want to part input, we begin by puttingthe predi
ted IP on the sta
k. The state of the 
omputation 
an be regarded as the pair (input, IP), butremember that we 
an imagine that the input is 
oming into the ma
hine from a tape, while the �sta
ks�represent states of the devi
e.We modify the sta
k and input with these rules, trying to get to ([℄,[℄),
(input, C :: stack) [expandComplete℄ if C → α
(input, α@stack)

(w :: input, w :: stack) [shiftComplete℄
(input, stack)(17) A su

essful 
omputation 
an be displayed like a proof, where (input, IP) is the starting axiom, and ea
hintermediate result is derived using the rules given above:(the idea will su�
e, 	IP)(18) There 
an be 
onsiderable indetermina
y in the sear
h for su
h a proof though, sin
e [expandComplete℄ isnon-deterministi
. To make sure we explore all available alternatives until we �nd a solution if there is one,we use a ba
ktra
k sta
k. The state of the 
omputation is given by (remainingInput,sta
k), so these arewhat we need in the ba
ktra
k sta
k.(* �le: 
f-td1.ml
reator: E Stablerdate: Wed Feb 21 10:59:41 PST 2007purpose: �rst top-down �ll� ba
ktra
king re
ognizer*)let 
fg1 = [("IP",["DP";"I1"℄); ("I1",["I0";"VP"℄); ("I0",["will"℄);("DP",["D1"℄); ("D1",["D0";"NP"℄); ("D0",["the"℄);("NP",["N1"℄); ("N1",["N0"℄); ("N0",["idea"℄);



74 �10. PHRASE STRUCTURE SYNTAX("N1",["N0";"CP"℄);("VP",["V1"℄); ("V1",["V0"℄); ("V0",["su�
e"℄);("CP",["C1"℄); ("C1",["C0";"IP"℄); ("C0",["that"℄);℄;;let re
 predi
t 
ats revCats sta
k = mat
h 
ats with[ ℄ -> List.rev_append revCats sta
k| 
::
s -> predi
t 
s ((
,false)::revCats) sta
k;;let re
 expandCompleteAll grammar input 
at sta
k ba
ktra
k = mat
h grammar with[ ℄ -> ba
ktra
k| (
,rhs)::moreRules -> if 
=
atthen expandCompleteAll moreRules input 
at sta
k ((input,predi
t rhs [ ℄ sta
k)::ba
ktra
k)else expandCompleteAll moreRules input 
at sta
k ba
ktra
k;;let re
 shiftComplete grammar input 
at sta
k ba
ktra
k = mat
h input with[ ℄ -> ba
ktra
k| word::words -> if word=
at then ((words,sta
k)::ba
ktra
k) else ba
ktra
k;;let re
 ll grammar ba
ktra
kSta
k = mat
h ba
ktra
kSta
k with[ ℄ -> (false,[ ℄)| ([ ℄,[ ℄)::ba
ktra
k -> (true,ba
ktra
k)| (input,(
at,false)::sta
k)::ba
ktra
k ->let expanded = expandCompleteAll grammar input 
at sta
k ba
ktra
k inlet s
annedAndExpanded = shiftComplete grammar input 
at sta
k expanded inbeginprintBa
ktra
kTop ba
ktra
kSta
k;ll grammar s
annedAndExpanded;end| _::ba
ktra
k -> ll grammar ba
ktra
k;;(* test *)ll 
fg1 [(["the";"idea";"will";"su�
e"℄,[("IP",false)℄)℄;;ll 
fg1 [(["the";"idea";"that";"the";"idea";"will";"su�
e";"will";"su�
e"℄,[("IP",false)℄)℄;;# ll 
fg1 [(["the";"idea";"will";"su�
e"℄,[("IP",false)℄)℄;;([the;idea;will;su�
e;℄,[(IP, false);℄)([the;idea;will;su�
e;℄,[(DP, false);(I1, false);℄)([the;idea;will;su�
e;℄,[(D1, false);(I1, false);℄)([the;idea;will;su�
e;℄,[(D0, false);(NP, false);(I1, false);℄)([the;idea;will;su�
e;℄,[(the, false);(NP, false);(I1, false);℄)([idea;will;su�
e;℄,[(NP, false);(I1, false);℄)([idea;will;su�
e;℄,[(N1, false);(I1, false);℄)([idea;will;su�
e;℄,[(N0, false);(CP, false);(I1, false);℄)([idea;will;su�
e;℄,[(idea, false);(CP, false);(I1, false);℄)([will;su�
e;℄,[(CP, false);(I1, false);℄)([will;su�
e;℄,[(C1, false);(I1, false);℄)([will;su�
e;℄,[(C0, false);(IP, false);(I1, false);℄)([will;su�
e;℄,[(that, false);(IP, false);(I1, false);℄)([idea;will;su�
e;℄,[(N0, false);(I1, false);℄)([idea;will;su�
e;℄,[(idea, false);(I1, false);℄)([will;su�
e;℄,[(I1, false);℄)([will;su�
e;℄,[(I0, false);(VP, false);℄)([will;su�
e;℄,[(will, false);(VP, false);℄)([su�
e;℄,[(VP, false);℄)([su�
e;℄,[(V1, false);℄)([su�
e;℄,[(V0, false);℄)([su�
e;℄,[(su�
e, false);℄)- : bool * (string list * (string * bool) list) list = (true, [ ℄)



10.1. CF PARSING: TOP-DOWN 7510.1 CF parsing: top-down(* �le: 
f-tdp1.ml
reator: E Stablerdate: Wed Feb 21 10:59:41 PST 2007purpose: �rst top-down �ll� ba
ktra
king parser, with states (input, output, sta
k, ba
ktra
k),where the output is a list of the (input,sta
k) states in the proof*)let 
fg1 = [("IP",["DP";"I1"℄); ("I1",["I0";"VP"℄); ("I0",["will"℄);("DP",["D1"℄); ("D1",["D0";"NP"℄); ("D0",["the"℄);("NP",["N1"℄); ("N1",["N0"℄); ("N0",["idea"℄);("N1",["N0";"CP"℄);("VP",["V1"℄); ("V1",["V0"℄); ("V0",["su�
e"℄);("CP",["C1"℄); ("C1",["C0";"IP"℄); ("C0",["that"℄);℄;;let re
 predi
t 
ats revCats sta
k = mat
h 
ats with[ ℄ -> List.rev_append revCats sta
k| 
::
s -> predi
t 
s ((
,false)::revCats) sta
k;;let re
 expandCompleteAll grammar input output 
at sta
k ba
ktra
k = mat
h grammar with[ ℄ -> ba
ktra
k| (
,rhs)::moreRules -> if 
=
atthen let newSta
k = predi
t rhs [ ℄ sta
k inexpandCompleteAll moreRules input ((input,newSta
k)::output) 
at sta
k ((input,(input,newSta
k)::output,newSta
k)::ba
ktra
k)else expandCompleteAll moreRules input output 
at sta
k ba
ktra
k;;let re
 shiftComplete grammar input output 
at sta
k ba
ktra
k = mat
h input with[ ℄ -> ba
ktra
k| word::words -> if word=
at then ((words,(words,sta
k)::output,sta
k)::ba
ktra
k) else ba
ktra
k;;let re
 ll grammar ba
ktra
kSta
k = mat
h ba
ktra
kSta
k with[ ℄ -> ([ ℄,[ ℄)| ([ ℄,output,[ ℄)::ba
ktra
k -> (List.rev output,ba
ktra
k)| (input,output,(
at,false)::sta
k)::ba
ktra
k ->let expanded = expandCompleteAll grammar input output 
at sta
k ba
ktra
k inlet s
annedAndExpanded = shiftComplete grammar input output 
at sta
k expanded inbegin(* printBa
ktra
kTop ba
ktra
kSta
k; *)ll grammar s
annedAndExpanded;end| _::ba
ktra
k -> ll grammar ba
ktra
k;;(* test *)# let (output,ba
ktra
k) =ll 
fg1 [(["the";"idea";"will";"su�
e"℄,[(["the";"idea";"will";"su�
e"℄,[("IP",false)℄)℄,[("IP",false)℄)℄in printOutput 0 output;;0. ([the;idea;will;su�
e;℄,[(IP, false);℄)1. ([the;idea;will;su�
e;℄,[(DP, false);(I1, false);℄)2. ([the;idea;will;su�
e;℄,[(D1, false);(I1, false);℄)3. ([the;idea;will;su�
e;℄,[(D0, false);(NP, false);(I1, false);℄)4. ([the;idea;will;su�
e;℄,[(the, false);(NP, false);(I1, false);℄)5. ([idea;will;su�
e;℄,[(NP, false);(I1, false);℄)6. ([idea;will;su�
e;℄,[(N1, false);(I1, false);℄)7. ([idea;will;su�
e;℄,[(N0, false);(I1, false);℄)8. ([idea;will;su�
e;℄,[(idea, false);(I1, false);℄)9. ([will;su�
e;℄,[(I1, false);℄)10. ([will;su�
e;℄,[(I0, false);(VP, false);℄)11. ([will;su�
e;℄,[(will, false);(VP, false);℄)12. ([su�
e;℄,[(VP, false);℄)13. ([su�
e;℄,[(V1, false);℄)14. ([su�
e;℄,[(V0, false);℄)15. ([su�
e;℄,[(su�
e, false);℄)16. ([ ℄,[ ℄)- : 'a list = [ ℄# let (output,ba
ktra
k) =ll 
fg1 [(["the";"idea";"that";"the";"idea";"will";"su�
e";"will";"su�
e"℄,[ ℄,[("IP",false)℄)℄



76 �10. PHRASE STRUCTURE SYNTAXin printOutput 0 output;;0. ([the;idea;that;the;idea;will;su�
e;will;su�
e;℄,[(DP, false);(I1, false);℄)1. ([the;idea;that;the;idea;will;su�
e;will;su�
e;℄,[(D1, false);(I1, false);℄)2. ([the;idea;that;the;idea;will;su�
e;will;su�
e;℄,[(D0, false);(NP, false);(I1, false);℄)3. ([the;idea;that;the;idea;will;su�
e;will;su�
e;℄,[(the, false);(NP, false);(I1, false);℄)4. ([idea;that;the;idea;will;su�
e;will;su�
e;℄,[(NP, false);(I1, false);℄)5. ([idea;that;the;idea;will;su�
e;will;su�
e;℄,[(N1, false);(I1, false);℄)6. ([idea;that;the;idea;will;su�
e;will;su�
e;℄,[(N0, false);(I1, false);℄)7. ([idea;that;the;idea;will;su�
e;will;su�
e;℄,[(N0, false);(CP, false);(I1, false);℄)8. ([idea;that;the;idea;will;su�
e;will;su�
e;℄,[(idea, false);(CP, false);(I1, false);℄)9. ([that;the;idea;will;su�
e;will;su�
e;℄,[(CP, false);(I1, false);℄)10. ([that;the;idea;will;su�
e;will;su�
e;℄,[(C1, false);(I1, false);℄)11. ([that;the;idea;will;su�
e;will;su�
e;℄,[(C0, false);(IP, false);(I1, false);℄)12. ([that;the;idea;will;su�
e;will;su�
e;℄,[(that, false);(IP, false);(I1, false);℄)13. ([the;idea;will;su�
e;will;su�
e;℄,[(IP, false);(I1, false);℄)14. ([the;idea;will;su�
e;will;su�
e;℄,[(DP, false);(I1, false);(I1, false);℄)15. ([the;idea;will;su�
e;will;su�
e;℄,[(D1, false);(I1, false);(I1, false);℄)16. ([the;idea;will;su�
e;will;su�
e;℄,[(D0, false);(NP, false);(I1, false);(I1, false);℄)17. ([the;idea;will;su�
e;will;su�
e;℄,[(the, false);(NP, false);(I1, false);(I1, false);℄)18. ([idea;will;su�
e;will;su�
e;℄,[(NP, false);(I1, false);(I1, false);℄)19. ([idea;will;su�
e;will;su�
e;℄,[(N1, false);(I1, false);(I1, false);℄)20. ([idea;will;su�
e;will;su�
e;℄,[(N0, false);(I1, false);(I1, false);℄)21. ([idea;will;su�
e;will;su�
e;℄,[(idea, false);(I1, false);(I1, false);℄)22. ([will;su�
e;will;su�
e;℄,[(I1, false);(I1, false);℄)23. ([will;su�
e;will;su�
e;℄,[(I0, false);(VP, false);(I1, false);℄)24. ([will;su�
e;will;su�
e;℄,[(will, false);(VP, false);(I1, false);℄)25. ([su�
e;will;su�
e;℄,[(VP, false);(I1, false);℄)26. ([su�
e;will;su�
e;℄,[(V1, false);(I1, false);℄)27. ([su�
e;will;su�
e;℄,[(V0, false);(I1, false);℄)28. ([su�
e;will;su�
e;℄,[(su�
e, false);(I1, false);℄)29. ([will;su�
e;℄,[(I1, false);℄)30. ([will;su�
e;℄,[(I0, false);(VP, false);℄)31. ([will;su�
e;℄,[(will, false);(VP, false);℄)32. ([su�
e;℄,[(VP, false);℄)33. ([su�
e;℄,[(V1, false);℄)34. ([su�
e;℄,[(V0, false);℄)35. ([su�
e;℄,[(su�
e, false);℄)36. ([ ℄,[ ℄)- : 'a list = [ ℄10.1.1 Some basi
 properties of the top-down re
ognizer(19) Throughout our study, we will keep an eye on these basi
 properties of synta
ti
 analysis algorithms whi
hare mentioned in these fa
ts:1. A re
ognition method is sound when: if s is re
ognized as having 
ategory A then s ∈ yieldG(A).It is 
omplete when: if s ∈ yieldG(A) then s is re
ognized as having 
ategory A.It avoids spurious ambiguity when there are n su

essful re
ognition 
omputations of s just in 
asethere are n 
orresponding derivations of s from the grammar.2. For re
ognition methods that involve sear
hing through derivable 
on�gurations, the set of all proofsfrom any input and 
ategory is the sear
h spa
e of that problem.A re
ognition method has a �nitely bounded sear
h spa
e i� the sear
h spa
e for every grammar,input and 
ategory is �nite. Otherwise, the sear
h spa
e of the grammar is said to be in�nite.(20) LL is sound, 
omplete, and has no spurious ambiguity.(21) With LL, every right bran
hing RS ⊆ yield(G, A) has �nitely bounded sear
h spa
e.(22) With LL, grammars with left re
ursion 
an have in�nite sear
h spa
es. For example, every in�niteleft bran
hing language has an in�nite sear
h spa
e.



�11 Context free parsing: 1 path at a time(0) The Chomsky hierar
hy 
an be de�ned by the kinds of rules allowed in grammmars.

plurals
naive English syllable sequences

English semantics?
(acceptable bindings, etc)

English dictionary (nondet)

naive English syntax (nondet)

English syntax (nondet)

morpheme/lexeme sequences (nondet)

Reg CF CS RE non−REFin

(1) A �nite di
tionary 
an be listed, but 
ompressed transdu
er is faster, more 
ompa
t(2) Morphology 
an be separated, and re-introdu
ed by 
ompositions(We haven't yet seen any way to handle morphologi
al operations like redupli
ation)(3) Segmenting morphs in phone sequen
es highly nondeterministi

• ba
ktra
king
• all paths at on
e (`
hart parsing', `dynami
 progamming')
• most probable parse(4) With standard assumptions about English grammar, English is not regular(be
ause the Nerode equivalen
e relation in English has in�nitely many blo
ks)(5) Context free phrase stru
ture grammars 
an be parsed
• with a top-down ba
ktra
king parser (sometimes)
• with a bottom-up ba
ktra
king parser (sometimes)
• with a left-
orner ba
ktra
king parser (sometimes)11.0 CFGs(6) A 
ontext free grammar G has 4 parts, G = 〈Σ, N, (→), S〉, where
Σ is a �nite nonempty vo
abulary
N is a set of 
ategories (disjoint from Σ) 77
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→ is a rewrite relation that is a subset of N × (Σ ∪ N)∗. So ea
h pair (or �rule� or �produ
tion�) in thisrelation has the form

(C, α), often written C → α,where C ∈ N is a 
ategory and α is a (possibly empty) sequen
e of vo
abulary elements and 
ategories.
S is some 
ategory 
hosen as the �start� symbol.(7) A produ
tion is right bran
hing i� it has the form A → ∆B where ∆ ∈ Σ∗.A produ
tion is left bran
hing i� it has the form A → B∆ where ∆ ∈ Σ∗.A produ
tion is non-bran
hing i� it has the form A → ∆ for some ∆ ∈ Σ∗.A 
hain produ
tion has the form A → B (and so it is both left and right bran
hing).(8) De�ne ⇒G as follows: for any x, y, z ∈ (Σ ∪ N)∗ and any A ∈ N

xAy ⇒ xzy i� A → z.Let ⇒∗
G be the re�exive, transitive 
losure of ⇒.(9) A derivation of s ∈ Σ∗ from A ∈ N is a �nite sequen
e of steps:

A ⇒ . . . ⇒ s.If there is su
h a derivation, then of 
ourse A ⇒∗
G s. Su
h a derivation is leftmost(rightmost) if every steprewrites the leftmost(rightmost) 
ategory. We sometimes write x ⇒lm y to indi
ate a leftmost rewrite step,and similarly x ⇒rm y for rightmost.(10) The language de�ned by the grammar LG = {s ∈ Σ∗| S ⇒∗

G s}.(11) In general, yieldG(A) = {s ∈ Σ∗| A ⇒∗
G s}, so LG = yieldG(S).(12) s ∈ yield(G, A) is right (left) bran
hing i� every derivation of s from any 
ategory uses only right (left)bran
hing and non-bran
hing produ
tions.(13) S ⊆ yield(G, A) is right (left) bran
hing i� every s ∈ S is right (left) bran
hing.(14) Produ
tion A → γ is re
ursive i� γ ⇒∗

G αAβ, for some α, β ∈ (N ∪ Σ)∗.Produ
tion A → γ is left re
ursive i� γ ⇒∗
G Aβ, for some β ∈ (N ∪ Σ)∗.Produ
tion A → γ is right re
ursive i� γ ⇒∗

G βA, for some β ∈ (N ∪ Σ)∗.(notation) We usually leave o� the G subs
ripts when no 
onfusion 
an result.(15) Category A ∈ N is (left,right)re
ursive i� it the left side of a (left,right) re
ursive produ
tion.(16) Grammar G is (left,right) re
ursive i� it has a (left,right) re
ursive produ
tion.IP → DP I1 I1 → I0 VP I0 → willDP → D1 D1 → D0 NP D0 → theNP → N1 N1 → N0 N0 → ideaN1 → N0 CPVP → V1 V1 → V0 V0 → su�
eCP → C1 C1 → C0 IP C0 → that
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IPDPD1D0the NPN1N0idea

I1I0will VPV1V0su�
e

IPDPD1D0the NPN1N0idea CPC1C0that IPDPD1D0the NPN1N0idea
I1I0will VPV1V0su�
e

I1I0will VPV1V0su�
e



80 �11. CONTEXT FREE PARSING: 1 PATH AT A TIME11.1 Top-down re
ognitionThis re
ognition method is sometimes 
alled `re
ursive des
ent', or `LL' sin
e it goes through the input stringleft-to-right 
onstru
ting a leftmost derivation.We 
an give the top-down re
ognition method as a pair of fun
tions whi
h, given 
ertain (input,sta
k) pairsand 
orresponding rules C→ A1...An, will de�ne a new (input,sta
k) pair. To re
ognize an input, we begin withthe pair (input,S) where S is the start 
ategory, and use these fun
tions to get to the pair (ǫ, ǫ). From any given(input,sta
k) pair, if shiftComplete applies, then expandComplete 
annot apply, and vi
e versa. But when usingexpandComplete, there may often be 
hoi
es in whi
h grammar rule C→ A1...An to use. The standard top-downba
ktra
king method handles these 
hoi
es by putting them on a ba
ktra
k sta
k, and pursuing just one of the
hoi
es. We use x for symbols that 
an be either 
ategories in N or vo
abulary items in Σ.for ea
h C → x1...xn, a rule [expandComplete℄ (input, C sta
k)(input, x1...xn sta
k)[shiftComplete℄ (w input, w sta
k)(input, sta
k)It is easy to establish these important properties of this re
ognition method:(17) Left re
ursion 
an lead to non-termination � so top-down re
ognition does not deserve to be 
alled an`algorithm' unless it is restri
ted to grammars with no left re
ursion.(18) Even when it terminates, in the presen
e of lo
al (and global) ambiguities it 
an be intra
table [2, Thm4.3℄.(19) A grammar with purely left bran
hing 
onstru
tions 
an require unbounded sta
k depths. Consider forexample re
ognizing the string abcde using the following simple grammars:A → B aB → C bD → D 
D → E dE → F eE → e A → a BB → b CD → 
 DD → d EE → e FE → e
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(20) A `more intelligent' exploration of the 
hoi
es 
an be guided by an `ora
le', as dis
ussed in �11.5 below. Alanguage is said to be LL(k) i�, with an ora
le that uses k symbols of `lookahead', LL is deterministi
. Aswe will see, English is not LL(k) for any k.



11.2. BOTTOM-UP RECOGNITION 8111.2 Bottom-up re
ognitionThis re
ognition method is sometimes 
alled `re
ursive as
ent', or `shift-redu
e ba
ktra
king', or `LR' sin
e it goesthrough the input string left-to-right 
onstru
ting a rightmost derivation in reverse.for ea
h C → x1...xn, [redu
e℄ (input, xnxn−1 . . . x1 sta
k)(input, Csta
k)for ea
h C → x1...xn, [redu
eComplete℄ (input, xnxn−1 . . . x1C sta
k)(input, sta
k)[shift℄ (w input, sta
k)(input, w sta
k)Consider for example the statisti
s re
ognizing �ed
ba� with a left-bran
hing grammar versus re
ognizing �ab
de�with a right bran
hing grammar:(21) Empty 
ategories in the grammar 
an produ
e in�nite sear
h spa
es, leading to nontermination on someproblems � so this re
ognition method does not deserve to be an `algorithm' unless it is restri
ted.(22) Unbounded memory requirements on simple right bran
hing. Consider for example, the simple grammarsfor abcde from the previous se
tion:
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steps in analysis

bottom-up parsing of ’the idea that the idea will suffice will suffice’

stack size
backtrack stack size

(23) Atta
hment preferen
es like `right asso
iation' and `minimal atta
hment' are naturally realized in a bu parser[199, 90, 148℄(24) A `more intelligent' exploration of the 
hoi
es 
an be guided by an `ora
le', as dis
ussed in �11.5 below. Alanguage is said to be LR(k) i�, with an ora
le using k symbols of `lookahead', LR is deterministi
. Englishis not LR(k) for any k. [168, 18, 191℄



82 �11. CONTEXT FREE PARSING: 1 PATH AT A TIME11.3 Left 
orner (LC) re
ognitionfor ea
h C→ x1...xn, [l
℄, (input,x1sta
k)(input, x2 . . . xnCsta
k)for ea
h C→ x1...xn, [l
Complete℄ (input, x1Csta
k)(input, x2 . . . xnsta
k)[shift℄ (w input, sta
k)(input, w sta
k)[shiftComplete℄ (w input, w sta
k)(input, sta
k)(25) Empty 
ategories in the grammar 
an produ
e in�nite sear
h spa
es, sin
e their `left 
orners' will also beempty, leading to nontermination on some problems � so this re
ognition method does not deserve to be an`algorithm' unless it is restri
ted.(26) But unlike LL and LR, this method has bounded memory requirements on simple right and left bran
hing.It has unbounded memory requirements for re
ursive 
enter embedding (of 
ourse).
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(27) Psy
hologists like this method be
ause it is almost LL (top-down), but avoids the problem with left re
ursion[100, 101℄(28) When used with a treebank grammar, the LC sta
k never gets very deep [167℄(29) Probabilisti
 versions of this method sometimes used for NLP [183℄.the left 
orner rules provide more information for better probabilisti
 re
ognition [129℄,though now head-labeled `bilexi
al' grammars are more 
ommon [58, 21, 78℄



11.4. GENERALIZED LEFT CORNER RECOGNITION 8311.4 Generalized left 
orner re
ognitionAdapting ideas from [31, 68, 188℄, we 
an de�ne di�erent `generalized left 
orner' (GLC) strategies depending onhow mu
h of the right side of a rule needs to be found bottom-up before the rule is used, by predi
ting the rest ofthe right side. We mark the `trigger point', the division between what must be found bottom-up and what mustbe predi
ted, with the symbol ][. The whole 
olle
tion of re
ognition strategies, with LL on top and LR on thebottom, forms a latti
e:

for ea
h C → x1...xi][xi+1...xn, [gl
℄, (input, xi . . . x1 sta
k)(input, xi+1 . . . xnC sta
k)for ea
h C → x1...xi][xi+1...xn, [gl
Complete℄ (input, xi . . . x1C sta
k)(input, xi+1 . . . xn sta
k)[shift℄ (w input, sta
k)(input, w sta
k)[shiftComplete℄ (w input, w sta
k)(input, sta
k)(30) All these methods are sound and 
omplete, �nding an n step proof that a string is in the language for ea
h
n-node derivation tree that the string has.(31) As we have already seen by 
omparing LL, LR, LC, these strategies have di�erent memory requirementsand di�erent degrees of indetermina
y. Mixed strategies other than LC are rarely explored � 
f. [221℄



84 �11. CONTEXT FREE PARSING: 1 PATH AT A TIME(32) A dilemma:
• `In
remental' 
omprehension suggests that human synta
ti
 re
ognition is quite top-down [212, 235℄
• Easy re
ognition of relative 
lause in examples like this suggests that stru
ture building 
annot be top-down:The daughter of the 
olonel who was standing on the bal
ony waved to us.(33) Sear
h problems make these methods mainly unusable with linguists' grammars.11.5 Ora
les for the GLC parsersThere are two kinds of information an ora
le 
an use. The ora
le 
an use the grammar to make sure that the 
urrentsta
k of the parser is `
onsistent' in the sense that it 
ould possibly be redu
ed to ǫ, and the ora
le 
an `look ahead'a �nite amount into the input to see what k words 
ome next.11.5.1 Sta
k 
onsisten
y(34) Some sta
ks 
annot possibly be redu
ed to empty, no matter what input string is provided. In parti
ular:

• There is no point in shifting a word if it 
annot be part of the trigger of the most re
ently predi
ted
ategory.
• There is no point in building a 
onstituent (i.e. using a rule) if the parent 
ategory 
annot be part ofthe trigger of the most re
ently predi
ted 
ategory.(35) These 
onditions 
an be enfor
ed by 
al
ulating, for ea
h 
ategory C that 
ould possibly be predi
ted, allof the sta
k sequen
es whi
h 
ould possibly be part of a trigger for C.
• In top-down re
ognition, the triggers are always empty.
• In left-
orner re
ognition, the possible trigger sequen
es are always exa
tly one 
ompleted 
ategory.
• In bottom-up and some other methods, trigger sequen
es 
an sometimes be arbitrarily long, but in some
ases they are �nitely bounded and 
an easily be 
al
ulated in advan
e.A test that 
an 
he
k these pre
al
ulated possibilities is 
alled an ora
le.(36) Given a 
ontext free grammar G = 〈Σ, N,→, S〉, we 
an generate all instan
es of the is a beginning ofrelation with the following logi
.for ea
h C → x1 . . . xi ][ xi+1 . . . xn, [axiom℄ (x1 . . . xi, C)if xi ∈ Σ [uns
an℄ (x1 . . . xi, C)

(x1 . . . xi−1, C)if xi → y1 . . . yj ][yj+1 . . . yn, [unredu
e℄ (x1 . . . xi, C)

(x1 . . . xi−1y1 . . . yj , C)(37) Example: Consider the following grammar g5-mix with the triggers indi
ated:IP → DP I1 ℄[ I1 → ℄[ I0 VP I0 → ℄[ will.DP → D1 ℄[ D1 → D0 ℄[ NP D0 → the ℄[NP → N1 ℄[ N1 → N0 ℄[ N0 → idea ℄[N1 → N0 ℄[ PPVP → V1 ℄[ V1 → V0 ℄[ V0 → su�
e ℄[PP → P1 ℄[ P1 → P0 ℄[ DP P0 → that ℄[For this grammar, the following proof shows that the beginnings of IP in
lude DP I1, DP, D1, D0, the, and
ǫ:

(DP I1, IP) [unredu
e℄
(DP, IP) [unredu
e℄
(D1, IP) [unredu
e℄
(D0, IP) [unredu
e℄
(the, IP) [unshift℄
(ǫ, IP)



11.5. ORACLES FOR THE GLC PARSERS 85Noti
e that the beginnings of IP do not in
lude the idea, the I1, D0 I0, I0, or I1.(38) GLC re
ognition with an ora
le is de�ned so that whenever a 
ompleted 
ategory is pla
ed on the sta
k, theresulting sequen
e of 
ompleted 
ategories on the sta
k must be a beginning of the most re
ently predi
ted
ategory.Let's say that a sequen
e C is redu
ible i� the sequen
e C is the 
on
atenation of two sequen
es C = C1C2wherea. C1 is a sequen
e Ai, . . . , A1 of 0 ≤ i 
ompleted elementsb. C2 begins with a predi
ted element C, and
. A1, . . . , Ai is a beginning of C(39) GLC with an ora
le:
(input, xi . . . x1α) [gl
℄if C → x1, . . . , xi][xi+1, . . . xn and Cα is redu
ible(input, xi+1 . . . xnCα)

(input, xi . . . x1Cα) [gl
-
omplete℄ if C → x1, . . . , xi][xi+1, . . . xn
(input, xi+1 . . . xnα)

(w input, α) [shift℄ if wα is redu
ible
(input, w α)

(w input, w α) [shift-
omplete℄
(input, α)(40) Example. To implement GLC re
ognition with this ora
le, we pre
al
ulate the beginnings of every 
ategory.In e�e
t, we want to �nd every theorem of the logi
 given in (36) above, for every 
ategory C in the grammar,if possible, so that it 
an be qui
kly 
he
ked by the gl
 rules.Consider again g5-mix.pl given in (37) above. There are in�nitely many derivations of this trivial result,as we see in this in�nite sequen
e of steps:

(N1, N1) [unredu
e℄
(N1, N1) [unredu
e℄
(N1, N1) [unredu
e℄. . .Nevertheless, the set of theorems, the set of pairs in the �is a beginning of� relation for the grammar G5-mixabove, with the trigger relations indi
ated there, is �nite. So we 
an 
ompute the whole set by taking the
losure of the axioms under the inferen
e relation, using the same kind of strategy that we used in the �allpaths at on
e� re
ognition methods. See exer
ise 4 on page 87 below.The 
al
ulation of the ora
le will of 
ourse fail to terminate when the set of beginnings of any 
ategory isin�nite. To ensure termination, a standard strategy is to restri
t the length of the trigger sequen
es. Withsu
h a restri
tion, the ora
le may fail to blo
k some in
onsistent sta
k sequen
es.11.5.2 Lookahead(41) In top-down re
ognition, there is no point in using an expansion p → q, r if the next symbol to be parsed
ould not possibly be the beginning of a q.To guide top-down steps, it would be useful to know what symbol (or what k symbols) are next, waiting tobe parsed. This �bottom-up� information 
an be provided with a �lookahead ora
le.�Obviously, the �lookahead� ora
le does not look into the future to hear what has not been spoken yet.Rather, stru
ture building waits for a word (or in general, k words) to be heard.Again, we will pre
ompute, for ea
h 
ategory p, what the �rst k symbols of the string 
ould be when we arere
ognizing that 
ategory in a su

essful derivation of any senten
e.



86 �11. CONTEXT FREE PARSING: 1 PATH AT A TIME(42) In 
al
ulating lookahead, we ignore the triggers.One kind of situation that we must allow for is this. If p → q1, . . . , qn and q1, . . . , qi ⇒∗ ǫ, then every nextsymbol for qi+1 is a next symbol for p.(43) For any S ∈ Σ∗, let �rstk(S) be the �rst k symbols of S if |S| ≥ k, and otherwise �rstk(S) = S.We 
an use the following reasoning to 
al
ulate all of the next k words that 
an be waiting to be parsed asea
h 
ategory symbol is expanded. For some k > 0:
wLAw [axiom℄ if w ∈ Σ

xLA C [axiom℄if C → x1, . . . , xn and either x = x1, . . . , xk ∈ Σk for k ≤ n, or x = x1, . for
y1LAx1 . . . ynLAxn [la℄ if C → x1, . . . , xn, and x ∈ �rstk(y1 . . . yn)

xLAAnd we let firstk(y1 . . . yn)LA(x1, . . . , xn) if yiLAxi for 1 ≤ i ≤ n.(44) GLC with sta
k 
onsisten
y and lookahead ora
les:
(input, xi . . . x1α) [gl
℄if C → x1, . . . , xi][xi+1, . . . xn and Cα is redu
ible, and �rstk(S)LA(xi+1, . . . , x(input, xi+1 . . . xnCα)

(input, xi . . . x1Cα) [gl
-
omplete℄if C → x1, . . . , xi][xi+1, . . . xn and �rstk(S)LA(xi+1, . . . , xn)(input, xi+1 . . . xnα)

(w input, α) [shift℄ if wα is redu
ible
(input, w α)

(w input, w α) [shift-
omplete℄
(input, α)(45) Adding bottom-up k-symbol lookahead to the gl
o re
ognizers with a bottom-up ora
le, we have gl
ola(k)re
ognizers.For any of the GLC parsers, a language is said to be gl
ola(k) i� there is at most one step that 
an betaken at every point in every proof.Obviously, when a language has genuine stru
tural ambiguity � more than one su

essful parse for somestrings in the language � the language 
annot be gl
ola(k) for any k (e.g. LL(k), LC(k), LR(k),. . . ) Inthe 
ase of an ambiguous language, though, we 
an 
onsider whether the re
ognition of unambiguous stringsis deterministi
, or whether the indeterminism that is en
ountered is all due to global ambiguities.11.6 Exer
ises1. Consider the example grammar from 
lass and the web, with the trigger points given by the ℄[ symbol:IP → DP ℄[ I1 I1 → ℄[ I0 VP I0 → will ℄[DP → ℄[ D1 D1 → D0 ℄[ NP D0 → the ℄[NP → ℄[ N1 N1 → N0 ℄[ N0 → ℄[ ideaN1 → N0 CP ℄[VP → ℄[ V1 V1 → V0 ℄[ V0 → ℄[ su�
eCP → ℄[ C1 C1 → C0 ℄[ IP C0 → that℄[Write out the 
omplete, 16-step GLC parse for the idea will su�
e using these trigger positions. (You 
an typethis up by hand or write 
ode to 
al
ulate and display it.)



11.6. EXERCISES 872. Suppose you start at the top of the GLC latti
e of parsers for this grammar, and take one of the shortest pathsfrom the top to the trigger positions shown above. How long is this path � that is, how many steps from thetop are needed to get to the positions given above?3. Gibson [101℄ proposesFor initial purposes, a synta
ti
 theory with a minimal number of synta
ti
 
ategories, su
h as Head-drivenPhrase Stru
ture Grammar [207℄ or Lexi
al Fun
tional Grammar [26℄, will be assumed. [Note: The SPLTis also 
ompatible with grammars assuming a range of fun
tional 
ategories su
h as In�, Agr, Tense, et
. (e.g.Chomsky 1995) under the assumption that memory 
ost indexes predi
ted 
hains rather than predi
ted 
ategories,where a 
hain is a set of 
ategories 
oindexed through movement (Chomsky 1981).℄ Under these theories, theminimal number of synta
ti
 head 
ategories in a senten
e is two: a head noun for the subje
t and ahead verb for the predi
ate. If words are en
ountered that ne
essitate other synta
ti
 heads to form agrammati
al senten
e, then these 
ategories are also predi
ted, and an additional memory load is in
urred.For example, at the point of pro
essing the se
ond o

urren
e of the word �the� in the obje
t-extra
tedRC example, 1a. The reporter who the senator atta
ked admitted his error,

there are four obligatory synta
ti
 predi
tions: 1) a verb for the matrix 
lause, 2) a verb for the embedded
lause, 3) a subje
t noun for the embedded 
lause, and an empty 
ategory NP for the wh-pronoun �who.�Is the proposed model a gl
 re
ognizer? If not, is the proposal a 
ogent one, one that 
onforms to the behaviorof a parsing model that 
ould possibly work?4. If the beginnings of ea
h 
ategory are �nite, it is not di�
ult to 
al
ulate the `sta
k 
onsisten
y' results neededfor the ora
le in GLC re
ognition. Here is one standard way to do it, based on the strategy we have used in`all-paths' re
ognition. Re
all the rules given earlier, in (36), for ea
h 
ategory C:for ea
h C → x1 . . . xi ][ xi+1 . . . xn, [axiom℄ (x1 . . . xi, C)if xi ∈ Σ [uns
an℄ (x1 . . . xi, C)

(x1 . . . xi−1, C)if xi → y1 . . . yj ][yj+1 . . . yn, [unredu
e℄ (x1 . . . xi, C)

(x1 . . . xi−1y1 . . . yj , C)So de�ne an OCaml fun
tion that takes a 
ategory C and two lists (or arrays or hash tables) (agenda, chart),and initially puts all instan
es of [axiom℄ into both the agenda and the 
hart. Then de�ne a re
ursive fun
tionthat pops the top element o� the agenda, 
omputes the result of applying uns
an and unredu
e to it in allpossible ways, using ensureMember to put all results into the 
hart, and whenever the result is new, also puttingthe result into the agenda.Apply this fun
tion with the grammar g5mix given in (37) above, to 
al
ulate the beginnings of every 
ategory
C in that grammar.5. Read the des
ription of non-
anoni
al LR(k,t) re
ognizers in [2, �6.2℄ or in [255℄ and modify the O
aml bu parserto implement it. (These ideas were the basis of the strategies in the Mar
us parser [168℄.)



88 �11. CONTEXT FREE PARSING: 1 PATH AT A TIME6. A �rst response to the fa
t that human speakers seem to understand �uent spee
h on a word-by-word basis,without the need to wait for senten
e or phrase endings, has been to assume that humans are using a one-path-at-a-time model, perhaps one of the sorts surveyed above.Sin
e humans seem to have no trouble with left re
ursion, it is unlikely that we use a simple top-down modellike the one des
ribed above. And sin
e all these models fa
e problems with lo
al ambiguities, there has beengreat interest in how humans tend to resolve lo
al ambiguities, and how they re
over when they have resolvedthem in
orre
tly.One idea is that people prefer to atta
h new elements low, in the 
urrent phrase rather than in a higher position.There is eviden
e that people initially misanalyze in the library in senten
es like,Jill put the book that her son had been reading in the library,and the phrase the so
k in While Mary was mending the so
k fell o� her lap.(These examples are from Frazier's 
lassi
 survey arti
le [89℄, and 
ompare the re
ent Pi
kering and van Gompelsurvey [204℄.) Frazier 
alls this a �late 
losure� preferen
e: listeners prefer to �
lose� ea
h phrase as late aspossible, so if they 
an atta
h a 
onsituent low, they will.How 
ould you adapt the bottom-up parser above to exhibit this preferen
e? (Hint: Pereira o�ers an answerhere: [199℄). Can you implement this by modifying our O
aml 
ode 
f-bu1.ml? How would you modify thetop-down parser to exhibit the same preferen
e?7. The �late 
losure� idea mentioned in the previous exer
ise is a preferen
e that depends on stru
ture, but thereis some eviden
e that the availability of analyses 
an depend on 
oo

urren
e frequen
ies, meanings, and evendetails about what is going on in the dis
ourse. Altman and Steedman [7℄ propose that people will, even on the�rst pass through a phrase, favor analyses that are �referentially supported.� For example, if I say �rstA psy
hologist was 
ounseling two women. He was worried about one of them but not about the other.then you are more likely to get the 
orre
t analysis ofThe psy
hologist told the woman that he was having trouble with to visit him again.Des
ribe informally (but as pre
isely and brie�y as possible) how this idea 
ould be implemented.(Altmann and others [6, 8, 132℄ later showed 
ertain limitations in the 
ontexts in whi
h an e�e
t of referentialsupport 
an be seen. It is interesting to 
onsider whether these proposals make sense in a 
omputational model� good squib topi
.)8. The memory used by the models above is two sta
ks: the sta
k of synta
ti
 elements and the ba
ktra
k sta
kof unexplored alternatives. Human memory is not like a sta
k: for example in people there 
an be interferen
ee�e
ts among the things remembered in a way that does not happen in a sta
k. And human memory also seemsto be stru
tured in various ways.Read these surveys of re
ent proposals [82℄, [163℄.Explain: How would you design a model that (i) 
an a
tually su

eed in re
ognizing a reasonable range ofsenten
es (of English or some other human language) and yet (ii) uses a memory that is more human-like?Or implement: a small version of one of the ideas in the surveys.



�12 Context free parsing: all paths at on
e(0) The Chomsky hierar
hy 
an be de�ned by the kinds of rules allowed in grammmars.

plurals
naive English syllable sequences

English semantics?
(acceptable bindings, etc)

English dictionary (nondet)

naive English syntax (nondet)

English syntax (nondet)

morpheme/lexeme sequences (nondet)

Reg CF CS RE non−REFin

(1) A �nite di
tionary 
an be listed, but 
ompressed transdu
er is faster, more 
ompa
t(2) Morphology 
an be separated, and re-introdu
ed by 
ompositions(We haven't yet seen any way to handle morphologi
al operations like redupli
ation)(3) Segmenting morphs in phone sequen
es highly nondeterministi

• ba
ktra
king (possible nontermination when ambiguity in�nite)
• all paths at on
e (`
hart parsing', `dynami
 progamming')
• most probable parse(4) With standard assumptions about English grammar, English is not regular(be
ause the Nerode equivalen
e relation in English has in�nitely many blo
ks)(5) CFGs for human languages are ambiguous (nondeterministi
). They 
an be parsed by
• ba
ktra
king

· with a top-down ba
ktra
king parser (possible nontermination when ambiguity in�nite or when left re
ursive)ora
le 
annot resolve even lo
al ambiguities with k symbols of lookahead, for any k

· with a bottom-up ba
ktra
king parser (possible nontermination when ambiguity in�nite or when 
ategories
an be empty)ora
le 
annot resolve even lo
al ambiguities with k symbols of lookahead, for any k

· with a left-
orner ba
ktra
king parser (possible nontermination when ambiguity in�nite or when left 
orners
an be empty)ora
le 
annot resolve even lo
al ambiguities with k symbols of lookahead, for any k

· none of the GLC parsers seem to work � have we framed the problem in
orre
tly? (yes says Mar
us,Berwi
k&Weinberg, ES,. . . , psy
hologists)(we have gotten this far) 89
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• all paths at on
e � `works' (i.e. terminates, e�
iently) even if we have framed the problem in
orre
tly
• most probable parse � `works' (i.e. terminates, e�
iently) even if we have framed the problem in
orre
tly(6) If English in
ludes �X or no X�, for X any NP [27, 236, 209℄, or if English has any remnant movement[117, 140, 141℄ CFGs 
annot provide appropriate des
riptions (though they 
ould `approximate' in varioussenses)(7) Beyond 
ontext-free:
• a simple, mildly 
ontext sensitive, formal minimalist grammar (MG)
• MGs with head movement, a�x hopping, adjun
tion
• Beyond mildly 
ontext sensitive: PMCFGs12.0 Ambiguity again, more 
arefully

• PP atta
hment in [
V P

V D N PP1 PP2 ...]Consider the grammar: VP → V NP PP∗NP → D N PP∗A grammar like this 
annot be dire
tly expressed in standard 
ontext free form. It de�nes a 
ontext freelanguage, but it is equivalent to the following in�nite grammar:NP → D N VP → V NPNP → D N PP VP → V NP PPNP → D N PP PP VP → V NP PP PPNP → D N PP PP PP VP → V NP PP PP PPNP → D N PP PP PP PP VP → V NP PP PP PP PPNP → D N PP PP PP PP PP VP → V NP PP PP PP PP PP. . . . . .The number of stru
tures de�ned by this grammar is an exponential fun
tion of the number of words.N = 1 2 3 4 5 6 7 8 9 10#trees = 2 5 14 132 469 1430 4862 16796 1053686 . . .
• N 
ompounds [

N
N N]N → N NThis series same as for PPs, ex
ept PP1 is like a N3 
ompound:n 1 2 3 4 5 6 7 8 9 10#trees 1 1 2 5 14 42 132 429 1420 4862We see the Catalan sequen
e here, whi
h as we mentioned before is the number of binary trees with n leaves.At larger values the n'th Catalan number approximates the exponential fun
tion 4**n. So both PP atta
hmentand noun 
ompounding give rise to exponential ambiguity.

• Coordination [
X
X and X] NP → NP (and NP)∗This is equivalent to the grammar:NP → NP and NPNP → NP and NP and NPNP → NP and NP and NP and NPNP → NP and NP and NP and NP and NPNP → NP and NP and NP and NP and NP and NPNP → NP and NP and NP and NP and NP and NP and NPNP → NP and NP and NP and NP and NP and NP and NP and NPNP → NP and NP and NP and NP and NP and NP and NP and NP and NP. . .



12.1. STRUCTURALLY RESOLVED (LOCAL) AMBIGUITY 91n 1 2 3 4 5 6 7 8 9 10#trees 1 1 3 11 45 197 903 4279 20793 103049Again we have exponential ambiguity.12.1 Stru
turally resolved (lo
al) ambiguity
• Agreement: In simple English 
lauses, the subje
t and verb agree, even though the subje
t and verb 
an bearbitrarily far apart:� The deer {are, is} in the �eld� The deer, the guide 
laims, {are, is} in the �eld
• Binding: The number of the embedded subje
t is unspe
i�ed in the following senten
e:� I expe
t the deer to admire the pond.But in similar senten
es it 
an be spe
i�ed by binding relations:� I expe
t the deer to admire {itself,themselves} in the re�e
ions of the pond.
• Head movement:� ∗ Have the students take the exam!

∗ Have the students taken the exam?� ∗ Is the blo
k sitting in the box?
∗ Is the blo
k sitting in the box red?

• A movement:� ∗ The 
hairi is ti too wobbly for the old lady to sit on it
∗ The 
hairi is ti too wobbly for the old lady to sit on ti

• A' movement:� ∗ Whoi did you help ti to prove that John was unaware that he had been leaking se
rets
∗ Whoi did you help ti to prove that John was unaware ti that he had been leaking se
rets to ti12.2 Even without global ambiguity: English is not LR(k) for any k

• a. Have the students take the exam!b. Have the students taken the exam?
• a. Is the blo
k sitting in the box?b. Is the blo
k sitting in the box red?

• a. The 
hairi is ti too wobbly for the old lady to sit on itb. The 
hairi is ti too wobbly for the old lady to sit on ti

• a. Whoi did you help ti to prove that John was unaware that he had been leaking se
retsb. Whoi did you help ti to prove that John was unaware ti that he had been leaking se
rets to tiMit
h Mar
us [168℄ proposes: (1) (At least some) garden paths indi
ate failed lo
al ambiguity resolution.(2) To redu
e ba
ktra
king to human level, delay de
isions until next 
onstituent is built.It follows that English is not GLC(k) for any GLC method. Instead, he explores �non-
anoni
al� methods, werenoti
ed by Knuth in [151℄, and studied further by Szymanski and Williams [255℄ and by Aho and Ullman [2, �6.2℄.These are relevant in attempts to model the �in
remental� nature of human language understanding!
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e12.3.1 CKY re
ognition for CFGs(8) For simpli
ity, we �rst 
onsider 
ontext free grammars G = 〈Σ, N,→, S〉 in Chomsky normal form: Chomskynormal form grammars have rules of only the following forms, for some A, B, C ∈ N , w ∈ Σ,A→BC A→wIf ǫ is in the language, then the following form is also allowed, subje
t to the requirement that S does noto

ur on the right side of any rule: S→ ǫ(9) A Chomsky normal form grammar has no unit or empty produ
tions,and hen
e no �
y
les� A ⇒+ A, and no in�nitely ambiguous strings.(10) These grammars allow an espe
ially simple CKY-like tabular parsing method (named after Co
k, Kasami,and Younger). To parse a string w1, . . . , wn, for n > 0 we use the following logi
:
(i − 1, i) : wi [axioms℄
(i, j) : w
(i, j) : A

[redu
e1℄ if A → w

(i, j) : B (j, k) : C
(i, k) : A

[redu
e2℄ if A → BCRe
ognition is su

essful i� (0, n) : S is in the 
losure of the axioms under these inferen
e rules.This re
ognition method is based on proposals of Co
ke, Kasami and Younger [2, 237, 238℄.As will be
ome 
lear when we 
olle
t trees from the 
losure, the 
losure, in e�e
t, represents all derivations,but the representation is reasonably sized even when the number of derivations is in�nite, be
ause thenumber of possible items is �nite.(11) The soundness and 
ompleteness of this method are shown in [237℄. Aho & Ullman [2, �4.2.1℄ show inaddition that for a senten
e of length n, the maximum number of steps needed to 
ompute the 
losure isproportional to n3. They say of this re
ognition method [2, p.314℄:It is essentially a �dynami
 programming� method and it is in
luded here be
ause of its simpli
ity. Itis doubtful, however, that it will �nd pra
ti
al use, for three reasons:1. n3 time is too mu
h to allow for parsing.2. The method uses an amount of spa
e proportional to the square of the input length.3. The method of the next se
tion (Earley's algorithm) does at least as well in all respe
ts as this one,and for many grammars does better.CKY example 1 ip → dp i1dp → lambsi1 → i0 vpi0 → willvp → v0 dpv0 → eatdp → oats
ipdplambs i1i0will vpv0eat dpoats

The axioms 
an be regarded as spe
ifying a �nite state ma
hine representation of the input:
0 1

lambs
2

will
3

eat
4

oats



12.3. ALL PATHS AT ONCE 93Given an n state �nite state ma
hine representation of the input, 
omputing the CKY 
losure 
an be regarded as �lling inthe �upper triangle� of an n × n matrix, from the (empty) diagonal up:10 1 2 3 40 (0,1):dp(0,1):lambs (0,4):ip1 (1,2):i0(1,2):will (1,4):i12 (2,3):v0(2,3):eat (2,4):vp3 (3,4):dp(3,4):oats4
CKY extended(12) We 
an relax the requirement that the grammar be in Chomsky normal form. For example, to allow arbitraryempty produ
tions, and rules with right sides of length 3,4,5,6, we 
ould add the following rules:

(i, i) : A
[redu
e0℄ if A → ǫ

(i, j) : B (j, k) : C (k, l) : D
(i, l) : A

[redu
e3℄ if A → BCD

(i, j) : B (j, k) : C (k, l) : D (l, m) : E
(i, m) : A

[redu
e4℄ if A → BCDE

(i, j) : B (j, k) : C (k, l) : D (l, m) : E (m, n) : F
(i, n) : A

[redu
e5℄ if A → BCDEF

(i, j) : B (j, k) : C (k, l) : D (l, m) : E (m, n) : F (n, o) : G
(i, o) : A

[redu
e6℄ if A → BCDEFG(13) While this augmented parsing method is 
orre
t, it pays a pri
e in e�
ien
y. The Earley method of thenext se
tion 
an do better.CKY example 2Sin
e we 
an now re
ognize the language of any 
ontext free grammar, we 
an take grammars written by anyoneelse and try them out. For example, we 
an take the grammar de�ned by the Penn Treebank and try to parse withit. For example, in the �le wsj_0005.mrg we �nd the following 3 trees:1CKY tables and other similar stru
tures of intermediate results are frequently 
onstru
ted by matrix operations. This idea hasbeen important in 
omplexity analysis and in attempts to �nd the fastest possible parsing methods [261, 161℄. Extensions of matrixmethods to more expressive grammars are 
onsidered by [230℄ and others.
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 ,, NPNPNNvi
e NN
hairman PPINof NPNPNNPW.R. NNPGra
e CC& NNPCo. ,, SBARWHNP-10WDTwhi
h SNP-SBJ-NONE-*T*-10 VPVBZholds NPNPDTa ADJPCD83.4 NN% NNinterest PP-LOCINin NPDTthis JJenergy-servi
es NN
ompany

,, VPVBDwas VPVBNele
ted SNP-SBJ-NONE-*-10 NP-PRDDTa NNdire
tor
..

SNP-SBJPRPHe VPVBZsu

eeds NPNPNNPTerren
e NNPD. NNPDaniels ,, NPADVPRBformerly DTa NNPW.R. NNPGra
e NNvi
e NN
hairman ,, SBARWHNP-11WPwho SNP-SBJ-NONE-*T*-11 VPVBDresigned
..

SNP-SBJNNPW.R. NNPGra
e VPVBZholds NPNPCDthree PPINof NPNPNNPGra
e NNPEnergy POS's CDseven NNboard NNSseats
..

Noti
e that these trees indi
ate movement relations, with 
o-indexed tra
es. If we ignore the movement relationsand just treat the tra
es as empty, though, we have a CFG � one that will a

ept all the strings that are parsed inthe treebank plus some others as well.We will study how to parse movements later, but for the moment, let's 
olle
t the (overgenerating) 
ontext freerules from these trees. Dividing the lexi
al rules from the others, and showing how many times ea
h rule is used,we have �rst:1 ('SBAR' -> ['WHNP-11','S'℄).1 ('SBAR' -> ['WHNP-10','S'℄).2 ('S' -> ['NP-SBJ','VP'℄).2 ('S' -> ['NP-SBJ','VP','.'℄).1 ('S' -> ['NP-SBJ-10','VP','.'℄).1 ('S' -> ['NP-SBJ','NP-PRD'℄).3 ('VP' -> ['VBZ','NP'℄).1 ('VP' -> ['VBN','S'℄).1 ('VP' -> ['VBD'℄).1 ('VP' -> ['VBD','VP'℄).3 ('NP-SBJ' -> ['-NONE-'℄).2 ('PP' -> ['IN','NP'℄).2 ('NP' -> ['NP','PP'℄).1 ('PP-LOC' -> ['IN','NP'℄).1 ('NP-SBJ-10' -> ['NP',',','NP',','℄).1 ('NP-SBJ' -> ['PRP'℄).1 ('NP-SBJ' -> ['NNP','NNP'℄).1 ('NP-PRD' -> ['DT','NN'℄).1 ('NP' -> ['NP','PP-LOC'℄).1 ('NP' -> ['NP','CD','NN','NNS'℄).1 ('NP' -> ['NP',',','SBAR'℄).1 ('NP' -> ['NP',',','NP',',','SBAR'℄).1 ('NP' -> ['NNP','NNP'℄).1 ('NP' -> ['NNP','NNP','POS'℄).1 ('NP' -> ['NNP','NNP','NNP'℄).



12.4. PCFGS 951 ('NP' -> ['NNP','NNP','CC','NNP'℄).1 ('NP' -> ['NN','NN'℄).1 ('NP' -> ['DT','JJ','NN'℄).1 ('NP' -> ['DT','ADJP','NN'℄).1 ('NP' -> ['CD'℄).1 ('NP' -> ['ADVP','DT','NNP','NNP','NN','NN'℄).1 ('ADVP' -> ['RB'℄).1 ('ADJP' -> ['CD','NN'℄).1 ('WHNP-11' -> ['WP'℄).1 ('WHNP-10' -> ['WDT'℄).And then the lexi
al rules:5 (',' -> [','℄).4 ('NNP' -> ['Gra
e'℄).3 ('NNP' -> ['W.R.'℄).3 ('DT' -> [a℄).3 ('.' -> ['.'℄).2 ('VBZ' -> [holds℄).2 ('NN' -> [vi
e℄).2 ('NN' -> [
hairman℄).2 ('IN' -> [of℄).1 ('WP' -> [who℄).1 ('WDT' -> [whi
h℄).1 ('VBZ' -> [su

eeds℄).1 ('VBN' -> [ele
ted℄).1 ('VBD' -> [was℄).1 ('VBD' -> [resigned℄).1 ('RB' -> [formerly℄).1 ('PRP' -> ['He'℄).1 ('POS' -> ['\'s'℄).1 ('NNS' -> [seats℄).1 ('NNP' -> ['Terren
e'℄).1 ('NNP' -> ['J.P.'℄).1 ('NNP' -> ['Energy'℄).1 ('NNP' -> ['Daniels'℄).1 ('NNP' -> ['D.'℄).1 ('NNP' -> ['Co.'℄).1 ('NNP' -> ['Boldu
'℄).1 ('NN' -> [interest℄).1 ('NN' -> [dire
tor℄).1 ('NN' -> [
ompany℄).1 ('NN' -> [board℄).1 ('NN' -> ['%'℄).1 ('JJ' -> ['energy-servi
es'℄).1 ('IN' -> [in℄).1 ('DT' -> [this℄).1 ('CD' -> [three℄).1 ('CD' -> [seven℄).1 ('CD' -> [83.4℄).1 ('CC' -> [&℄).1 ('-NONE-' -> ['*T*-11'℄).1 ('-NONE-' -> ['*T*-10'℄).1 ('-NONE-' -> ['*-10'℄).12.3.2 Earley re
ognition for CFGs(14) Earley [75℄ showed, in e�e
t, how to build an ora
le into a 
hart 
onstru
tion algorithm for any grammar
G = 〈Σ, N,→, s〉. With this strategy, the algorithm has the �pre�x property,� whi
h means that, pro
essinga string from left to right, an ungrammati
al pre�x (i.e. a sequen
e of words that is not a pre�x of anygrammati
al string) will be re
ognized at the the earliest possible point.For A, B, C ∈ N and some designated S′ 6∈ N , for S, T, U, V ∈ (N ∪ Σ)∗, and for input w1 . . . wn ∈ Σn,

(0, 0) : S′ → [] • S [axiom℄
(i, j) : A → S • wj+1T

(i, j + 1) : A → Swj+1 • T
[s
an℄

(i, j) : A → S • BT
(j, j) : B → •U

[predi
t℄ if B → U and (U = ǫ ∨ U = CV ∨ (U = wj+1V )

(i, k) : A → S • BT (k, j) : B → U•
(i, j) : A → SB • T

[
omplete℄The input is re
ognized i� (0, n) : S′ → S• is in the 
losure of the axioms (in this 
ase, the set of axiomshas just one element) under these inferen
e rules.Also note that in order to apply the s
an rule, we need to be able to tell whi
h word is in the j + 1'thposition.12.4 PCFGs(15) A probabilisti
 
ontext free grammar (PCFG)
G = 〈Σ, N, (→), S, P 〉,



96 �12. CONTEXT FREE PARSING: ALL PATHS AT ONCEwhere1. Σ, N are �nite, nonempty sets,2. S is some symbol in N ,3. the binary relation (→) ⊆ N × (Σ ∪ N)∗ is also �nite (i.e. it has �nitely many pairs),4. the fun
tion P : (→) → [0, 1] maps produ
tions to real numbers in the 
losed interval between 0 and 1in su
h a way that
∑

〈c,β〉∈(→)

P (
 → β) = 1We will often write the probabilities assigned to ea
h produ
tion on the arrow: c
p
−→ β(16) The probability of a parse is the produ
t of the probabilities of the produ
tions in the parse(17) The probability of a string is the sum of the probabilities of its parses(18) A PCFG is said to be 
onsistent i� p(L(G)) = 1.That is, where G de�nes the whole spa
e of linguisti
 events, given that a linguisti
 event is going to o

ur,the probability that some linguisti
 event o

urs should be 1. Not more, not less!(19) Thm. A PCFG is 
onsistent if the probabilities of its rules are the relative frequen
ies of those rules in a�nite sample of derivations. [41℄(20) Thm: Linear grammar 
onsisten
y. A linear grammar is 
onsistent i� from every state there is anon-zero probability of rea
hing some terminal string.(21) Example in
onsistent PFSA:

0 2/1
a/0.5

1

b/0.5 c/0a/1

(22) Example in
onsistent PCFG [40, p.132℄:
S

0.4
−−→ ǫ

S
0.6
−−→ SS(23) Thm: PCFG 
onsisten
y. (Grenander, Booth&Thompson) Consider the matrix T (G) with rows indexedby N and 
olumns indexed by (→), where for any A ∈ N, r ∈ (→),

T (A, r) =

{

0 if R 6= A → γ (for some γ)

p(r) otherwise.This is sometimes 
alled the �rst-moment matrix for G. Let ρ be the largest eigenvalue of the �rst-momentmatrix for PCFG G. Then G is 
onsistent if |ρ| < 1 and in
onsistent if |ρ| > 1. When |ρ| = 1, G is 
onsistenti� there is no `�nal 
lass' of nonterminals, where a �nal 
lass is a set of nonterminals whi
h, when rewritten,always produ
e at least one other member of the 
lass.2 See [271, 114℄, for algorithms to 
he
k for |ρ| < 1.(24) Does any PCFG (or similar devi
e) de�ne the a
tual frequen
ies of human language senten
es? (no!)Do they `approximate' those of a probabilisti
 model? (what does that mean?)2This result is sometimes attributed to an unpublished te
hni
al report by Ulf Grenander, but it is independently presented in [23℄.It is also 
overed in the text [105℄.



12.4. PCFGS 97(25) We have extended the CKY parsing strategy 
an handle any CFG, and augmented the 
hart entries so thatthey indi
ate the rule used to generate ea
h item and the positions of internal boundaries.We still have a problem getting the parses out of the 
hart, sin
e there 
an be too many of them: we do notwant to take out one at a time!One thing we 
an do is to extra
t just the most probable parse. An equivalent idea is to make all therelevant 
omparisons before adding an item to the 
hart.(26) For any input string, the CKY parser 
hart represents a grammar that generates only the input string. We
an �nd the most probable parse using the Trellis-like 
onstru
tion familiar from Viterbi's algorithm.(27) For any positions 0 ≤ i, j ≤ |input|, we 
an �nd the rule (i, j) : A : X with maximal probability.
(i − 1, ai, i) [axiom]

(i, a, j)
(i, A, j, p)

[reduce1] if A
p
−→ aand ¬∃A

p′

−→ a su
h that p′ > p

(i, B, j, p1) (j, C, k, p2)
(i, A, k, p1 ∗ p2 ∗ p3)

[reduce2] if A
p3−→ BCand ¬∃(i, B′, j, p′

1),
(j, C′, k, p′

2),

A
p′

3−→ B′C′ su
h that
p′

1 ∗ p′

2 ∗ p′

3 > p1 ∗ p2 ∗ p3(28) This algorithm does (approximately) as many 
omparisons of items as the non-probabilisti
 version, sin
ethe redu
e rules require identifying the most probable items of ea
h 
ategory over ea
h span of the input.To redu
e the 
hart size, we need to restri
t the rules so that we do not get all the items in there � and thenthere is a risk of missing some analyses.12.4.1 Exer
isesa. Important properties of PCFGs and of CFGs with other distributions are established in [40℄.b. Train a sto
hasti
 
ontext free grammar with a �treebank,� et
, and then �smooth� to handle the sparse dataproblem: [39, 58, 21℄.
. Transform the grammar to 
arry lexi
al parti
ulars up into 
ategories: [130, 78℄.d. Probabilisti
 Earley parsing and other strategies: [253, 165℄e. Ha
k Viterbi parse sele
tion to make it as fast as possible [150℄f. Instead of �nding the very best parse, use an �n-best� strategy: [38℄ and many others.g. Use multiple information sour
es: [216℄ and many others.Instead of pursuing these topi
s, we will �rst look at grammars that do better than CFGs at de�ning the stru
tureof human language syntax.



98 �12. CONTEXT FREE PARSING: ALL PATHS AT ONCE12.5 Appendix: implementing 
f-
ky(* �le: 
f-
ky.ml
reator: E Stablerupdated: 2008-02-26 09:11:10 PSTpurpose: CKY-like parserthe CKY algorithm for Chomsky normal form (CNF) grammars has an e�
ient matrix-based implementation(using e.g the Floyd-Warshall algorithm to 
ompute the transitive 
losure)but here we implement the more intuitive slightly less e�
ient 
hart-based methodFor a string of length n, we implement the (n+1 * n+1) 
hart with an array.We implement the agenda as a list (i.e. a sta
k)Ea
h time a *new* item is added to the 
hart, it goes onto the agenda too.*)(** print fun
tions for tra
ing � for this i/o, we use an imperative style, with loops **)let re
 printChart 
hart =for i=0 to (Array.length 
hart)-1 dofor j=0 to (Array.length 
hart)-1 do(List.iter (fun
tion x -> Printf.fprintf stdout "(%i,%s,%i)\n" i x j)) 
hart.(i).(j)donedone;;let re
 printAgenda agenda =beginPrintf.fprintf stdout "---agenda:\n";(List.iter (fun
tion (i,x,j) −> Printf.fprintf stdout "(%i,%s,%i)\n" i x j)) agenda;Printf.fprintf stdout "---\n";end;;(* test *)(** END print fun
tions for tra
ing **)let 
fg1 = [("IP",["DP";"I1"℄); ("I1",["I0";"VP"℄); ("I0",["will"℄);("DP",["D1"℄); ("D1",["D0";"NP"℄); ("D0",["the"℄);("NP",["N1"℄); ("N1",["N0"℄); ("N0",["idea"℄);("N1",["N0";"CP"℄);("VP",["V1"℄); ("V1",["V0"℄); ("V0",["suffi
e"℄);("CP",["C1"℄); ("C1",["C0";"IP"℄); ("C0",["that"℄);℄;;(* for e and list, if e not in list then return (newlist,true), else return (list,false) *)let re
 ensureMemberVal e list = mat
h list with[ ℄ −> ([e℄,true)
| x::xs −> if e=xthen (x::xs,false)else let (list,added) = (ensureMemberVal e xs) in (x::list, added);;(* ensure that element e is in 
hart, with added=false if e was already there *)let re
 ensureElementVal (i,e,j) 
hart =let (list,added) = ensureMemberVal e 
hart.(i).(j) inif added thenbegin
hart.(i).(j) <− list;(
hart, added);endelse (
hart, added);;(* add words to the 
hart *)let re
 s
anAll agenda 
hart input i = mat
h input with[ ℄ −> (agenda,
hart)
| word::words −>let (agenda1, ) = ensureMemberVal (i,word,i+1) agenda inlet (
hart1, ) = ensureElementVal (i,word,i+1) 
hart ins
anAll agenda1 
hart1 words (i+1);;



12.6. EXERCISE 99(* test*)let agenda0a0=[ ℄ inlet 
hart0=Array.make matrix 5 5 [ ℄ inlet input = ["the";"idea";"will";"suffi
e"℄ inlet (agenda,
hart) = s
anAll agenda0a0 
hart0 input 0 inbeginprintAgenda agenda;printChart 
hart;end;;(* look for pre
eding 
ategory of right side of 
 expansion, if any, *)(* adding (k,
,j) for ea
h (k,d,i) that is found *)let re
 redu
e2a k d i 
 j 
ell agenda 
hart = mat
h 
ell with[ ℄ −>if k < ithen redu
e2a (k+1) d i 
 j 
hart.(k+1).(i) agenda 
hartelse (agenda,
hart)
| 
at::
ats −>if 
at=d thenlet (
hart1,added) = ensureElementVal (k,
,j) 
hart inif addedthen redu
e2a k d i 
 j 
ats ((k,
,j)::agenda) 
hart1else redu
e2a k d i 
 j 
ats agenda 
hartelse redu
e2a k d i 
 j 
ats agenda 
hart;;(* �nd all redu
tions using elements on agenda,ea
h new value added to 
hart is put on the agenda too*)let re
 redu
e grammar (i,x,j) (agenda,
hart) = mat
h grammar with[ ℄ −> (agenda,
hart)
| (
,[d℄)::rules −> (* redu
e 1 *)if d=x thenlet (
hart1,added) = ensureElementVal (i,
,j) 
hart inif addedthen redu
e rules (i,x,j) (((i,
,j)::agenda),
hart1)else redu
e rules (i,x,j) (agenda,
hart)else redu
e rules (i,x,j) (agenda,
hart)
| (
,[d;e℄)::rules −>if e=xthen redu
e2a 0 d i 
 j 
hart.(0).(i) agenda 
hartelse redu
e rules (i,x,j) (agenda,
hart);
| −> raise (failwith "redu
e: unusable rule");;(* 
all redu
e repeatedly until agenda is empty *)let re
 redu
eAll grammar (agenda,
hart) = mat
h agenda with[ ℄ −> (agenda,
hart)
| (i,x,j)::moreAgendaa −> redu
eAll grammar (redu
e grammar (i,x,j) (moreAgendaa,
hart));;(* make a square array of lists, then �ll it in all possible ways using CKY rules, and print it out *)let re
 
ky grammar input =let n = (List.length input)+1 inlet 
hart0 = Array.make matrix n n [ ℄ inlet (agenda1,
hart1) = redu
eAll grammar (s
anAll [ ℄ 
hart0 input 0) inprintChart 
hart1;;(* tests *)
ky 
fg1 ["the";"idea"℄;;
ky 
fg1 ["the";"idea";"that";"the";"idea";"will";"suffi
e";"will";"suffi
e"℄;;
ky 
fg1 ["the";"idea";"will";"suffi
e"℄;;12.6 Exer
ise(29) The Floyd-Warshall algorithm is one of the basi
 tri
ks every programmer should know. See, e.g. [59, �26.2℄.Implement CKY in O
aml in a way that allows you to use it.
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�13 Beyond phrase stru
ture grammars

plurals
naive English syllable sequences

English semantics?
(acceptable bindings, etc)

English dictionary (nondet)

naive English syntax (nondet)

English syntax (nondet)

morpheme/lexeme sequences (nondet)

Reg CF CS RE non−REFin

(0) Chomsky suggested in the 1950's that CFGs are too restri
tive: they 
an des
ribe some things in humanlanguage only awkwardly, and other things seem impossible.Marie will have -∅ be -en prais -ing PierreWhen we turn to the 
omplexity of des
ription. . . we �nd that there are sim-ple grounds for the 
on
lusion that [rewrite grammars for su
h 
onstru
-tions are℄ fundamentally inadequate. . .We 
an, in fa
t, give a very simpleanalysis . . . but only by sele
ting as elements 
ertain dis
ontinuous strings.(Chomsky 1956, pp119-20)will Marie have -∅ be -en prais -ing Pierre(1) Dut
h also has 
rossing dependen
ies, but here they seem to la
k any prin
ipled, �nite bound [125, 27℄:. . . be
ause I Ce
ilia Henk the hippo saw help feed. . . omdat ik Ce
ilia Henk de nijlpaarden zag helpen voeren(2) Swiss-German also has 
rossing dependen
ies, and here they are synta
ti
ally 
oded in the 
ase agreementrequirements of the verbs [236℄. . . that we the 
hildren Hans the house let help paint. . . das mer d'
hind em Hans es huus lönd hälfe aastrii
he101



102 �13. BEYOND PHRASE STRUCTURE GRAMMARS(3) The language {xx|x ∈ {a, b}∗} is simpler but similar. It is usually shown to be beyond the expressive powerof 
ontext free grammars with the pumping lemma. See, e.g., [239, p119℄ or [118, p279℄.a b b a b b(4) It is natural to regard per
eption as the identi�
ation of invariants, regularities, that allow a simple des
rip-tion.
Marie praises Pierre rpes eaiiPrM rkireeaIn per
eption, we re
ognize 
ertain regularities in per
eptual data. Can we adopt a similar perspe
tive onlanguage?`Symmetri
 �gures' have relatively simple des
riptions, sin
e they 
annot vary along parameters that 
anbe a�e
ted by the designated operations on the plane, the symmetries. It is natural to think that languagere
ognition is similar, ex
ept the ability to identify the simple des
ription is a
quired, with 
onsiderablymore plasti
ity.

Marie praises Pierre ⇒

CPC'C AgrSPDPiMarie AgrS'AgrS TPT'Tjpraises AgrOPDPkPierre AgrO'AgrO
tj

VPDP
ti

V'V
tj

DP
tk(P1a) Can the stru
ture of a senten
e be smaller than the senten
e itself? YesTraditional representations of linguisti
 stru
ture are very redundant!13.0 Minimalist grammars on trees(5) Goal: We would like grammars that allow elegant des
ription of patterns like these but keeping the simpli
ityof CFGs insofar as possible. A �rst step is taken with formal minimalist grammars (MGs) that we willnow de�ne [243, 112, 176℄, inspired by Chomsky's `minimalist program' [50, 51℄.



13.0. MINIMALIST GRAMMARS ON TREES 103
NOT:

DPD1D0the NPN1N0idea NOT: thethe idea But: <the:D idea >spe
i�er <phon:features 
omplement
• The arrows (`order' symbols) <, > �point toward� the head of the phrase.
• The largest subtree with a given head is a maximal proje
tion, or phrase XP.
• Initially, ea
h phrase will have at most one 
omplement, but any number of spe
i�ers.(6) Tentatively, following [243, 245, 246℄, let a minimalist grammar = (Lexi
on,{merge,move}), whereLexi
on: asso
iates vo
abulary with feature sequen
es:vo
abulary (phon+sem) Marie,Pierre,who,praises,. . .
ategory N,V,A,P,C,D,I,. . .sele
tor =N,=V,=A,=P,=C,=D,=I,. . .li
ensor +wh,+
ase,. . .li
ensee -wh,-
ase,. . .in the order word::features∗Examples: Marie::Dwho::D -whpraises::=D =D V

ǫ::=I +wh C(5a) Merge triggered by =X, atta
hes X on right if simple, left otherwisepraises::=D =D V + Pierre::D ⇒ <praises:=D V Pierre<praises:=D V Pierre+ Marie::D ⇒ >Marie <praises:V PierreEa
h stru
ture building operation applies to expressions, deleting a pair of features (shown in red), and building headedbinary tree stru
tures like those shown here, with the order symbols �pointing� towards the head.The features are deleted in order, and the only a�e
ted features are those on the head of the two arguments.Here and throughout, when writing an item of the form string:features, when features is empty, I often write just string.(5b) Move triggered by +f, moving maximal -f sub
onstituent to spe
i�er:<
ǫ:+wh C >Marie <praises <whi
h:-wh student ⇒

><whi
h student <
ǫ:C >Marie <praises



104 �13. BEYOND PHRASE STRUCTURE GRAMMARS(SMC) Move 
annot apply unless there is exa
tly 1 head with -f feature �rstWhen the head of an expression begins with +f, and there is exa
tly one other node N in the tree with -f as its �rst feature,we take the phrase that has N as its head and move it up to the left.This is a unary, simpli�
ation step, but like merge, it deletes a pair of features and adds an �arrow�.Noti
e that we use :: in lexi
al items and : on the leaves of larger trees � this distin
tion is ne
essary now, but will be usefullater.(7) example MG1, with 7 lexi
al items.0 Pierre::D who::D -wh 41 Marie::D ǫ::=V +wh C 52 praises::=D =D V and::=C =C C 63 ǫ::=V C steps 1,2,3merge(2,4)= 7<praises:=D V who:-wh merge(7,1)= 8>Marie <praises:V who:-wh
merge(5,8)= 9<

ǫ:+wh C >Marie <praises who:-wh
V'Vpraises DPD'Dwho

VPDPD'DMarie V'Vpraises DPD'Dwho
C'C VPDPD'DMarie V'Vpraises DPD'Dwhostep 4move(9)= 10>who <

ǫ:C >Marie <praises
CPDP0D'Dwho C'C VPDPD'DMarie V'Vpraises DPt0

A tree is 
ompleted i� it has just 1 
ategory symbol left, the �senten
e� or �start� 
ategory



13.1. MINIMALIST GRAMMARS: BASIC PROPERTIES 10513.1 Minimalist grammars: basi
 propertiesexample 1 extended: knows::=C =D V
<

ǫ:C >Pierre <knows >who < >Marie <
riti
izes

CPC'C VPDPD'DPierre V'Vknows CPDP0D'Dwho C'C VPDPD'DMarie V'V
riti
izes DPt00 Pierre::D who::D -wh 41 Marie::D ǫ::=V +wh C 52 praises::=D =D V and::=C =C C 63 ǫ::=V C knows::=C =D V 7Pierre knows who Marie 
riti
izesPierre knows who 
riti
izes Mariewho knows Marie 
riti
izes Pierrewho Pierre knows Marie 
riti
izes (needs do-support)who Pierre knows 
riti
izes Marie*who Pierre knows who 
riti
izes (by SMC!)SMC immediately gives us a kind of `relativized minimality' e�e
t where the domains are determined by the identitiesof the li
ensee/li
ensor pairs [222, 223℄. Challenges: multiple wh-movements, et
.



106 �13. BEYOND PHRASE STRUCTURE GRAMMARS(8) Easy 
onstru
tions easily de�ned: subje
ts before obje
ts, question words tend to be initial.[Subje
t [VP℄℄ [Wh [Senten
e℄℄=O =S V =I +wh C>S <V O >wh <C IPThis 
laim about SVO is 
lassi
ally dis
ussed in [12, 106℄. Getting something like [[S V℄ O℄ is not impossible butharder than [S [V O℄℄, in the sense of requiring a larger grammar and more derivational steps. (We get a dire
trelation between grammar size and derivation 
omplexity in these systems, sin
e ea
h derivation step 
he
ks anddeletes exa
tly 2 features.)In Hungarian verbal 
omplexes,
• Nemnot fogokwill-1s akarniwant-inf kezdenibegin-inf haza-mennihome-go-infV1 V2 M-V3 123 132 321 *213 Koopman & Szabol
si [156℄And, a
ross languages,D Num A N 1234 4123 4321 *4213 Greenberg [106℄1::=2 1 2::=3 2 3::3<1:1 <2 3Claim. What re-orderings 
an we get with movement? 5 out of the 6. We 
annot get *213(That is, we get these by movement alone, with no empty heads involved.)
• Greenberg says: . . . when any of the items (demonstrative, numeral, and des
riptive adje
tive) pre
ede the noun,they are always found in that order. If they follow, the order is either the same or the exa
t opposite1::=2 1 2::=3 2 3::=4 3 4Claim. What re-orderings 
an we get with movement? 15 out of the 24. We 
annot get *4213Exer
ise 1. Produ
e the grammars and the derivations for the possible orderings of 123,



13.2. EXAMPLE: SOVI �NAIVE TAMIL� 10713.2 Example: SOVI �Naive Tamil�
IP

IP

PredP

I feature checking

VP

I[I]

We have only phrasal movement, not the head movement that many linguists use to position in�e
tion. But somelinguists have 
onsidered the possibility that in�e
tion is positioned by phrasal movement.For example, Mahajan [166℄ 
onsiders the possibility that the verb gets pla
ed next to in�e
tion by phrasal move-ment. Assuming that the Subje
t and Obje
t are already in the VP (a �VP-shell�) before this movement happens,we 
an derive a very simple SOVI order with the lexi
al items here.Noti
e that the -s in the string 
omponent of an expression signals that this is an a�x, while the -v in the featuresequen
e of an expression signals that this item must move to a +v li
ensing position.<
ǫ:C >>Marie:ǫ >Pierre:ǫ <

ǫ praise<-s
CPC IPPredP1DPMarie PredPDPPierre Pred'Pred vPpraise

I'I-s PredPt1
Pierre::D Marie::Dpraise::v 
riti
ize::v
ǫ::=I C -s::=Pred +v I
ǫ::=v =D =D Pred -vThis simple proposal just intended to show one way that the most basi
 idea of Mahajan's proposal 
ould been
odedExer
ise 2. Display the step-by-step derivation of this stru
ture.



108 �13. BEYOND PHRASE STRUCTURE GRAMMARS13.3 Example: Cable on Tlingitmainly SOV, head-�nal: post-positions; possessors pre
ede possessed; adje
tives pre
ede nouns; aux follows main V(9) Obligatory sáa. Daawhat *(sá)Q aawaxaahe.ate.it iyour éesh?father`What did your father eat?'b. Goodéiwhere.to *(sá)Q kkwagút?I.will.go`Where will I go?'(10) sá to right of wh-worda. Aadóowho yaaguboat sáQ ysiteen?you.saw.it`Whose boat did you see?'(11) but not anywhere to righta. [aadóowho jeet℄hand.to sáQ [wéthat sakwnéin℄bread aawateehe.bought.it`Who did he give the bread to?'b. *who [aadóohand.to jeet℄that [wébread sakwnéin℄Q sáhe.bought.it aawatee(12) All questioned elements are fronteda. [aadóowho sá℄1Q [daawhat sá℄2Q [t1 yéiuwajéethey.think [t2 dutheir jeehand yéiteeyí℄℄it.is.there`Who thinks they have what?'(13) Sá proje
ts a QP over the phrase 
ontaining the wh-word(14) Wh-fronting is not dire
tly `triggered' by any properties of the wh-word. Rather, it is due to the propertiesof a distin
t, formal element: a `Q-parti
le'

(15) a. how to get [DP Q℄ but [C IP℄, [D NP℄? (we 
ould assume that Q has a q `layer')b. how to properly sele
t [DP Q℄, [PP Q℄, [IP Q℄? (those will all need to be di� 
ategories)
. how to get multiple questions?I eesh::D daa::D adoo::=N D yaagu::Naloon::V ysiteen::V sa::=q Q -q ǫ::q
ǫ::=I C ǫ::=v +v I
ǫ::=V =D =D v -v ǫ::=V =Q =D v -v ǫ::=V =D =Q v -v



13.4. EXAMPLE: ADJECTIVE ORDERS 109CPQP(1)DPD'Ddaa Q'Qsa qPq'q
C'C IPvP(0)DPD'Di eesh v'QPt(1) v'v VPV'Valoon

I'I vPt(0) >>daa <sa <
ǫ:C >>i eesh > <aloon <

CPQP(1)DPD'Dadoo NPN'Nyagoo
Q'Qsa qPq'q

C'C IPvP(0)DPD'Di eesh v'QPt(1) v'v VPV'Valoon
I'I vPt(0) >><adoo yagoo <sa <

ǫ:C >>i eesh > <aloon <
Exer
ise 3. Display the step-by-step derivation of one of these stru
tures.13.4 Example: Adje
tive orders(16) Dimitrova, Vul
hanova & Giusti [71℄ observe some near symmetries in the nominal systems of English andRoman
e, symmetries that have interesting variants in the Balkan languages. 1It is interesting to 
onsider whether the restri
ted grammars we have introdu
ed � grammars with onlyovert, phrasal movement � 
an at least get the basi
 word orders.In fa
t, this turns out to be very easy to do. The adje
tives in English order appear in the preferred order,poss>
ard>ord>qual>size>shape>
olor>nationality>nwith (partial) mirror 
onstru
tions:a. an expensive English fabri
b. un tissu anglais 
her(17) sometimes, though, other orders, as in Albanian:a. njëa fustandress fantastikfantasti
 blublueb. fustan-idress-the fantastikfantasti
 blublue(18) AP 
an sometimes appear on either side of the N, but with a (sometimes subtle) meaning 
hange:a. un bon 
hef (good at 
ooking)b. un 
hef bon (good, more generally)(19) s
opal properties, e.g. obstinate>young in both1Cf. also [240℄, [262℄, [55℄.



110 �13. BEYOND PHRASE STRUCTURE GRAMMARSa. an obstinate young manb. un jeune homme obstinéTo represent these possible sele
tion possibilities elegantly, we use the notation >poss to indi
ate a featurethat is either poss or a feature that follows poss in this hierar
hy. And similarly for the other features, so>
olor indi
ates one of the features in the set >
olor={
olor,nat,n}. (We may return to a more generaland prin
ipled a

ount of this kind of ordering of 
ategories later.)We also put a feature (-f) in parentheses to indi
ate that it is optional.% English % Fren
ha(n)::=>poss d -
ase un:: =>poss d -
aseexpensive::=>qual qual 
her::=>qual +f qual (-f)English::=>nat nat anglais:: =>nat +f nat (-f)fabri
::n tissu::n (-f)bon:: =>qual (+f) qual (-f)
hef:: n (-f)% Albaniani:: =>poss +f d -
asenje:: =>poss d -
asefantastik:: =>qual (+f) qualblu:: =>
olor 
olorfustan:: n -fThis grammar gets the word orders shown in (16-18).The 4 English lexi
al items allow us to derive [a fabri
℄, [an expensive fabri
℄ and [an expensive English fabri
℄ asdeterminer phrases (i.e. as trees with no un
he
ked synta
ti
 features ex
ept the feature d), but NOT: [an Englishexpensive fabri
℄.The �rst 4 Fren
h items are almost the same as the 
orresponding English ones, ex
ept for +f,-f features thattrigger inversions of exa
tly the same sort that we saw in the approa
h to Hungarian verbal 
omplexes in [245℄. Toderive [un tissu℄, we must use the lexi
al item n tissu � that is, we 
annot in
lude the optional feature -f, be
ausethat feature 
an only be 
he
ked by inversion with an adje
tive. The derivation of [un [tissu anglais℄ 
her℄ has thefollowing s
hemati
 form:i. [anglais tissu℄ −→ (nat sele
ts n)ii. [tissui anglais ti℄ −→ (nat triggers inversion of n)iii. 
her [tissui anglais ti℄ −→ (qual sele
ts nat)iv. [[tissui anglais ti℄j 
her tj℄ −→ (qual triggers inversion of nat)v. un [[tissui anglais ti℄j 
her tj ℄ −→ (d sele
ts qual)(The entries for bon, on the other hand, derive both orders.) So we see that with this grammar, the APs are indi�erent stru
tural 
on�gurations when they appear on di�erent sides of the NP, whi
h �ts with the (sometimessubtle) semanti
 di�eren
es.The lexi
al items for Albanian show how to get English order but with N raised to one side or the other of thearti
le. We 
an derive [nje fustan fantastik blu℄ and [fustan-i fantastik blu℄ but not the other, impossible orders.NB: we will use the symbol => for a di�erent purpose later.



13.5. EXAMPLE RELATIVE CLAUSES ACCORDING TO KAYNE. 111
<an:d <expensive <english fabri


dPd'dan qualPqual'qualexpensive natPnat'natenglish nounPnoun'nounfabri

<un:d >>tissu <anglais <
her

dPd'dun qualPnatP(1)nounP(0)noun'nountissu
nat'natanglais nounPt(0)

qual'qual
her natPt(1)
<nje:d >fustan <fantastik <blu

dPd'dnje qualPnounP(0)noun'nounfustan
qual'qualfantastik 
olorP
olor'
olorblu nounPt(0)Compare the work on adverbs by Cinque et al [55, 56℄13.5 Example Relative 
lauses a

ording to Kayne.As noted just above, we 
an 
apture order preferen
es among adje
tives by assuming that they are heads sele
tingnominal phrases rather than left adjun
ts of nominal phrases. The idea that some su
h adjustment is neededpro
eeds from a long line of interesting work in
luding [15, 262, 240, 140, 200, 55, 71℄.Sin
e right adjun
ts are not generated by our grammar, [140, �8℄ proposes that the raising analyses of relative
lauses look most promising in this framework, in whi
h the �head� of the relative is raised out of the 
lause. Thiskind of analysis was independently proposed mu
h earlier be
ause of an apparent similarity between relative 
lausesand 
ertain kinds of fo
us 
onstru
tions [231, 263, 1, 19℄:1. a. This is the 
at that 
hased the rat



112 �13. BEYOND PHRASE STRUCTURE GRAMMARSb. It's the 
at that 
hased the rat2. a. * That's the rat that this is the 
at that 
hasedb. * It's that rat that this is the 
at that 
hased3. a. Sunperf.3pl gayatell waiobj yaron
hild (Hausa)`they told the 
hild'b. yaron
hild darel suka3pl gayatell waiobj`the 
hild that they told'
. yaron
hild nefo
us suka3pl gayatell waiobj`it's the 
hild that they told'4. a. nag-dalaagt-bring angtopi
 babayiwoman sangobj bata
hild (Ilonggo)`the woman brought a 
hild'b. babanyiwoman ngarel nag-dalaagt-bring sangobj bata
hild`a woman that brought a 
hild'
. angtopi
 babanyiwoman ngarel nag-dalaagt-bring sangobj bata
hild`it's the woman that brought a 
hild'The suggestion is that in all of these 
onstru
tions, the fo
used noun raises to a prominent position in the 
lause.In the relative 
lauses, the 
lause with the raised noun is the sister of the determiner; in the 
lefts, the 
lause is thesister of the 
opula.We 
ould assume that these fo
used elements land in separate fo
us proje
tions, but for the moment let's assumethat they get pulled up to the CP.(20) Kayne assumes that the relative pronoun also originates in the same proje
tion as the promoted head, sowe get analyses with the stru
ture:a. The hammeri [whi
h ti]j [tjbroke th]k [the window]h tkb. The windowi [whi
h ti]j [the hammer]h [thbroke tj]k tkWe 
an obtain this kind of analysis by allowing noun heads of relative 
lauses to be fo
used, entering thederivation with some kind of fo
us feature -f.
ǫ::=t 
 ǫ::=t +whrel 
rel

ǫ::=pred +
ase tthe::=n d -
ase the whi
h::=n +f d -
ase -whrelthe::=
rel d -
asehammer::n hammer::n -fwindow::n window::n -f
ǫ::=v +
ase 
ase
ǫ::=tr =d pred
ǫ::=
ase +tr trbroke::=d v -trNB: fo
used lexi
al items in the se
ond 
olumn.



13.5. EXAMPLE RELATIVE CLAUSES ACCORDING TO KAYNE. 113<
ǫ:
 ><the hammer < > <fell


P
 tPdP1dthe nPhammer t't predPdPt1 pred'pred vPfellExer
ise 4. Display the step-by-step derivation of the stru
ture above.<
ǫ:
 ><the hammer < > < ><broke < ><the window <


P
 tPdP3dthe nPhammer t't predPdPt3 pred'pred trPvP2vbroke dPt1 tr'tr 
asePdP1dthe nPwindow 
aseP
ase vPt2Exer
ise 5. Display the step-by-step derivation of the stru
ture above.<
ǫ:
 ><the >>hammer <whi
h < > < > < ><broke < ><the window <

< > <fell



114 �13. BEYOND PHRASE STRUCTURE GRAMMARS
P
 tPdP5dthe 
relPdP4nP3hammer dPdwhi
h nPt3

rel'
rel tPdP4t4 t't predPdPt4 pred'pred trPvP2vbroke dPt1 tr'tr 
asePdP1dthe nPwindow 
aseP
ase vPt2

t't predPdPt5 pred'pred vPfell

(21) Buell [35℄ shows that Kayne's analysis of relative 
lauses does not extend easily to Swahili. In Swahili, it is
ommon to separate the NP head of the relative 
lause from the relative pronoun -
ho:a. Hiki7.this ni
op kitabu7.book ni-1s.subj- li-past- 
ho-7.o.relpro ki-7.obj- somaread`This is the book that I read'b. Hiki7.this ni
op kitabu7.book ni-1s.subj- ki-7.obj- somaread -
ho-7.o.relpro read`This is the book that I read'Other 
ritiques of Kayne are presented in [24℄ and some of them are answered in [19℄ and elsewhere. . .



13.6. SUMMARY 11513.6 Summary
• vo
abulary Σ = {every,some,student,...}
• types T ={::, :} �lexi
al� and �derived,� respe
tively
• synta
ti
 features F :C, T, D, N, V, P,... (sele
ted 
ategories)=C, =T, =D, =N, =V, =P,... (sele
tor features)+wh, +
ase, +fo
us,... (li
ensors)-wh, -
ase, -fo
us,... (li
ensees)
• expressions E: trees with non-root nodes {<,>}, leaves Σ∗ × T × F ∗

• Notation:
t[f ] = tree with 1st feature f at its head,so then t is the result of removing f from t[f ] and 
hanging the type :: to :
t{t1/t2} = the result of repla
ing t1 by t2 in t

t>1 = the maximal proje
tion of the head of t1

ǫ = the 1 node tree labeled with no synta
ti
 or phoneti
 features
• a minimalist grammar on trees G=〈Lex, {merge,move}〉, where
• lexi
on Lex ⊂ Σ∗ × {::} × F ∗, a �nite set of 1-node trees
• merge(t1[=
], t2[
]) =























<
t1 t2 if t1 has exa
tly 1 node>
t2 t1 otherwisemove(t1[+f]) =

>
t>2 t1{t2[-f]>/ǫ}

if (SMC) only one head has -fas its �rst featureThis was how we de�ned the rules. The idea is that these rules should be invariant a
ross languages.
• All variation is lexi
al. So parameters of variation will have to be 
aptured in the requirements of lexi
al items.One line of work 
oming from Pollo
k, Borer, Rizzi suggests that the parameters are the requirements of thefun
tional 
ategories
• Note that MGs are 
losed under unions, so this allows the fun
tional 
ategories of di�erent grammars to bepresent at on
e, used by the same me
hanism (and so this also predi
ts that 
ode-swit
hing should be possible).It is not so 
lear how the idea that language involves di�erent UG settings � swit
hes on some 
ontrol me
hanism� 
an a

omodate diglossia.
• All movement is phrasal, overt, upward and to the left, with lo
ality given by this simple SMC.
• All stru
ture-building is feature-driven. This is something we 
ould try to adjust later, when we 
an repla
ethe features by a 
hara
terization of the properties of expressions in whi
h the stru
ture-building operations
an apply. That is, we 
an think of the features as now expli
itly labelling something that 
ould a
tually followfrom something else.These grammars are very `simple' by linguisti
 standards, but there is a lot going on here! We 
an do very mu
hbetter.
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�14 Minimalist grammars (MGs)

plurals
naive English syllable sequences

English dictionary (nondet)

naive English syntax (nondet)

morpheme/lexeme sequences (nondet)

English semantics?
(acceptable bindings, etc)

?? English syntax (nondet)

Reg CFFin non−RERECSMCS

(0) The `
rossing 
orresponden
es' in Lxx = {xx| x ∈ {a, b}+} are beyond the power of CFGs:
a  b  c  a  b  c (1) Various kinds of redupli
ation and similar 
rossing dependen
ies in natural languages:English [42℄: John will have -∅ be -en eat -ing pieDut
h [125, 27℄: . . . be
ause I Ce
ilia Henk the hippo saw help feed. . . omdat ik Ce
ilia Henk de nijlpaarden zag helpen voerenSwiss-German [236℄: . . . that we the 
hildren Hans the house let help paint. . . das mer d'
hind em Hans es huus lönd hälfe aastrii
he

English [99℄: we're not LIVING TOGETHER living together
Bambara [61℄: `whatever dog' w u l u -o- w u l u

117



118 �14. MINIMALIST GRAMMARS (MGS)Pima [218℄: mountain lion -s g e g e v h o(2) If redupli
ation is easy and natural, we might expe
t it to apply re
ursively, whi
h yields an `exponential'kind of pattern like this:
L = {a, aa, aaaa, aaaaaaaa, . . .} = {a2n

|n ≥ 0}.This kind of pattern is hard to �nd de�nitive eviden
e for, but there is suggestive eviden
e of this kind ofredupli
ation in both syntax [152, 20, 177℄ and phonology [32, 260℄. If we need this, MGs are not powerfulenough. (We will 
onsider several extensions of MGs. . . )14.0 Context sensitive languages(3) A 
ontext sensitive rewrite grammar is a rewrite grammar where the rules have the form s → t where
|s| ≤ |t|, or else S → ǫ where S is the `start 
ategory'.(4) Consider the following 
ontext sensitive grammar, for example:

V = {a, b} Cat = {S, L, M, X, Y, Q, R}

S → aSX S → bSY S → LQ S → MR
QX → XQ RX → XR QY → YQ RY → YR
LX → LQ MX → MQ LY → LR MY → MR
L → a M → b Q → a R → bMattes
u and Salomaa [171℄ show that this grammar generates the simple non-
ontext-free language Lxx =

{xx| x ∈ {a, b}+}, the language 
onsisting of strings 
omprising two 
opies of any non-empty string of a'sand b's. This grammar has derivations like the following:
S ⇒ aSX ⇒ aaSXX ⇒ aaMRXX ⇒ aaMXRX ⇒ aaMXXR

⇒ aaMXXb ⇒ aaMQXb ⇒ aaMXQb ⇒ aaMXab ⇒ aaMQab
⇒ aabQab ⇒ aabaab(5) It would be ni
e to present this derivation in some kind of phrase stru
ture tree, but it is not 
lear how toportray the a
tion of the non-CF rules. We 
ould try something like this:

S

a S X

a S X

M R

X R

X R

b

M Q

X Q

aM Q

abIt is not obvious how to identify the �
onstituents� in a derivation like this.



14.1. `MILDLY CONTEXT SENSITIVE' MGS 119(6) Context sensitive rewrite grammars 
an de�ne languages that are intra
table in the te
hni
al sense thatthey 
annot be re
ognized in polynomial time [158, 135℄, and apparently non-human-like languages like
{an| n is prime} and

L = {a, aa, aaaa, aaaaaaaa, . . .} = {a2n

|n ≥ 0}.(7) Simple `redupli
ating' languages like Lxx 
an also be de�ned with rules that apply to 
onstituents regardlessof 
ontext, if the 
onstituents have more stru
ture than strings (like trees, or tuples of strings) or if the rules
an analyze and test the string 
omponents of their arguments. We will see this in the MCS grammars.14.1 `Mildly 
ontext sensitive' MGs(8) To 
onstru
t an MG for Lxx = {xx| x ∈ {a, b}+} is slightly 
ompli
ated. We use movement to keep the twohalves of ea
h senten
e `syn
hronized' during the derivation.So we will let ea
h stru
ture have a substru
ture with two pie
es that 
an move independently.Call the features triggering the movement -l(eft) and -r(ight).and then the re
ursive step 
an be pi
tured as having two 
ases, one for AP's with terminal a and one forBP's with terminal b, like this:
c −l

a

A −r

a

+l

+r A’

−l −r

TP

T’

AP

TP

+l

+r

−l −r

c −l

b

B −r

B’

b

TP

T’

BP

TPNoti
e that in these pi
tures, the start 
ategory T has a +l and a -l, while A and B ea
h have a +r and -r.That makes the situation ni
ely symmetri
. We 
an read the lexi
al items o� of these trees:a::=A +l T -l b::=B +l T -l ba::=T +r A -r b::=T +r B -rWith this re
ursion, we only need to add the base 
ase. Sin
e we already have re
ursive stru
tures thatexpe
t CPs to have a +r and -r, so we just need
ǫ::=T +r +l Tto �nish the derivation, and to begin a derivation, we use one of these:

ǫ::T -r -l ǫ::TThis grammar, has just 7 lexi
al items. (See if you 
an �nd a simpler formulation!)>>> <a <b >>> <a <b <
ǫ:T

TPTP(4)TP(2)TP(0)T'T T'Ta APt(1) T'Tb BPt(3) T'BP(3)AP(1)TP(0)t(0) A'Aa TPt(0) B'Bb TPt(2) T'T TPt(4)



120 �14. MINIMALIST GRAMMARS (MGS)14.2 MG derivations
MG = 〈Lexicon, {merge, move}〉 where Lexi
on varies but the generating fun
tions are �xedstru
tures S(G) = closure(Lexicon, {merge,move})
ompleted stru
tures = trees t ∈ S(G) with exa
tly 1 feature, the `start' 
ategory at the headsenten
es L(G) = phoneti
 yields of 
ompleted stru
turesA standard derivation tree shows how any expression is derived, with lexi
al items at the leaves and derivedelements at the internal nodes. For example, the �rst derivation we 
onsidered was this one:

<

who:−whpraises:=D V

>

<

who:−wh

Marie

praises:V

who::D −whpraises::=D =D V

>

<

who:−wh

Marie

<

>

<Marie

<

praises

praises

>

who

Marie::DPSfrag repla
ements

ǫ:C
ǫ:+wh C
ǫ::=V +wh C

(9) Note these properties of MG derivation trees:a. MG derivation trees do not generally have the same shape or the same number of nodes as the derivedtrees that label their root nodes.b. MG derivation trees have a binary bran
h for every merge, and a unary bran
h for every move.(10) MGs have these properties:a. All variation is lexi
al. So parameters of variation will have to be 
aptured in the requirements oflexi
al items. One line of work 
oming from Pollo
k, Borer, Rizzi suggests that the parameters are therequirements of the fun
tional 
ategoriesb. All languages underlyingly have the order spe
-head-
omp.
. All movement is overt, phrasal, to a leftward and 
-
ommanding position, with a lo
ality 
ondition(SMC) relativized to the nature of the movement.d. MGs regarded as sets of lexi
al items are obviously 
losed under unions, so this allows the fun
tional
ategories of di�erent grammars to be present at on
e, used by the same me
hanism (and so this alsopredi
ts that 
ode-swit
hing should be possible). It is not so 
lear how the idea that language involvesdi�erent UG settings � swit
hes on some 
ontrol me
hanism � 
an a

omodate diglossia.e. All stru
ture-building is feature-driven. Does this have any 
onsequen
es? (We will return to thisquestion later)



14.3. WHAT DO DERIVED STRUCTURES REPRESENT? 121These grammars may be `simple' by linguisti
 standards, but there is a lot going on here! We 
an simplifythese mu
h more without 
hanging the language de�ned or the stru
ture of the derivation.(11) Noti
e that MG derivations are pre
isely de�ned, so that:a. An expression is lexi
al i� it has 1 nodeb. An n-step 
ompleted derivation uses lexi
al items that have 2n + 1 synta
ti
 features
. If merge(X,Y) is de�ned then neither move(X) nor move(Y) isd. If X has i nodes, Y has j nodes, and merge(X,Y) is de�ned,then merge(X,Y) has i + j + 1 nodese. If X has i nodes, and move(X) is de�ned, then move(X) has i + 2 nodesf. If X has i features, Y has j features, and merge(X,Y) is de�ned,then merge(X,Y) has i + j − 2 featuresg. If X has i features and move(X) is de�ned, move(X) has i − 2 features(12) Lexi
al items that 
an be used in 
ompleted derivations have 
ertain properties:a. No 
ompleted derivation uses any lexi
al item whose �rst feature is a li
ensorb. No 
ompleted derivation uses any lexi
al item with 0 
ategories
. No 
ompleted derivation uses any lexi
al item with 2 
ategoriesd. No 
ompleted derivation uses any lexi
al item with a sele
tion or li
ensor feature following a 
ategorye. No 
ompleted derivation uses any lexi
al item with a li
ensee feature pre
eding a 
ategoryLexi
al items that o

ur in 
ompleted derivations have this stru
ture:
X=C

spec category
required

−f

licenseescomp
(opt) (any #) (any #)

word :: =S
+f

left of 
ategory (sele
tors, li
ensors) de�nes phrase-internal requirements;right of the 
ategory (li
ensees) de�nes phrase-external requirements. Only the 
ategory feature is alwayspresent.14.3 What do derived stru
tures represent?
<

ǫ:+wh C >Marie <praises who:-wh
C'C VPDPD'DMarie V'Vpraises DPD'DwhoIn the 
ourse of a derivation from an MG, we get to stru
tures like the one on the left, whi
h is mu
h simpler than the oneon the right. But still, there are many empty nodes here, and lots of bran
hing. We want to ask: what does the syntax needto be able to see in this stru
ture?The syntax needs know (i) the features of the head, and (ii) needs to be able to �nd the sub
onstituent that is going to move.Roughly, the syntax needs to be able to see (i) the phrases with non-empty synta
ti
 feature sequen
es at their heads, and(ii) what those feature sequen
es are. This is rough, be
ause the moving phrases in e�e
t need to be movable. Let's explainthis. . .



122 �14. MINIMALIST GRAMMARS (MGS)14.4 Trees and labeled 
ategorizations<
ǫ:+wh C >Marie <praises who:-wh [< (ǫ:+wh C) Marie praises (who:-wh)℄[< [ǫ:+wh C℄ [>Marie praises (who:-wh)℄℄[< [ǫ:+wh C℄ [>Marie [<praises (who:-wh)℄℄℄[< [ǫ:+wh C℄ [>[Marie℄ [<[praises℄ [who:-wh℄℄℄℄ roughly: we do not need bra
keting ofelements with no synta
ti
 features leftA tree 
an be represented by a labeled bra
keting, at various levels of detail. A tree is a stru
ture that stores a set of
ategorized strings.The question now is: What does the syntax need to be able to see in this stru
ture?Intuitively, the syntax needs know (i) the features of the head, and (ii) it needs to be able to �nd the sub
onstituent that isgoing to move.So roughly and more generally, the syntax needs to be able to see (i) the phrases with non-empty synta
ti
 feature sequen
esat their heads, and (ii) what those feature sequen
es are. This is rough, be
ause the moving phrases in e�e
t need to bemovable. Let's explain this. . .14.5 Merge: two di�erent 
ases

praises::=D =D V + Pierre::D ⇒ <praises:=D V Pierre
praises::=D =D V + who::D -wh ⇒ <praises:=D V who:-whunlike Pierre, the DP who is a moverse
ond result has 2 a
tive `
hains'In both 
ases, merge applies to give us simple 3 node derived trees, but these two results are importantly di�erent. In the�rst 
ase, nothing in the grammar 
an ever separate praises from Pierre. But in the se
ond 
ase, who 
an be separated, andits features need to be visible to the grammar.



14.6. THE ESSENTIALS OF DERIVED STRUCTURE 12314.6 The essentials of derived stru
turewhat the syntax must see<praises:=D V Pierre ≡ praises Pierre:=D V<praises:=D V who:-wh ≡ praises:=D V, who:-wh<
ǫ:+wh C >Marie <praises who:-wh ≡ Marie praises:+wh C, who:-whThe syntax does not need the tree stru
ture at all: ea
h 
onstituent 
an be represented by the phrase built so far, plus themoving phrases that have not yet been pla
ed in their �nal positions.In short: ea
h tree 
an be repla
ed by a tuple of 
ategorized strings. (To redu
e notational 
lutter, we do not bra
ketthe tuples, but the 
ommas are important!)Ea
h 
ategorized string in any expression generated by the grammar 
an be 
alled a �
hain.� It represents a 
onstituent thatmay be related to other positions by movement. So ea
h tree is repla
ed by a tuple of 
hains.The �traditional� approa
h to parsing movements involves passing dependen
ies (sometimes 
alled �slash dependen
ies�be
ause of the familiar slash notation for them) down to 
-
ommanded positions, in 
on�gurations roughly like this:
p...dp[wh℄... ip/dpGlan
ing at the trees in the previous se
tions, we see that this method 
annot work: there is no bound on the number ofmovements through any given part of a path through the tree, landing sites do not 
-
ommand their origins, et
. Thisintuitive di�eren
e also 
orresponds to an expressive power di�eren
e, as pointed out just above: minimalist grammars
an de�ne languages like anbncndnen whi
h are beyond the expressive power of TAGs, CCGs (as formalized in Vijay-Shanker and Weir 1994), and standard tra
e-passing regimes.14.7 �rst example derivation, reformulatedLexi
on: 1 Marie::D who::D -wh 42 praises::=D =D V ǫ::=V +wh C 5Derivation, 4 steps: merge( 2 , 4 ) = praises:=D V, who:-wh Amerge( A , 1 ) = Marie praises:V, who:-wh Bmerge( 5 , B ) = Marie praises:+wh C, who:-wh Cmove( C ) = who Marie praises:C DWe now have three ways of looking at what happened here:



124 �14. MINIMALIST GRAMMARS (MGS)CPDP0D'Dwho C'C VPDPD'DMarie V'Vpraises DPt0 >who <
ǫ:C >Marie <praises

who Marie praises:CMarie praises:+wh C,who:-wh
ǫ::=V +wh C Marie praises:V,who:-whpraises:=D V,who:-whpraises::=D =D V who::D -whMarie::D

In elementary syntax we use informal grammars with X-bar trees something like we have on the left.The formal MGs 
an, in 4 steps, derive �bare trees� like the one in the middle, de�ning the same X-bar trees.Now we see that the bare trees 
an be repla
ed by `tuples'. With this representation, the two trees on the left arerepresented by the root node of the derivation tree on the right. The �rst two trees are derived trees, but treeon the right is a derivation tree showing all 4 steps of the derivation. Noti
e that this derivation tree has exa
tlythe same shape as the derivation tree for bare trees shown on the �rst page. The bran
hing steps are merges, thenon-bran
hing step is the move, the leaves are lexi
al items.Thm: The lexi
ons of bare tree MGs and tuple MGs are identi
al, and the derivations 
orrespond in this way.There is a fun
tion f from bare trees to tuples su
h that1. f is the identity fun
tion on lexi
al items,2. every tuple MG derivation tree is just the result of relabeling a bare tree MG derivation tree using f , and3. f maps any 
ompleted tree with yield s to s : C, where C is the start 
ategory, and4. for any parti
ular lexi
on G, every 
ompleted tuple MG derivation tree is the value of f applied to a 
ompletedbare tree MG derivation tree.So the tuple formulation of MGs de�nes exa
tly the same senten
es in exa
tly the same way (with a derivation treeof exa
tly the same shape) as the bare tree formulation of MGs.14.8 minimalist grammar on tuples G=〈Lex,{merge,move}〉
• vo
abulary Σ = {every,some,student,...}
• types T ={::, :} (`lexi
al' and `derived', respe
tively)
• synta
ti
 features F of four kinds:C, T, D, N, V, P,... (sele
ted 
ategories)=C, =T, =D, =N, =V, =P,... (sele
tor features)+wh, +
ase, +fo
us,... (li
ensors)-wh, -
ase, -fo
us,... (li
ensees)
• 
hains C = Σ∗ × T × F ∗

• expressions E = C∗

• lexi
on Lex ⊂ Σ∗ × {::} × F ∗, a �nite setmerge: (E × E) → E is the union of the following 3 fun
tions,for · ∈ {:, ::}, γ ∈ F ∗, δ ∈ F+



14.9. EXAMPLE 4: A LOGICAL LANGUAGE 125
s :: =fγ t · f, α1, . . . , αk merge1: lexi
al item sele
ts a non-mover

st : γ, α1, . . . , αk

s : =fγ, α1, . . . , αk t · f, ι1, . . . , ιl merge2: derived item sele
ts a non-mover
ts : γ, α1, . . . , αk, ι1, . . . , ιl

s ·=fγ, α1, . . . , αk t · fδ, ι1, . . . , ιl merge3: any item sele
ts a mover
s : γ, α1, . . . , αk, t : δ, ι1, . . . , ιlHere, α1, . . . , αk, ι1, . . . , ιl (0 ≤ k, l) are any 
hains.Noti
e that the domains of merge1, merge2, and merge3 are disjoint, so their union is a fun
tion.move: E → E is the union of the following 2 fun
tions,for γ ∈ F ∗, δ ∈ F+, satisfying the following 
ondition,(SMC) none of the 
hains α1, . . . , αi−1, αi+1, . . . , αk has −f as its �rst feature,

s : +fγ, α1, . . . , αi−1, t : −f, αi+1, . . . , αk move1: �nal move of li
ensee
ts : γ, α1, . . . , αi−1, αi+1, . . . , αk

s : +fγ, α1, . . . , αi−1, t : −fδ, αi+1, . . . , αk move2: non�nal move of li
ensee
s : γ, α1, . . . , αi−1, t : δ, αi+1, . . . , αkNoti
e that the domains of move1 and move2 are disjoint, so their union is a fun
tion.stru
tures S(G)=
losure(Lex,{merge,move})
ompleted stru
tures = expressions w · C, for C the �start� 
ategory and any type · ∈ {:, ::}senten
es L(G) = {w| w · C ∈ S(G) for some · ∈ {:, ::}}, the strings of 
ategory CThis is the grammar presented in [249℄.14.9 Example 4: a logi
al languageStandard propositional logi
s avoid stru
tural ambiguity, reje
ting

¬p ∧ qunless with 
onventions about �operator pre
eden
e.� More often:
¬(p ∧ q) vs. (¬p ∧ q)Or else, a Polish (pre�x) notation:
¬ ∧ pq vs. ∧ ¬pq.(Most good logi
 texts prove the unambiguity of their notation.)Theorem [84℄: standard logi
s (pre�x form or parenthesized) are not only unambiguous, buttransparent: if any subsequen
e of an expression forms a 
omplete 
onstituent, that 
onstituent o

urs in theunique derivation of the expression.Now let's look at an ambiguous MG grammar for propositional logi
 to make a di�erent point.Lexi
on:



126 �14. MINIMALIST GRAMMARS (MGS)1 p::T 2 q::T 3 r::T4 ¬::=T T 5 ∨::=T =T T 6 ∧::=T =T T
¬p∧q:T

∧q:=T T
∧::=T =T T q::T ¬p:T

¬::=T T p::T
¬p∧q:T

¬::=T T p∧q:T
∧q:=T T

∧::=T =T T q::T p::T
Spe
ifying the lexi
al items by their number, the two parses are 6241 and 4621 respe
tively.`minimalist grammar' derivationsFor any minimalist grammar G, let Γ(G) be its 
ompleted derivation trees.Let strings(Γ(G)) ⊆ Lex∗ be the strings of lexi
al items at the leaves of those trees (in order).These languages of lexi
al strings are 
ontext free.14.10 Earlier examples, reformulatedWith our new, 
ompa
t notation, we 
an provide su

in
t and readable presentations of some of the tri
ky derivationswe looked at earlier.Here is the Tlingit: daa sa i eesh aloon:Ci eesh aloon:+q C,daa sa:-q[℄::=I +q C i eesh aloon:I,daa sa:-q[℄:+v I,i eesh aloon:-v,daa sa:-q[℄::=v +v I i eesh aloon:v -v,daa sa:-qaloon:=D v -v,daa sa:-qaloon:=Q =D v -v[℄::=V =Q =D v -v aloon::V daa sa:Q -qsa:=D Q -qsa::=q =D Q -q [℄::q daa::Di eesh::D
Here is abab in the 
opy language:



14.10. EARLIER EXAMPLES, REFORMULATED 127a b a b:Ta b:+l T,a b:-l[℄:+r +l T,a b:-l,a b:-r[℄::=T +r +l T a b:T -l,a b:-rb:+l T -l,a b:-r,a:-lb::=B +l T -l a b:B -r,a:-lb:+r B -r,a:-l,a:-rb::=T +r B -r a:T -l,a:-ra:+l T -l,a:-r,[℄:-la::=A +l T -l a:A -r,[℄:-la:+r A -r,[℄:-r -la::=T +r A -r [℄::T -r -l
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�15 Basi
 English syntax

plurals
naive English syllable sequences

English dictionary (nondet)

naive English syntax (nondet)

morpheme/lexeme sequences (nondet)

English semantics?
(acceptable bindings, etc)

?? English syntax (nondet)

Reg CFFin non−RERECSMCS

15.0 Head movement(0) Phrasal movement:[whi
h logi
 book℄ have [you been telling Mary that [you would read _℄℄?(1) Head movement:Have you _ been telling Mary you are reading it?* Been you have _ telling Mary you are reading it?* Are you have been telling Mary you _ reading it?(2) Canoni
al head movement:V-to-vv'vViki
k v VPV'Vi

v-to-TT'TviVki
k v T-ed vPv'vi

T-to-CC'CTivVki
k v T-edC TPT'Ti

P-to-VV'VV
all Piup PPP'Pi

P-to-VV'VPiop Vgebeld PPP'Pi(3) Head movement 
onstraint: (a strong version!)head movement in the 
on�guration of sele
tion. Compare Travis [258℄(4) Merge: 129



130 �15. BASIC ENGLISH SYNTAXkissed::=D =D V + Pierre::D ⇒ <kissed:=D V Pierre-s:=>Have I + have:Have ⇒ <o>have -s:IIn general: head2:=>f Fs + >spe
 <head1:f 
omp ⇒ <o>head1 head2:Fs >spe
 <
omp(5) extending the tuple style de�nition of mergerepla
e this rule: s :: =fγ t · f, α1, . . . , αk r1
st : γ, α1, . . . , αkby these rules: (ǫ, s, ǫ) :: =fγ (ts, th, tc) · f, α1, . . . , αk r1'

(ǫ, s, tsthtc) : γ, α1, . . . , αk

(ǫ, s, ǫ) :: =>fγ (ts, th, tc) · f, α1, . . . , αk r1left
(ǫ, ths, tstc) : γ, α1, . . . , αk(6) Example:

ǫ::=T C ǫ::=>T C ǫ::=>T +wh C-s::=>Have +k T have::=Been Have been::=ving Been-ing::=>V =D ving eat::=D +k Vthe::=N D -k whi
h::=N D -k -whking::N pie::N
(step 1) merge <the:D -k king

DPD'Dthe NPN'Nking (ǫ,the,king):D -k(step 2) merge <whi
h:D -k -wh pie
DPD'Dwhi
h NPN'Npie (ǫ,whi
h,pie):D -k -wh(step 3) merge
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<eat:+k V <whi
h:-k -wh pie

V'Veat DPD'Dwhi
h NPN'Npie (ǫ,eat,ǫ):+k V,whi
h pie:-k -wh(step 4) move
><whi
h:-wh pie <eat:V

VPDP0D'Dwhi
h NPN'Npie
V'Veat DPt0 (ǫ,eat,ǫ):V,whi
h pie:-wh(step 5) merge

<o>eat -ing:=D ving ><whi
h:-wh pie <
ving'vingVeat ving-ing VPDP0D'Dwhi
h NPN'Npie

V'Vt DPt0 (ǫ,eat -ing,ǫ):=D ving,whi
h pie:-wh(step 6) merge
><the:-k king <o>eat -ing:ving ><whi
h:-wh pie <

vingPDPD'Dthe NPN'Nking
ving'vingVeat ving-ing VPDP(0)D'Dwhi
h NPN'Npie

V'Vt DPt(0)
(step 7) merge
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<been:Been ><the:-k king <o>eat -ing ><whi
h:-wh pie <

BeenPBeen'Beenbeen vingPDPD'Dthe NPN'Nking
ving'vingVeat ving-ing VPDP(0)D'Dwhi
h NPN'Npie

V'Vt DPt(0)
(step 8) merge

<have:Have <been ><the:-k king <o>eat -ing ><whi
h:-wh pie <

HavePHave'Havehave BeenPBeen'Beenbeen vingPDPD'Dthe NPN'Nking
ving'vingVeat ving-ing VPDP(0)D'Dwhi
h NPN'Npie

V'Vt DPt(0)
(step 9) merge

<o>have -s:+k T < <been ><the:-k king <o>eat -ing ><whi
h:-wh pie <

T'THavehave T-s HavePHave'Havet BeenPBeen'Beenbeen vingPDPD'Dthe NPN'Nking
ving'vingVeat ving-ing VPDP(0)D'Dwhi
h NPN'Npie

V'Vt DPt(0)
(step 10) move



15.0. HEAD MOVEMENT 133
><the king <o>have -s:T < <been > <o>eat -ing ><whi
h:-wh pie <

TPDP(1)D'Dthe NPN'Nking
T'THavehave T-s HavePHave'Havet BeenPBeen'Beenbeen vingPDPt(1) ving'vingVeat ving-ing VPDP(0)D'Dwhi
h NPN'Npie

V'Vt DPt(0)
(step 11) merge

<o>o>have -s ǫ:+wh C ><the king < < <been > <o>eat -ing ><whi
h:-wh pie <

C'CTHavehave T-s C TPDP(1)D'Dthe NPN'Nking
T'Tt HavePHave'Havet BeenPBeen'Beenbeen vingPDPt(1) ving'vingVeat ving-ing VPDP(0)D'Dwhi
h NPN'Npie

V'Vt DPt(0)
(step 12) move
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h pie <o>o>have -s C ><the king < < <been > <o>eat -ing ><CPDP0D'Dwhi
h NPN'Npie
C'CTHavehave T-s C TPDP1D'Dthe NPN'Nking

T'Tt HavePHave'Havet BeenPBeen'Beenbeen vingPDPt1 ving'vingVeat ving-ing VPDP0t0 V'Vt DPt0 (whi
h pie,have -s,the king been eat -ing):Cthe whole derivation: 12 internal nodes(whi
h pie,have -s,the king been eat -ing):C(ǫ,have -s,the king been eat -ing):+wh C,whi
h pie:-wh
ǫ::=>T +wh C (the king,have -s,been eat -ing):T,whi
h pie:-wh(ǫ,have -s,been eat -ing):+k T,whi
h pie:-wh,(ǫ,the king,ǫ):-k-s::=>Have +k T (ǫ,have,been eat -ing):Have,whi
h pie:-wh,(ǫ,the king,ǫ):-khave::=Been Have (ǫ,been,eat -ing):Been,whi
h pie:-wh,(ǫ,the king,ǫ):-kbeen::=ving Been (ǫ,eat -ing,ǫ):ving,whi
h pie:-wh,(ǫ,the king,ǫ):-k(ǫ,eat -ing,ǫ):=D ving,whi
h pie:-wh-ing::=>V =D ving (ǫ,eat,ǫ):V,whi
h pie:-wh(ǫ,eat,ǫ):+k V,whi
h pie:-k -wheat::=D +k V (ǫ,whi
h,pie):D -k -whwhi
h::=N D -k -wh pie::N (ǫ,the,king):D -kthe::=N D -k king::N

(7) (Mi
haelis 2001, Harkema 2001):i. MGs extended with 
anoni
al head movement de�ne exa
tly the same languages as MGs without headmovement, namely, exa
tly the MCFG languages.ii. MGs with 
anoni
al head movement 
an be parsed e�
iently.



15.1. HEAD MOVEMENT AND AFFIX HOPPING: THE DETAILS 135(8) L(k-MG) ⊂ L(k-MG[hm℄)Proof: Easily shown that the following 0-MG[hm℄ grammar generates {xx| x ∈ {a, b}∗} 6∈ 0-MG
ǫ::C a::=>C =A C b::=>C =B Ca::A b::B(9) Con
lusions, so far:

• MGs easily de�ned dire
tly with MCFG rules
• MGs easily extended to (
ertain forms of) head movement, a�x hop (and still MCFG equivalent)
• Open extensions:

⋆ other versions of SMC, island 
onditions, e
onomy, deletion, insertion rules
⋆ performan
e models of human parsing, produ
tion, a
quisition15.1 Head movement and a�x hopping: the details(10) On the assumption that head movement takes pla
e only in the 
on�guration of sele
tion, we regard it aspart of the merge operation [243℄. To implement this idea, the key thing is to have the phoneti
 
ontentsof any movable head available in a separate 
omponent. A head X is not movable after its phrase XP hasbeen merged, so we only need to distinguish the head 
omponents of phrases until they have been merged.So rather than expressions of the form:s1·Features1, s2:Features2,...,sk:Featuresk,we will use expressions in whi
h the string part s1 of the �rst 
hain is split into three (possibly empty)pie
es s(pe
ifier), h(head), 
(omplement):(s,h,
)·Features1, s2:Features2,...,sk:Featuresk.(11) So lexi
al 
hains now have a triple of strings, but only the head 
an be non-empty: LC = (ǫ, Σ∗, ǫ) :: F ∗.As before, a lexi
on is a �nite set of lexi
al 
hains.(12) As dis
ussed above, head movement is triggered by a spe
ialization of the sele
ting feature.The feature =>V will indi
ate that the head of the sele
ted VP is to be adjoined on the left.The feature V<= will indi
ate that the head of the sele
ted VP is to be adjoined on the right.The former set of features is thus extended by adding these two new fun
tions on the base 
ategories B:right-in
orporators R = {f<=| f ∈ B}, and left-in
orporators L = {=>f | f ∈ B}.So now the set of synta
ti
 features F = B ∪ S ∪ M ∪ N ∪ R ∪ L. The new work of pla
ing heads properlyis done by the merge fun
tion, so the earlier fun
tions r1 and r3 ea
h break into 3 
ases.(13) De�ne merge as the union of the following 7 fun
tions:

(ǫ, s, ǫ) :: =fγ (ts, th, tc) · f, α1, . . . , αk r1'
(ǫ, s, tsthtc) : γ, α1, . . . , αk

(ǫ, s, ǫ) :: f<=γ (ts, th, tc) · f, α1, . . . , αk r1right
(ǫ, sth, tstc) : γ, α1, . . . , αk

(ǫ, s, ǫ) :: =>fγ (ts, th, tc) · f, α1, . . . , αk r1left
(ǫ, ths, tstc) : γ, α1, . . . , αk

(ss, sh, sc) : =fγ, α1, . . . , αk (ts, th, tc) · f, ι1, . . . , ιl r2'
(tsthtcss, sh, sc) : γ, α1, . . . , αk, ι1, . . . , ιl
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(ss, sh, sc) · =fγ, α1, . . . , αk (ts, th, tc) · fδ, ι1, . . . , ιl r3'

(ss, sh, sc) : γ, tsthtc : δ, α1, . . . , αk, ι1, . . . , ιl

(ss, sh, sc) :: f<=γ, α1, . . . , αk (ts, th, tc) · fδ, ι1, . . . , ιl r3right
(ss, shth, sc) : γ, tstc : δ, α1, . . . , αk, ι1, . . . , ιl

(ss, sh, sc) :: =>fγ, α1, . . . , αk (ts, th, tc) · fδ, ι1, . . . , ιl r3left
(ss, thsh, sc) : γ, tstc : δ, α1, . . . , αk, ι1, . . . , ιl(14) And move 
hanges only trivially. It is the union of the following fun
tions:

(ss, sh, sc) : +fγ, α1, . . . , αi−1, t : −f, αi+1, . . . , αk m1'
(tss, sh, sc) : γ, α1, . . . , αi−1, αi+1, . . . , αk

(ss, sh, sc) : +fγ, α1, . . . , αi−1, t : −fδ, αi+1, . . . , αk m2'
(ss, sh, sc) : γ, α1, . . . , αi−1, t : δ, αi+1, . . . , αk(15) The grammar above does not derive the simple tensed 
lause: the king eat -s the pie. The problem is thatif we simply allow the verb eat to pi
k up this in�e
tion by head movement to T, as the auxiliary verbs do,then we will mistakenly also derive *eat -s the king the pie. Also, assuming that will �lls T , there are VPmodi�ers that 
an follow T He will 
ompletely solve the problem.So if the verb moves to the T a�x -s, we would expe
t to �nd it before su
h a modi�er, whi
h is not whatwe �nd: He 
ompletely solve -s the problem.* He solve -s 
ompletely the problem.Sin
e Chomsky 1957 [43℄, one 
ommon proposal about this is that when there is no auxiliary verb, thein�e
tion 
an lower to the main verb. This lowering is sometimes 
alled �a�x hopping.� In the present
ontext, it is interesting to noti
e that on
e the head of unmerged phrases is distinguished for head movement,no further 
omponents are required for a�x hopping.(16) We 
an formalize this idea in our grammars as follows. We introdu
e two new kinds of features <=f and

f=> (for any f ∈ B), and we add the following additional 
ases to de�nition of merge:
(ǫ, s, ǫ) :: f=>γ (ts, th, tc) · f, α1, . . . , αk r1hopright

(ǫ, ǫ, tsthstc) : γ, α1, . . . , αk

(ǫ, s, ǫ) :: <=fγ (ts, th, tc) · f, α1, . . . , αk r1hopleft
(ǫ, ǫ, tssthtc) : γ, α1, . . . , αk

(ǫ, s, ǫ) :: f=>γ, α1, . . . , αk (ts, th, tc) · fδ, ι1, . . . , ιl r3hopright
(ǫ, ǫ, ǫ) : γ, tsthstc : δ, α1, . . . , αk, ι1, . . . , ιl

(ǫ, s, ǫ) :: <=fγ, α1, . . . , αk (ts, th, tc) · fδ, ι1, . . . , ιl r3hopleft
(ǫ, ǫ, ǫ) : γ, tssthtc : δ, α1, . . . , αk, ι1, . . . , ιlThis formulation of a�x-hopping as a sort of string-inverse of head movement has the 
onsequen
e that ana�x 
an only �hop� to the head of a sele
ted phrase, not to the head of the head sele
ted by a sele
tedphrase. That is, a�x hopping 
an only take pla
e in the 
on�guration of sele
tion.1 It is now a simplematter to obtain a grammar G2 that gets simple in�e
ted 
lauses.1[242, 382℄ points out that the proposal in [49℄ for avoiding a�x hopping also has the 
onsequen
e that a�xes on main verbs inEnglish 
an only o

ur in the 
on�guration where head movement would also have been possible.



15.2. EXAMPLE: SIMPLE ENGLISH 137(17) We elaborate grammar G1 by adding a single lexi
al item:-s:: v=> +k TIt is left as an exer
ise to verify that the set of strings of 
ategory C now allows main verbs to be in�e
tedbut not fronted, as desired:a. the king eat -s the pieb. *eat -s the king the pieCPC'C TPDP(0)D'Dthe NumPNum'Num NPN'Nking
T'Tt vPDPt(0) v'vvVeat v T-s VPV'Vt

(ǫ,ǫ,the king eat -s):C
ǫ::=T C (the king,ǫ,eat -s):T(ǫ,ǫ,eat -s):+k T,(ǫ,the,king):-k-s::v==> +k T (ǫ,eat,ǫ):v,(ǫ,the,king):-k(ǫ,eat,ǫ):=D v

ǫ::=>V =D v eat::V (ǫ,the,king):D -kthe::=Num D -k (ǫ,ǫ,king):Num
ǫ::=N Num king::NThis kind of a

ount of English 
lause stru
ture 
ommonly adds one more ingredient: do-support. Intro-du
tory texts sometimes propose that do 
an be atta
hed to any stranded a�x, perhaps by a pro
ess thatis not part of the syntax proper. We return to this later.15.2 Example: simple EnglishHere is the full grammar used to generate the examples at the beginning of this se
tion:

ǫ:: =T C ǫ:: =>T C ǫ:: =>T +wh C-s:: =>Modal +k T -s:: =>Have +k T -s:: =>Be +k T -s:: =v +k Twill:: =Have Modal will:: =Be Modal will:: =v Modalhave:: =Been Have have:: =ven Havebe:: =ving Be been:: =ving Been
ǫ:: =>V =D v -en:: =>V =D ven -ing:: =>V =D vingeat:: =D +k V laugh:: Vthe:: =N D -k whi
h:: =N D -k -whking:: N pie:: N-s:: v=> +k TThe behavior of this grammar is English-like on a range of 
onstru
tions:(18) will -s the king laugh(19) the king be -s laugh -ing(20) whi
h king have -s eat -en the pie(21) the king will -s have been eat -ing the pie(22) will -s the king have been eat -ing the pie(23) * have the king will -s been eat -ing the pie(24) * been the king will -s have eat -ing the pie(25) * eat -ing the king will -s have been the pie(26) the king laugh -s(27) * laugh -s the kingWe also derive(28) -s the king laughThis string is sometimes said to trigger �do-support,� whi
h will be dis
ussed later.
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h 
liti
sSporti
he [242℄ reviews some of the di�
ulties in providing an a

ount of Fren
h 
liti
s. Following Kayne [139℄,Zwi
ky [278℄ and many others, he points out that they a
t like heads atta
hed to a verb when, for example, theymove with the verb in �
omplex inversion� (just as the verb and in�e
tion move together in English questions, inthe previous se
tion):(29) JeanJohn [l'aurait℄i-ilhim-would-have-he ti 
onnu?known`Would John have known him?'But 
liti
s are also related to argument positions, and these need not be adja
ent to the verb:(30) IlHe luiito-him donnerawill-give lethe 
hapeauhat ti`He will give him the hat'A 
liti
 
an be asso
iated with the argument position of a verb other than the one it is atta
hed to. In Italian, Span-ish, Middle Fren
h, and perhaps some 
ontemporary (but non-standard) diale
ts of Fren
h, one �nds 
onstru
tionslike this:(31) JeanJohn laiit veutwants mangerto-eat ti`John wants to eat it'And �nally, a verb 
an be asso
iated with multiple 
liti
s:(32) Ilhe lejit luiito-him donnerawill-give tj ti`he will give it to him'However, there is a limit on the number of 
liti
s that 
an be asso
iated with a verb in Fren
h. They are limitedto at most one from ea
h of the following sets, and at most one from the third and �fth sets together [242, 247℄:Nom Neg Re�12 A

3 Dat3 Lo
 Gen{il} {ne} {me,te,se,nous} {le,la,les} {lui,leur} {y} {en}One way to get the proper order of these 
liti
s that is 
onsidered by Sporti
he [241, 266�℄ involves assuming thatover V there is a proje
tion for ea
h of these sets. Then a Dat3 head 
an sele
t V to form [lui V℄ by (right adjoining)head movement, whi
h in turn 
an be sele
ted by A

3 to form [le lui V℄, and so on. And the asso
iation withargument positions 
an be a

omplished by moving not the 
liti
s themselves, but phrases (�operators,� phoneti
allyempty), so that the argument positions are properly �bound� by the 
liti
s. If the binding of arguments by 
liti
sin the 3rd and 5th set is a

omplished by the same movement feature +F, then the (SMC) will prevent both fromo

urring at on
e, as desired. This approa
h is 
aptured by a grammar like the following:
ǫ::=T C
ǫ::=Re�12 +k T ǫ::=A

3 +k T ǫ::=Dat3 +k T ǫ::=v +k Tse::=A

3 +F Re�12 se::=Dat3 +F Re�12 se::=v +F Re�12le::=Dat3 +G A

3 le::=v +G A

3lui::=v +F Dat3
ǫ::va

<= =D v ǫ::vdat<= =D +k va

 ǫ::V<= =p vdat montrera::V
ǫ::P<= p a::=D +k P ǫ::p -FJean::D -k Marie::D -k le::=N D -k ǫ::D -k -F ǫ::D -k -Groi::N livre::NWith this grammar, we have derivations like the following, with the more 
onventional transformational depi
tionon the right. Noti
e that an element has moved from the lower P spe
i�er of the vdatP argument of the verb tothe Dat3P 
liti
 phrase:
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ǫ,ǫ,Jean le lui montrera: C

ǫ, ǫ, ǫ:: =T CJean,ǫ,le lui montrera: T
ǫ,ǫ,le lui montrera: +k T, Jean: -k

ǫ, ǫ, ǫ:: =A

3 +k Tǫ,le,lui montrera: A

3, Jean: -k
ǫ,le,lui montrera: +G A

3, Jean: -k, ǫ: -G

ǫ,le,ǫ:: =Dat3 +G A

3ǫ,lui,montrera: Dat3, Jean: -k, ǫ: -G
ǫ,lui,montrera: +F Dat3, Jean: -k, ǫ: -G, ǫ: -F

ǫ,lui,ǫ:: =v +F Dat3 ǫ,montrera,ǫ: v, Jean: -k, ǫ: -G, ǫ: -F
ǫ,montrera,ǫ: =D v, ǫ: -G, ǫ: -F

ǫ, ǫ, ǫ::va

<= =D v ǫ,montrera,ǫ: va

, ǫ: -G, ǫ: -F
ǫ,montrera,ǫ: +k va

, ǫ: -k -G, ǫ: -F

ǫ,montrera,ǫ: =D +k va

, ǫ: -F
ǫ, ǫ, ǫ::vdat<= =D +k va

 ǫ,montrera,ǫ: vdat, ǫ: -F

ǫ,montrera,ǫ: =p vdat
ǫ, ǫ, ǫ::V<= =p vdat ǫ,montrera,ǫ:: Vǫ, ǫ, ǫ:: p -Fǫ, ǫ, ǫ:: D -k -Gǫ,Jean,ǫ:: D -k

CPC TPDP3Jean T'T A

3PDP2 A

3'A

3lelui4 montrera5 Dat3PpP1 Dat3'Dat34 vPDPt3 v'v va

PDP2t2 va

PDPt2 va

'va

 vdatPpPt1 vdat'vdat VP5It is easy to 
he
k that with this grammar we also have, as desired:(33) Jean montrera le livre à Marie(34) Jean se montrera à Marie(35) *Jean se lui montreraThis simple syntax of 
liti
 
onstru
tions leaves out agreement and many other important phenomena, butmany of the more sophisti
ated re
ent proposals similarly mix phrasal and head movement. Agreement is 
arefully
onsidered in [242℄, and interesting a

ounts of stylisti
 inversion and subje
t 
liti
 inversion in Fren
h are providedin [142, 208, 206℄. It appears that all these fall easily in the s
ope of the me
hanisms proposed here.Maxime Amblard [9℄ has provided a semanti
s for these 
onstru
tions, and points out various 
onstru
tions thatthis analysis does not handle:(36) JeanJean laher laisselet leit luihim donnerto-give15.4 Re�e
tions
• This 
olle
tion of rules is fairly 
ompli
ated! And it is not 
omplete yet, as we will see.
• How many rules are there here? Sin
e they have disjoint domains we 
an take their union and get just one.Keenan & Stabler noti
e that taking unions like this is motivated when it in
reases the number of automor-phisms, but I 
onje
ture that this union won't.Would it look more like 1 rule if the move rule used 
opying? No.
• Chomsky says:Unless some stipulation is added, there are two sub
ases of the operation Merge. Given A, we 
anmerge B to it from outside A or from within A; these are external and internal Merge, the latter theoperation 
alled �Move,� whi
h therefore also �
omes free,� yielding the familiar displa
ement propertyof language. [52, p.12℄At least, it is true that (external) merge and move (=internal merge) have stru
tural similarities.
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lasses and other basi
sWe have enough ma
hinery in pla
e to handle quite a broad range of synta
ti
 stru
tures in a 
onventional, Chom-skian fashion. It is worth a brief digression to see how some of the basi
s might get treated in this framework, andthis will provide some valuable pra
ti
e for later.A

ording to a simple, traditional analysis, transitive verb phrases are formed from two proje
tions, vP andVP, where the lower VP sele
ts the obje
t. To a
hieve this in MGs, we let transitive verbs have lexi
al itemsrequiring obje
t sele
tion and 
ase assignment, like this:praise::=D +k V ǫ::=>V =D vHere we see that the V sele
ts a DP and then moves it to assign (a

usative) 
ase, forming a VP. This VP is thensele
ted by v and the head V is left adjoined to the head v by head movement, and then the subje
t (the �externalargument�) of the verb is sele
ted.(ǫ,ǫ,the king praise -s Lavinia):C
ǫ::=T C (the king,ǫ,praise -s Lavinia):T(ǫ,ǫ,praise -s Lavinia):+k T,the king:-k-s::v=> +k T (ǫ,praise,Lavinia):v,the king:-k(ǫ,praise,Lavinia):=D v

ǫ::=>V =D v (Lavinia,praise,ǫ):V(ǫ,praise,ǫ):+k V,Lavinia:-kpraise::=D +k V Lavinia::D -k (ǫ,the,king):D -kthe::=Num D -k (ǫ,ǫ,king):Num
ǫ::=N Num king::N

CPC'C TPDP(1)D'Dthe NumPNum'Num NPN'Nking
T'Tt vPDPt(1) v'vvVpraise v T-s VPDP(0)D'DLavinia V'Vt DPt(0)In 
ontrast, an intransitive verb has a simpler lexi
al entry like this:laugh::VThis verb sele
ts no obje
t and assigns no 
ase, but it 
ombines with v to get its subje
t in the usual way.

(ǫ,ǫ,the king laugh -s):C
ǫ::=T C (the king,ǫ,laugh -s):T(ǫ,ǫ,laugh -s):+k T,the king:-k-s::v=> +k T (ǫ,laugh,ǫ):v,the king:-k(ǫ,laugh,ǫ):=D v

ǫ::=>V =D v laugh::V (ǫ,the,king):D -kthe::=Num D -k (ǫ,ǫ,king):Num
ǫ::=N Num king::N

CPC'C TPDP(0)D'Dthe NumPNum'Num NPN'Nking
T'Tt vPDPt(0) v'vvVlaugh v T-s VPV'VtOf 
ourse, some verbs like eat 
an o

ur in both transitive and intransitive forms, so verbs like this have two lexi
alentries: eat::V eat::=D +k V.Considering what ea
h V and its asso
iated v sele
ts, we 
an see that they are the semanti
 arguments. So thefamiliar semanti
 relations are being mirrored by sele
tion steps in the derivation:

Titus   laugh   −s

Titus   praise   −s   Lavinia

agent

agent theme

transitive

intransitive

Throughout this se
tion, we will aim to have derivations that mirror semanti
 relations in this way.
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ting verbs and nounsIt is easy to add verbs that sele
t 
ategories other than DP. For example, some verbs sele
t full 
lauses as their
omplements. It is 
ommonly observed that matrix 
lauses have an empty 
omplementizer while embedded 
lauses
an begin with that, and verbs vary in the kinds of 
lauses they allow:(37) * That Titus laughs(38) Titus thinks that Lavinia laughs(39) * Titus thinks whi
h king Lavinia praises(40) * Titus wonders that Lavinia laughs(41) Titus wonders whi
h king Lavinia praisesVerbs like know sele
t both kinds of 
omplements and 
an also o

ur in transitive and intransitive 
onstru
tions.We 
an get these distin
tions with lexi
al entries like this:that::=T Ce ǫ::=T Ce whether::=T Cwh
ǫ::=T +wh Cwh ǫ::=>T +wh Cwhknow::=Ce V know::=Cwh V know::=D +k V know::Vdoubt::=Ce V doubt::=Cwh V doubt::Vthink::=Ce V think::Vwonder::=Cwh V wonder::VWith these lexi
al entries we obtain derivations like this (showing a 
onventional depi
tion on the left and the a
tualderivation tree on the right):CPC'C TPDP(1)D'DTitus T'Tt vPDPt(1) v'vvVknow v T-s VPV'Vt CePCe'Cethat TPDP(0)D'DLavinia T'Tt vPDPt(0) v'vvVlaugh v T-s VPV'Vt

(ǫ,ǫ,Titus know -s that Lavinia laugh -s):C
ǫ::=T C (Titus,ǫ,know -s that Lavinia laugh -s):T(ǫ,ǫ,know -s that Lavinia laugh -s):+k T,Titus:-k-s::v=> +k T (ǫ,know,that Lavinia laugh -s):v,Titus:-k(ǫ,know,that Lavinia laugh -s):=D v

ǫ::=>V =D v (ǫ,know,that Lavinia laugh -s):Vknow::=Ce V (ǫ,that,Lavinia laugh -s):Cethat::=T Ce (Lavinia,ǫ,laugh -s):T(ǫ,ǫ,laugh -s):+k T,Lavinia:-k-s::v=> +k T (ǫ,laugh,ǫ):v,Lavinia:-k(ǫ,laugh,ǫ):=D v
ǫ::=>V =D v laugh::V Lavinia::D -k

Titus::D -k
Semanti
ally, the pi
ture 
orresponds to the derivation as desired:

agent

Titus    know   −s   that  Lavinia laugh −s

agent

theme

CP selectingWe 
an also add nouns that sele
t 
lausal 
omplements:
laim::=Ce N proposition::=Ce NWith these lexi
al entries we get trees like this:



142 �15. BASIC ENGLISH SYNTAXCPC'C TPDP(2)D'DTitus T'Tt vPDPt(2) v'vvVdoubt v T-s VPDP(1)D'Dthe NumPNum'NumNPN'N
laim CePCe'Cethat TPDP(0)D'DLavinia T'Tt vPDPt(0) v'vvVlaugh v T-s VPV'Vt

V'Vt DPt(1)
(ǫ,ǫ,Titus doubt -s the 
laim that Lavinia laugh -s):C

ǫ::=T C (Titus,ǫ,doubt -s the 
laim that Lavinia laugh -s):T(ǫ,ǫ,doubt -s the 
laim that Lavinia laugh -s):+k T,Titus:-k-s::v=> +k T(ǫ,doubt,the 
laim that Lavinia laugh -s):v,Titus:-k(ǫ,doubt,the 
laim that Lavinia laugh -s):=D v
ǫ::=>V =D v(the 
laim that Lavinia laugh -s,doubt,ǫ):V(ǫ,doubt,ǫ):+k V,the 
laim that Lavinia laugh -s:-kdoubt::=D +k V(ǫ,the,
laim that Lavinia laugh -s):D -kthe::=Num D -k(ǫ,ǫ,
laim that Lavinia laugh -s):Num

ǫ::=N Num(ǫ,
laim,that Lavinia laugh -s):N
laim::=Ce N(ǫ,that,Lavinia laugh -s):Cethat::=T Ce(Lavinia,ǫ,laugh -s):T(ǫ,ǫ,laugh -s):+k T,Lavinia:-k-s::v=> +k T(ǫ,laugh,ǫ):v,Lavinia:-k(ǫ,laugh,ǫ):=D v
ǫ::=>V =D vlaugh::VLavinia::D -k

Titus::D -k

15.5.2 TP-sele
ting raising verbsThe sele
tion relation 
orresponds to the semanti
 relation of taking an argument. In some senten
es with morethan one verb, we �nd that not all the verbs take the same number of arguments. We noti
e for example thatauxiliaries sele
t VPs but do not take their own subje
ts or obje
ts. A more interesting situation arises with theso-
alled �raising� verbs, whi
h sele
t 
lausal 
omplements but do not take their own subje
ts or obje
ts. In this
ase, sin
e the main 
lause tense must li
ense 
ase, a lower subje
t 
an move to the higher 
lause.A simple version of this idea is implemented by the following lexi
al item for the raising verb seemseem::=T vand by the following lexi
al items for the in�nitival to:to::=v T to::=Have T to::=Be TWith these lexi
al entries, we get derivations like this:CPC'C TPDP(0)D'DTitus T'Tt vPv'vvseem T-s TPT'Tto vPDPt(0) v'vVlaugh v VPV'Vt
(ǫ,ǫ,Titus seem -s to laugh):C

ǫ::=T C (Titus,ǫ,seem -s to laugh):T(ǫ,ǫ,seem -s to laugh):+k T,Titus:-k-s::v=> +k T (ǫ,seem,to laugh):v,Titus:-kseem::=T v (ǫ,to,laugh):T,Titus:-kto::=v T (ǫ,laugh,ǫ):v,Titus:-k(ǫ,laugh,ǫ):=D v
ǫ::=>V =D v laugh::V Titus::D -kNoti
e that the subje
t of laugh 
annot get 
ase in the in�nitival 
lause, so it moves to the higher 
lause. In thiskind of 
onstru
tion, the main 
lause subje
t is not sele
ted by the main 
lause verb!Semanti
ally, the pi
ture 
orresponds to the derivation as desired:
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theme

Titus    seem   −s    to   praise  Lavinia

agent

theme
raising (from TP)Noti
e that the in�nitival to 
an o

ur with have, be or a main verb, but not with a modal:CPC'C TPDP(1)D'DTitus T'Tt vPv'vvseem T-s TPT'Tto HavePHave'Havehave BeenPBeen'Beenbeen vingPDPt(1) ving'vingVeat ving-ing VPDP(0)D'Dthe NumPNum'NumNPN'Npie

V'Vt DPt(0)
(ǫ,ǫ,Titus seem -s to have been eat -ing the pie):C

ǫ::=T C (Titus,ǫ,seem -s to have been eat -ing the pie):T(ǫ,ǫ,seem -s to have been eat -ing the pie):+k T,Titus:-k-s::v=> +k T (ǫ,seem,to have been eat -ing the pie):v,Titus:-kseem::=T v (ǫ,to,have been eat -ing the pie):T,Titus:-kto::=Have T (ǫ,have,been eat -ing the pie):Have,Titus:-khave::=Been Have(ǫ,been,eat -ing the pie):Been,Titus:-kbeen::=ving Been (ǫ,eat -ing,the pie):ving,Titus:-k(ǫ,eat -ing,the pie):=D ving-ing::=>V =D ving(the pie,eat,ǫ):V(ǫ,eat,ǫ):+k V,the pie:-keat::=D +k V(ǫ,the,pie):D -kthe::=Num D -k(ǫ,ǫ,pie):Num
ǫ::=N Num pie::NTitus::D -k

15.5.3 AP-sele
ting raising verbsA similar pattern of semanti
 relations o

urs in 
onstru
tions like this:Titus seems happyIn this example, Titus is not the `agent' of seeming, but rather the `experien
er' of the happiness, so again it isnatural to assume that Titus is the subje
t of happy, raising to the main 
lause for 
ase. We 
an assume thatadje
tive phrase stru
ture is similar to verb phrase stru
ture, with the possibility of subje
ts and 
omplements, toget 
onstru
tions like this: CPC'C TPDP(0)D'DTitus T'Tt vPv'vvseem T-s aPDPt(0) a'aAhappy a APA'At
(ǫ,ǫ,Titus seem -s happy):C
ǫ::=T C (Titus,ǫ,seem -s happy):T(ǫ,ǫ,seem -s happy):+k T,Titus:-k-s::v=> +k T (ǫ,seem,happy):v,Titus:-kseem::=a v (ǫ,happy,ǫ):a,Titus:-k(ǫ,happy,ǫ):=D a

ǫ::=>A =D a happy::A Titus::D -kWe obtain this derivation with these lexi
al items:
ǫ::=>A =D a. bla
k::A white::Ahappy::A unhappy::Aseem::=a v



144 �15. BASIC ENGLISH SYNTAXThe verb be needs a similar lexi
al entry be::=a Beto allow for stru
tures like this:CPC'C TPDP(0)D'DTitus T'TBebe T-s BePBe'Bet aPDPt(0) a'aAhappy a APA'At
(ǫ,ǫ,Titus be -s happy):C

ǫ::=T C (Titus,be -s,happy):T(ǫ,be -s,happy):+k T,Titus:-k-s::=>Be +k T (ǫ,be,happy):Be,Titus:-kbe::=a Be (ǫ,happy,ǫ):a,Titus:-k(ǫ,happy,ǫ):=D a
ǫ::=>A =D a happy::A Titus::D -kSemanti
ally, the pi
ture 
orresponds to the derivation as desired:

theme

Titus    seem   −s      happy

experiencer

raising from ap

15.5.4 AP small 
lause sele
ting verbs, raising to obje
tWe get some 
on�rmation for the analyses above from so-
alled �small 
lause� 
onstru
tions like:Titus 
onsiders Lavinia happyHe prefers his 
o�ee bla
kHe prefers his shirts whiteThe tri
k is to allow for the embedded obje
t to get 
ase. One hypothesis is that this obje
t gets 
ase from thegoverning verb. A simple version of this idea is implemented by the following lexi
al items:prefer::=a +k V prefer::=T +k V
onsider::=a +k V 
onsider::=T +k VWith these lexi
al items, we get derivations like this:CPC'C TPDP(1)D'DTitus T'Tt vPDPt(1) v'vvVprefer v T-s VPDP(0)D'DLavinia V'Vt aPDPt(0) a'aAhappy a APA'At
(ǫ,ǫ,Titus prefer -s Lavinia happy):C

ǫ::=T C (Titus,ǫ,prefer -s Lavinia happy):T(ǫ,ǫ,prefer -s Lavinia happy):+k T,Titus:-k-s::v=> +k T (ǫ,prefer,Lavinia happy):v,Titus:-k(ǫ,prefer,Lavinia happy):=D v
ǫ::=>V =D v (Lavinia,prefer,happy):V(ǫ,prefer,happy):+k V,Lavinia:-kprefer::=a +k V (ǫ,happy,ǫ):a,Lavinia:-k(ǫ,happy,ǫ):=D a

ǫ::=>A =D a happy::A Lavinia::D -kTitus::D -k
Semanti
ally, the pi
ture 
orresponds to the derivation as desired:
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theme

small clauses
Titus   prefer   −s      Lavinia   happy

experiencer

agent

CPC'C TPDP(1)D'DTitus T'Tt vPDPt(1) v'vvVprefer v T-s VPDP(0)D'Dhis NumPNum'NumNPN'N
o�ee
V'Vt aPDPt(0) a'aAbla
k a APA'At

(ǫ,ǫ,Titus prefer -s his 
o�ee bla
k):C
ǫ::=T C (Titus,ǫ,prefer -s his 
o�ee bla
k):T(ǫ,ǫ,prefer -s his 
o�ee bla
k):+k T,Titus:-k-s::v=> +k T (ǫ,prefer,his 
o�ee bla
k):v,Titus:-k(ǫ,prefer,his 
o�ee bla
k):=D v

ǫ::=>V =D v (his 
o�ee,prefer,bla
k):V(ǫ,prefer,bla
k):+k V,his 
o�ee:-kprefer::=a +k V (ǫ,bla
k,ǫ):a,his 
o�ee:-k(ǫ,bla
k,ǫ):=D a
ǫ::=>A =D a bla
k::A (ǫ,his,
o�ee):D -khis::=Num D -k (ǫ,ǫ,
o�ee):Num

ǫ::=N Num 
o�ee::N
Titus::D -k

CPC'C TPDP(1)D'DTitus T'Tt vPDPt(1) v'vvVprefer v T-s VPDP(0)D'DLavinia V'Vt TPT'Tto HavePHave'Havehave BeenPBeen'Beenbeen vingPDPt(0) ving'vingVeat ving-ing VPV'Vt15.5.5 PP-sele
ting verbs, adje
tives and nounsWe have seen adje
tive phrases with subje
ts, so we should at least take a qui
k look at adje
tive phrases with
omplements. We �rst 
onsider examples like this:Titus is proud of LaviniaTitus is proud about itWe adopt lexi
al items whi
h make prepositional items similar to verb phrases, with a �little� p and a �big� P:



146 �15. BASIC ENGLISH SYNTAXproud::=p A proud::A proud::=T a
ǫ::=>P pof::=D +k P about::=D +k PWith these lexi
al items we get derivations like this:CPC'C TPDP(1)D'DTitus T'TBebe T-s BePBe'Bet aPDPt(1) a'aAproud a APA'At pPp'pPof p PPDP(0)D'DLavinia P'Pt DPt(0)

(ǫ,ǫ,Titus be -s proud of Lavinia):C
ǫ::=T C (Titus,be -s,proud of Lavinia):T(ǫ,be -s,proud of Lavinia):+k T,Titus:-k-s::=>Be +k T (ǫ,be,proud of Lavinia):Be,Titus:-kbe::=a Be (ǫ,proud,of Lavinia):a,Titus:-k(ǫ,proud,of Lavinia):=D a

ǫ::=>A =D a (ǫ,proud,of Lavinia):Aproud::=p A (ǫ,of,Lavinia):p
ǫ::=>P p (Lavinia,of,ǫ):P(ǫ,of,ǫ):+k P,Lavinia:-kof::=D +k P Lavinia::D -k

Titus::D -k
Semanti
ally, the pi
ture 
orresponds to the derivation as desired:

Titus     be   −s     proud  of  Lavinia

experiencer theme

raising from small clauseSimilarly, we allow 
ertain nouns to have PP 
omplements, when they spe
ify the obje
t of an a
tion or someother similarly 
onstitutive relation:student::=p N student::N physi
s::D -k
itizen::=p N 
itizen::N Rome::D -kto get 
onstru
tions like this:CPC'C TPDP(1)D'Devery NumPNum'Num NPN'N
itizen pPp'pPof p PPDP(0)D'DRome P'Pt DPt(0)
T'Tt vPDPt(1) v'vvVlaugh v T-s VPV'Vt

(ǫ,ǫ,every 
itizen of Rome laugh -s):C
ǫ::=T C (every 
itizen of Rome,ǫ,laugh -s):T(ǫ,ǫ,laugh -s):+k T,every 
itizen of Rome:-k-s::v=> +k T (ǫ,laugh,ǫ):v,every 
itizen of Rome:-k(ǫ,laugh,ǫ):=D v

ǫ::=>V =D v laugh::V (ǫ,every,
itizen of Rome):D -kevery::=Num D -k (ǫ,ǫ,
itizen of Rome):Num
ǫ::=N Num (ǫ,
itizen,of Rome):N
itizen::=p N (ǫ,of,Rome):p

ǫ::=>P p (Rome,of,ǫ):P(ǫ,of,ǫ):+k P,Rome:-kof::=D +k P Rome::D -k



15.5. VERB CLASSES AND OTHER BASICS 147CPC'C TPDP(2)D'DTitus T'Tt vPDPt(2) v'vvVknow v T-s VPDP(1)D'Devery NumPNum'Num NPN'Nstudent pPp'pPof p PPDP(0)D'Dphysi
s P'Pt DPt(0)
V'Vt DPt(1)

(ǫ,ǫ,Titus know -s every student of physi
s):C
ǫ::=T C (Titus,ǫ,know -s every student of physi
s):T(ǫ,ǫ,know -s every student of physi
s):+k T,Titus:-k-s::v=> +k T (ǫ,know,every student of physi
s):v,Titus:-k(ǫ,know,every student of physi
s):=D v

ǫ::=>V =D v (every student of physi
s,know,ǫ):V(ǫ,know,ǫ):+k V,every student of physi
s:-kknow::=D +k V(ǫ,every,student of physi
s):D -kevery::=Num D -k (ǫ,ǫ,student of physi
s):Num
ǫ::=N Num (ǫ,student,of physi
s):Nstudent::=p N (ǫ,of,physi
s):p

ǫ::=>P p (physi
s,of,ǫ):P(ǫ,of,ǫ):+k P,physi
s:-kof::=D +k P physi
s::D -k
Titus::D -k

If we add lexi
al items like the following: be::=p Be seem::=p v
ǫ::=>P =D p up::=D +k P
reek::Nthen we get derivations like this:CPC'C TPDP(1)D'Dthe NumPNum'Num NPN'Nstudent

T'TBebe T-s BePBe'Bet pPDPt(1) p'pPup p PPDP(0)D'Dthe NumPNum'Num NPN'N
reek
P'Pt DPt(0)

(ǫ,ǫ,the student be -s up the 
reek):C
ǫ::=T C (the student,be -s,up the 
reek):T(ǫ,be -s,up the 
reek):+k T,the student:-k-s::=>Be +k T (ǫ,be,up the 
reek):Be,the student:-kbe::=p Be (ǫ,up,the 
reek):p,the student:-k(ǫ,up,the 
reek):=D p

ǫ::=>P =D p (the 
reek,up,ǫ):P(ǫ,up,ǫ):+k P,the 
reek:-kup::=D +k P (ǫ,the,
reek):D -kthe::=Num D -k (ǫ,ǫ,
reek):Num
ǫ::=N Num 
reek::N

(ǫ,the,student):D -kthe::=Num D -k (ǫ,ǫ,student):Num
ǫ::=N Num student::N

15.5.6 Control verbsThere is another pattern of semanti
 relations that is a
tually more 
ommon that the raising verb pattern: namely,when a main 
lause has a verb sele
ting the main subje
t, and the embedded 
lause has no pronoun
ed subje
t,with the embedded subje
t understood to be the same as the main 
lause subje
t:Titus wants to eatTitus tries to eatOne proposal for these 
onstru
tions is that the embedded subje
ts in these senten
es is an empty (i.e. unpro-noun
ed) pronoun whi
h must be �
ontrolled� by the subje
t in the sense of being 
oreferential. (For histori
alreasons, these verbs are sometimes also 
alled �equi verbs.�)



148 �15. BASIC ENGLISH SYNTAXThe idea is that we have a semanti
 pattern here like this:
control

Titus     try   −s     to PRO   praise  Lavinia

theme

agentagent

theme

coreferential, "controlled" pronominal elementWe almost su

eed in getting a simple version of this proposal with just the following lexi
al items:try::=T V want::=T V want::=T +k V
ǫ::DNoti
e that the features of try are rather like a 
ontrol verb's features, ex
ept that it does not assign 
ase to theembedded obje
t. Sin
e the embedded obje
t 
annot get 
ase from the in�nitival either, we need to use the emptydeterminer provided here be
ause this lexi
al item does not need 
ase.The problem with this simple proposal is that the empty D is allowed to appear in either of two positions. The�rst of the following trees is the one we want, but the lexi
al items allow the se
ond one too:CPC'C TPDP(0)D'Dthe NumPNum'Num NPN'Nstudent

T'Tt vPDPt(0) v'vvVtry v T-s VPV'Vt TPT'Tto vPDPD'D v'vVlaugh v VPV'Vt
(ǫ,ǫ,the student try -s to laugh):C

ǫ::=T C (the student,ǫ,try -s to laugh):T(ǫ,ǫ,try -s to laugh):+k T,the student:-k-s::v=> +k T (ǫ,try,to laugh):v,the student:-k(ǫ,try,to laugh):=D v
ǫ::=>V =D v (ǫ,try,to laugh):Vtry::=T V (ǫ,to,laugh):Tto::=v T (ǫ,laugh,ǫ):v(ǫ,laugh,ǫ):=D v

ǫ::=>V =D v laugh::V ǫ::D(ǫ,the,student):D -kthe::=Num D -k (ǫ,ǫ,student):Num
ǫ::=N Num student::NCPC'C TPDP(0)D'Dthe NumPNum'Num NPN'Nstudent

T'Tt vPDPD'D v'vvVtry v T-s VPV'Vt TPT'Tto vPDPt(0) v'vVlaugh v VPV'Vt
(ǫ,ǫ,the student try -s to laugh):C

ǫ::=T C (the student,ǫ,try -s to laugh):T(ǫ,ǫ,try -s to laugh):+k T,the student:-k-s::v=> +k T (ǫ,try,to laugh):v,the student:-k(ǫ,try,to laugh):=D v,the student:-k
ǫ::=>V =D v (ǫ,try,to laugh):V,the student:-ktry::=T V (ǫ,to,laugh):T,the student:-kto::=v T (ǫ,laugh,ǫ):v,the student:-k(ǫ,laugh,ǫ):=D v

ǫ::=>V =D v laugh::V (ǫ,the,student):D -kthe::=Num D -k (ǫ,ǫ,student):Num
ǫ::=N Num student::N

ǫ::D
This se
ond derivation is kind of wierd � it does not 
orrespond to the semanti
 relations we wanted. How 
an werule it out?



15.5. VERB CLASSES AND OTHER BASICS 149One idea is that this empty pronoun (sometimes 
alled PRO) a
tually requires some kind of feature 
he
kingrelation with the in�nitive tense. Sometimes the relevant feature is 
alled �null 
ase� [54, 270, 170℄. (In fa
t, theproper a

ount of 
ontrol 
onstru
tions is still 
ontroversial � 
f., for example, Hornstein, 1999.)A simple version of this proposal is to use a new feature k0 for �null 
ase,� in lexi
al items like these:
ǫ:: D -k0to::=v +k0 T to::=Have +k0 T to::=Be +k0 TWith these we derive just one analysis for the student try -s to laugh:CPC'C TPDP(1)D'Dthe NumPNum'Num NPN'Nstudent

T'Tt vPDPt(1) v'vvVtry v T-s VPV'Vt TPDP(0)D'D T'Tto vPDPt(0) v'vVlaugh v VPV'Vt

(ǫ,ǫ,the student try -s to laugh):C
ǫ::=T C (the student,ǫ,try -s to laugh):T(ǫ,ǫ,try -s to laugh):+k T,the student:-k-s::v=> +k T (ǫ,try,to laugh):v,the student:-k(ǫ,try,to laugh):=D v

ǫ::=>V =D v (ǫ,try,to laugh):Vtry::=T V (ǫ,to,laugh):T(ǫ,to,laugh):+k0 T,ǫ:-k0to::=v +k0 T (ǫ,laugh,ǫ):v,ǫ:-k0(ǫ,laugh,ǫ):=D v
ǫ::=>V =D v laugh::V ǫ::D -k0

(ǫ,the,student):D -kthe::=Num D -k (ǫ,ǫ,student):Num
ǫ::=N Num student::N

Noti
e how this 
orresponds to the semanti
 relations diagrammed on the previous page.
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omplex range of 
onstru
tions surveyed in the previous se
tions are all derived from a remarkablysimple grammar. Here is the whole thing (
ontaining some 
omments marked with %):% 
omplementizers
ǫ::=T C ǫ::=>T C ǫ::=>T +wh C ǫ::=T +wh Cthat::=T Ce ǫ::=T Ce % for embedded 
lauseswhether::=T Cwh ǫ::=T +wh Cwh ǫ::=>T +wh Cwh % for embedded wh-
lauses% �nite tense-s::v=> +k T % for a�x hop-s::=>Modal +k T -s::=>Have +k T -s::=>Be +k T -s::=v +k T% simple nounsqueen::N pie::N human::N 
ar::N
o�ee::N shirt::N language::N king::N% determinersthe::=Num D -k every::=Num D -k a::=Num D -k an::=Num D -ksome::=Num D -k some::D -k% number marking (sg,pl)
ǫ::=N Num -s::N=> Num% names as lexi
al DPs � re
onsider later!Titus::D -k Lavinia::D -k Tamara::D -k Saturninus::D -kRome::D -k Sunday::D -k physi
s::D -k Rome::D -k% pronouns as lexi
al DPs � treat Case marking later!she::D -k he::D -k it::D -k I::D -k you::D -k they::D -k % nomher::D -k him::D -k me::D -k us::D -k them::D -k % a

my::=Num D -k your::=Num D -kher::=Num D -k his::=Num D -k its::=Num D -k % gen% wh determinerswhi
h::=Num D -k -wh whi
h::D -k -whwhat::=Num D -k -wh what::D -k -wh% auxiliary verbswill::=Have Modal will::=Be Modal will::=v Modalhave::=Been Have have::=ven Havebe::=ving Be been::=ving Been% little v
ǫ::=>V =D v -en::=>V =D ven -ing::=>V =D ving-en::=>V ven -ing::=>V ving% DP-sele
ting (transitive) verbs - sele
t an obje
t and take a subje
t too (via v)praise::=D +k V sing::=D +k V eat::=D +k V have::=D +k V% intransitive verbs - sele
t no obje
t but take a subje
tlaugh::V sing::V 
harge::V eat::V% CP-sele
ting verbsknow::=Ce V know::=Cwh V know::=D +k V know::Vdoubt::=Ce V doubt::=Cwh V doubt::=D +k V doubt::Vthink::=Ce V think::Vwonder::=Cwh V wonder::V% CP-sele
ting nouns
laim::=Ce N proposition::=Ce N 
laim::N proposition::N



15.6. SUMMARY 151% raising verbs - sele
t only propositional 
omplement no obje
t or subje
tseem::=T v% in�nitival tenseto::=v T to::=Have T to::=Be T % NB: to does not sele
t modals% little a
ǫ::=>A =D a% simple adje
tivesbla
k::A white::A human::A mortal::Ahappy::A unhappy::A% verbs with AP 
omplements: predi
ative be seembe::=a Be seem::=a v% adje
tives with 
omplementsproud::=p A proud::A proud::=T a% little p (no subje
t?)
ǫ::=>P p% prepositions with no subje
tof::=D +k P about::=D +k P on::=D +k P% verbs with AP & TP 
omplements: small 
lause sele
tors as raising to obje
tprefer::=a +k V prefer::=T +k V prefer::=D +k V
onsider::=a +k V 
onsider::=T +k V 
onsider::=D +k V% nouns with PP 
omplementsstudent::=p N student::N
itizen::=p N 
itizen::N% more verbs with PP 
omplementsbe::=p Be seem::=p Be ǫ::=>P =D p up::=D +k P 
reek::N% 
ontrol verbstry::=T V want::=T V want::=T +k V% verbs with 
ausative alternation: using little v that does not sele
t subje
tbreak::=D +k V break::=D v% PRO with "null 
ase" feature k0
ǫ::D -k0to::=v +k0 T to::=Have +k0 T to::=Be +k0 T % NB: to does not sele
t modalsA 
ouple of points to noti
e:

• This MG has 137 lexi
al items in it. The 
orresponding MCFG generated by our translator (dis
ussedearlier) has 1413 rewrite rules.A similar but larger grammar was 
onstru
ted by John Hale [109℄.
• We still have not handle adjun
tions, su

essive 
y
li
 movements, resumptions, and many many other kindsof 
onstru
tions. (Some of these missing 
onstru
tions will be 
onsidered later!)
• There are many regularities in the lexi
on that we have not tried to 
apture yet.For example, every one of the determiners has a -k. This suggests that maybe we should simply regard the-k as part of the indi
ation of a determiner, the part that triggers EPP. The literture is full of suggestionsalong these lines.
• We have not said anything yet about how semanti
 values of these 
omplexes are determined by their parts.And we have not said anything about the binding requirements of DPs.



152 �15. BASIC ENGLISH SYNTAXExer
ises:1. Topi
alization. The grammar of this se
tion allows wh-movement to form questions, but it does not allowtopi
alization, whi
h we see in examples like this:Lavinia, Titus praise -sThe king, Titus want -s to praiseOne idea is that the lexi
on in
ludes in addition to DPs like Lavinia, a -topi
 version of this DP, whi
h moves toa +topi
 spe
i�er of CP. Extend the grammar to get these topi
alized 
onstru
tions in this way, and then writea brief linguisti
 assessment of this approa
h.2. Put. We did not 
onsider verbs like put whi
h require two `internal' arguments:the 
ook put -s the pie in the oven* the 
ook put -s the pie* the 
ook put -s in the ovenOne idea is that while transitive verbs have two parts, v and V, verbs like put have three parts whi
h we 
ould
all v and V and VV, where VV sele
ts the PP, V sele
ts the obje
t, and v sele
ts the subje
t. Extend thegrammar in this way so that it gets the 
ook put -s the pie in the oven. Make sure that your extended grammardoes NOT get the 
ook put -s the pie, or the 
ook put -s in the oven. Then write a brief linguisti
 assessment ofthis approa
h.3. Copy raising. Some English diale
ts (like mine) allow raising verbs to appear with 
ertain �nite 
lauses, as inthese examples [10, 227℄: John seems like he wants to workEmintrude looks like the 
at has got her tongueMary appears as if she has seen a ghostExtend the grammar to get at least the �rst of these senten
es, and then write a brief linguisti
 assessment ofyour approa
h. (Is this a lexi
al regularity (analogous to the -k property of D mentioned in the 
on
lusions justabove) or something else?)4. ECM 
onstru
tions. Consider senten
es like this:Mary believes John to be in the roomIt is as if John gets its 
ase as the obje
t of believes, but originates in the embedded in�nitival. Write lexi
alitems whi
h will allow this kind of analysis, and show the 
ompleted derivation.Optional extra step: Collins [57, pp.96-104℄ uses this example in his argument for asymmetri
 feature 
he
kingand parti
ularly for Chomsky's [50℄ story about ±interpretable features. Assess these arguments.5. Head vs. phrasal movement. Dave S
hueler points out that our formalization of head movement in the
on�guration of sele
tion is similar to a suggestion re
ently made by Pesetsky & Torrego [201℄:(5a) What did Mary buy?In (5a), [a feature℄ µT on C is attra
ting a feature of its own 
omplement � a 
onstituent with whi
h C has justmerged. If the entire 
omplement of C were to be 
opied as Spe
,CP, C would, in e�e
t, be merging with thesame 
onstituent twi
e. We suggest that it is pre
isely in these 
ir
umstan
es that the head of the 
omplement,rather than the 
omplement itself, is 
opied. In the present 
ontext, this suggestion is spe
ulative, but it is in fa
tthe �ip side of a more familiar generalization: the Head Movement Constraint of Travis (1984). Travis's 
onditionstates that head movement is always movement from a 
omplement to the nearest head. Our 
ondition di
tatesthat movement from a 
omplement to the nearest head is always realized as head movement. We may 
all the twotogether the �Head Movement Generalization�:(13) Head Movement GeneralizationSuppose a head H attra
ts a feature of XP as part of a movement operation.(i) If XP is the 
omplement of H, 
opy the head of XP into the lo
al domain of H.(ii) Otherwise, 
opy XP into the lo
al domain of H.Des
ribe some 
ases where the Head Movement Generalization would not be followed in an MG. (If you paidattention in the se
tion above, you have not far to look for some �rst examples.) Do a
tual 
onstru
tions inhuman languages that really look like they 
all for su
h a thing?



�16 MG parser implementation(0) We saw how tree-based MGs 
an be repla
ed by tuple-based MGs, de�ned as follows [249℄, without 
hangingthe language or the shape of the derivations of ea
h string in the language:minimalist grammar G=〈Lex, {merge,move}〉
• vo
abulary Σ = {every,some,student,...}
• types T ={::, :} (`lexi
al' and `derived', respe
tively)
• synta
ti
 features F of four kinds:C, T, D, N, V, P,... (sele
ted 
ategories)=C, =T, =D, =N, =V, =P,... (sele
tor features)+wh, +
ase, +fo
us,... (li
ensors)-wh, -
ase, -fo
us,... (li
ensees)
• 
hains C = Σ∗ × T × F ∗

• expressions E = C∗

• lexi
on Lex ⊂ Σ∗ × {::} × F ∗, a �nite setmerge: (E × E) → E is the union of the following 3 fun
tions,for · ∈ {:, ::}, γ ∈ F ∗, δ ∈ F+

s :: =fγ t · f, α1, . . . , αk merge1: lexi
al item sele
ts a non-mover
st : γ, α1, . . . , αk

s : =fγ, α1, . . . , αk t · f, ι1, . . . , ιl merge2: derived item sele
ts a non-mover
ts : γ, α1, . . . , αk, ι1, . . . , ιl

s ·=fγ, α1, . . . , αk t · fδ, ι1, . . . , ιl merge3: any item sele
ts a mover
s : γ, α1, . . . , αk, t : δ, ι1, . . . , ιlHere, α1, . . . , αk, ι1, . . . , ιl (0 ≤ k, l) are any 
hains.Noti
e that the domains of merge1, merge2, and merge3 are disjoint, so their union is a fun
tion.move: E → E is the union of the following 2 fun
tions,for γ ∈ F ∗, δ ∈ F+, satisfying the following 
ondition,(SMC) none of the 
hains α1, . . . , αi−1, αi+1, . . . , αk has −f as its �rst feature,153
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s : +fγ, α1, . . . , αi−1, t : −f, αi+1, . . . , αk move1: �nal move of li
ensee

ts : γ, α1, . . . , αi−1, αi+1, . . . , αk

s : +fγ, α1, . . . , αi−1, t : −fδ, αi+1, . . . , αk move2: non�nal move of li
ensee
s : γ, α1, . . . , αi−1, t : δ, αi+1, . . . , αkNoti
e that the domains of move1 and move2 are disjoint, so their union is a fun
tion.stru
tures S(G)=
losure(Lex,{merge,move})
ompleted stru
tures = expressions w · C, for C the �start� 
ategory and any type · ∈ {:, ::}senten
es L(G) = {w| w · C ∈ S(G) for some · ∈ {:, ::}}, the strings of 
ategory C(1) On
e the parsing rules are given in this dedu
tive format, it is trivial to spe
ify a CKY-like method forre
ognizing MG languages. We add a �rst rule for the lexi
al input sequen
e, treating empty lexi
al itemsas elements going from i to j = i, for every 0 ≤ i ≤ n where n is the length of the string.

for each word w from i to j such that w :: γ ∈ Lex lex
(i, j) : γ

(i, j) :: =fγ (j, k) · f, α1, . . . , αk merge1: lexi
al item sele
ts a non-mover
(i, k) : γ, α1, . . . , αk

(j, k) : =fγ, α1, . . . , αk (i, j) · f, ι1, . . . , ιl merge2: derived item sele
ts a non-mover
(i, k) : γ, α1, . . . , αk, ι1, . . . , ιl

(i, j) ·=fγ, α1, . . . , αk (k, l) · fδ, ι1, . . . , ιl merge3: any item sele
ts a mover
(i, j) : γ, α1, . . . , αk, (k, l) : δ, ι1, . . . , ιl

(j, k) : +fγ, α1, . . . , αi−1, (i, j) : −f, αi+1, . . . , αk move1: �nal move of li
ensee
(i, k) : γ, α1, . . . , αi−1, αi+1, . . . , αk

(i, j) : +fγ, α1, . . . , αi−1, (k, l) : −fδ, αi+1, . . . , αk move2: non�nal move of li
ensee
(i, j) : γ, α1, . . . , αi−1, (k, l) : δ, αi+1, . . . , αk(2) We modify the system above slightly as follows: rather than imposing the SMC on the move step, we willnot produ
e any result whi
h has two -f 
hains, for any f.(3) Harkema shows that this MG re
ognition requires no more than On4k+4 steps, where k is the number ofli
ensors and n is the length of the input [111℄.(4) Various MG re
ognizer implementations have been written, parsing MGs dire
tly [246, 190, 109℄ or bytranslating them into MCFGs or 
losely related formalisms [108, 3, 164℄ but we des
ribe a very dire
tapproa
h.1(5) Now to begin 
oding the implementation, we 
an de
lare these feature 
onstru
tors as type 
onstru
tors:Cat (
ategory)Sel (sele
ted) whi
h appears in the literature as =Pos (li
ensor, positive trigger for move) whi
h appears in the literature as +Neg (li
ensee, negative trigger for move) whi
h appears in the literature as -1These and some other related implementations are linked at http://www.linguisti
s.u
la.edu/people/stabler/epssw.htm.



155We de�ne these types so that they apply to integers. So a parti
ular 
ategory will be Cat n, a `mover' willbe Pos n, and so on, for parti
ular integers n.We number the 
ategories and the `movers' separately,
0, 1, 2, . . .The numbering 
an be arbitrary otherwise.(6) Example. Our grammars will be given in this form.(* file: g0.ml
reated: Thu Feb 28 09:17:43 PST 2008first author: E Stabler stabler�u
la.eduExample grammar given by (i) feature to string translations (moverString, 
atString)(ii) size parameters (moverMax,
atMax)(iii) the list of lexi
al items, and(iv) some examples (at least zero of them! so that the fun
tion is defined).We 
ould write a program to generate the numbering of 
ategoriesand these other parameters, but for now we do it by hand.*)let moverString f = List.asso
 f [(0,"k"); (1,"wh")℄;;let moverMax = 1;; (* so the movers are 0,1 *)let 
atString f = List.asso
 f [(0,"C"); (1,"T"); (2,"D"); (3,"N"); (4,"V"); (5,"v")℄;;let 
atMax = 5;; (* so the 
ategories are 0,1,2,3,4,5 *)let grammar =[([℄, [Sel 1; Cat 0℄); ([℄, [Sel 1; Pos 1; Cat 0℄);([℄, [Sel 5; Pos 0; Cat 1℄); ([℄, [Sel 4; Sel 2; Cat 5℄);(["eat"℄, [Sel 2; Pos 0; Cat 4℄); (["laugh"℄, [Cat 4℄);(["the"℄, [Sel 3; Cat 2; Neg 0℄); (["whi
h"℄, [Sel 3; Cat 2; Neg 0; Neg 1℄);(["king"℄, [Cat 3℄); (["pie"℄, [Cat 3℄);℄;;(* Apply 
ky to example 1 with: (eg grammar 1). Use neg ints for examples that should fail.*)let example = fun
tion (* (startCategory, inputString) pairs *)1 -> (0,["the";"king";"laugh"℄)| 2 -> (0,["the";"king";"the";"pie";"eat"℄)| 3 -> (0,["whi
h";"pie";"the";"king";"eat"℄)| -1 -> (0,["the";"king";"the";"pie";"laugh"℄)| -2 -> (0,["the";"king";"pie";"eat"℄)| -3 -> (0,["whi
h";"pie";"the";"king";"eat";"the";"pie"℄)| _ -> raise (failwith "No su
h example");;(7) Our implementation provides a fun
tion that will print out the grammar in its more readable string form:# grammar;;- : (string list * feature list) list =[([℄, [Sel 1; Cat 0℄); ([℄, [Sel 1; Pos 1; Cat 0℄);([℄, [Sel 5; Pos 0; Cat 1℄); ([℄, [Sel 4; Sel 2; Cat 5℄);(["eat"℄, [Sel 2; Pos 0; Cat 4℄); (["laugh"℄, [Cat 4℄);(["the"℄, [Sel 3; Cat 2; Neg 0℄); (["whi
h"℄, [Sel 3; Cat 2; Neg 0; Neg 1℄);(["king"℄, [Cat 3℄); (["pie"℄, [Cat 3℄)℄# printLex grammar;;[℄ :: =T C[℄ :: =T +wh C



156 �16. MG PARSER IMPLEMENTATION[℄ :: =v +k T[℄ :: =V =D veat :: =D +k Vlaugh :: Vthe :: =N D -kwhi
h :: =N D -k -whking :: Npie :: N- : unit = ()#(8) For the 
hart, where x is the number of movement trigger types, we 
ould use a 2 ∗ (x + 1) dimensionalhyper
ube of the input length, but when there are many movers this will be too big and, in almost allappli
ations, mainly empty.So we will use 2-d hyper
ube (i.e. an n × n square matrix) as we did in 
f-
yk and simply store the rangesof the �moving elements� in the items. We will a
tually use 2 n× n matri
es, one for non-moving Cat itemsand one for Sel itemsSin
e the SMC prohibits more than one (Neg e) 
hain per 
onstituent, for ea
h e, we will use an array tohold these 
hains � the length of the array will be the number of di�erent elements e su
h that (Neg e)appears anywhere in the lexi
on.When a 
ell in the n× n arrays is empty, we will use a simple �empty� type (Y in the non-moving Cat itemarrays, and Z in the Sel item arrays)(9) We write the stru
ture building fun
tions 
arefully, sin
e ea
h one 
an be used many thousands of times inparsing a single string.The stru
ture building fun
tions (not in
luding head movement fun
tions) are these:
merge1, merge2, merge3, move1, move2Sin
e the merges are binary, we provide, in e�e
t, �reverse� versions that sea
h for appropriate �rst argumentsgiven the se
ond one:

merge1r, merge2r, merge3rThese fun
tions are applied in all possible ways in the main loop(10) We implement move1, move2 by applying them automati
ally to ea
h result of any merge that that beginswith (Pos n). If an item begins with (Pos n) but move 
annot apply, this item is useless, and nothing isadded to either 
hart or agenda. If move applies (1 or more times), the �nal result goes into the 
hart andagenda if new. Intermediate results go into 
hart, but not onto the agenda.(11) In this �rst implementation, we assume that lexi
al items are either empty or 1 symbol long. We also assumelexi
al items are well formed in the sense that their features are in(sele
tors,li
ensors)* Cat li
ensees*never beginning with a li
ensor.(12) We 
ould say type 
ell = item listbut that would require that we sear
h the whole 
ell to �nd what we are looking for.So �rst, as des
ribed in (10), move applies automati
ally to redu
e any item that triggers it, before thatitem is put into the sear
hable parts of the 
hart. So the 
hart only needs Cat items and Sel Items.And noti
e that the position of the Cat items is only useful when they are non-moving, so only these will bepla
ed in an nXn array like we have in 
f-
yk. The non-moving Cat items will be kept in a separate array.Under ea
h of these 
lassi�
ations, to store the items we use 
ategory arrays � i.e. arrays indexed by the
ategory feature.We keep a list of �other items� are just for tra
ing, et
 � items with move triggersSo the overall stru
ture of our �
hart� looks like this, where n = su

 length of input.



157(nXnNonmoverCat, nXnSel, moverCats, other)
| | | |ea
h 
ell i, j an ea
h 
ell i, j an ea
h 
ell 
at sitItem listnmItem array item array a sitItem listindexed by 
at indexed by 
at, with �rst featswith no feats with �rst feats removedremoved(simple,movers) (simple,fs,movers) (i,j,simple,fs,movers) (i,j,simple,fs,movers)Note that what we 
all movers here are �inside� ea
h 
onstituent, ea
h item. They have type (int * int *feature list) array, with length (su

 moverMax). In these elements the �rst (Neg f) feature of the featurelist 
an be removed sin
e it is en
oded by its array position f.In the nXnNonmoverCat array, position is en
oded by the 
oordinates i,j of the 
ell and the 
ategory isen
oded by position in the 
ell 
ontents, and as non-movers there are no other features, so the leaves arelists of (simple,movers) pairs. That is, leaf 
ontents have type: (bool ∗ chain array) listIn the nXnSel array, the leaves are lists of (simple,feats,movers) pairs. That is, leaf 
ontents have type:

(bool ∗ feature list ∗ chain array) listSo the initial 
hart (for input length 3, 
atMax=5) is
([|[|Y ; Y ; Y ; Y |]; [|Y ; Y ; Y ; Y |]; [|Y ; Y ; Y ; Y |]; [|Y ; Y ; Y ; Y |]|],
[|[|Z; Z; Z; Z|]; [|Z; Z; Z; Z|]; [|Z; Z; Z; Z|]; [|Z; Z; Z;Z|]|],
[|[]; []; []; []; []; []|],
[]).To insert a �rst new result (3, 4, (false, [Sel1; Cat2], [|Em; Em|])), we go to 
ell 3,4 of selCoordChart, and
hange the initial 
ontents Z to (B x), where x is an array of length (succ catMax) with all values [℄, andthen we 
hange x.(1) from [℄ to [(false, [Cat2], [|Em; Em|])]. Note that we remove the feature (Sel 1) sin
ethat is en
oded already by the 
hart stru
ture.Sin
e we build only in the upper triangle of the 
oordCharts, half will always stay Z or Y , respe
tively.(13) Re
ap: type feature = Sel of int | Cat of int | Pos of int | Neg of int;;type 
hain = Em | Tu of (int * int * feature list);;type nmItem = bool * 
hain array;; (* non-movers have no features left *)type selItem = bool * feature list * 
hain array;;type sitItem = int * int * bool * feature list * 
hain array;;type nmCatArray = Y | A of nmItem list array;; (* length A arrays=(su

 
atMax) *)type selArray = Z | B of selItem list array;; (* length B arrays=(su

 
atMax) *)type nmCatCoordChart = nmCatArray array array;; (* a square matrix of 
ells *)type selCoordChart = selArray array array;; (* a square matrix of 
ells *)type 
hart = nmCatCoordChart * selCoordChart * sitItem list array * sitItem list;;type agenda = sitItem list;;(14) In lexi
al insertion, it su�
es to put just the sele
tor items into the agendamain loop:given (agenda,
hart), pop top item from agenda;
ompute (newAgenda,newChart) as detailed below, and repeat with newAgenda,until the 
urrent agenda is empty.NB: remember again that move1, move2 are 
omposed with merge steps,applying automati
ally to ea
h result that triggers them.



158 �16. MG PARSER IMPLEMENTATIONIf move is triggered but 
annot apply, nothing is added to either 
hart or agenda.If move applies (1 or more times), the final result goes into 
hart and agenda if new.Intermediate results go into (thirdOf3 
hart), but not onto the agenda.if pop agenda = (i, j, (true, (Sel f)::alpha, movers))then getall merge1,merge3 results --for merge1, sear
h ranges with left edge j(and not overlapping with anything else in moving 
hains)for merge3, sear
h ranges not overlapping with i,j(and not overlapping with anything else in moving 
hains)if pop agenda = (i, j, (false, (Sel f)::alpha, movers))then getall merge2,merge3 results --for merge2, sear
h ranges with right edge i(and not overlapping with anything else in moving 
hains)for merge3, sear
h ranges not overlapping with i,j(and not overlapping with anything else in moving 
hains)if pop agenda = (i, j, (_, (Cat f)::[℄, movers))then getall merge1r,merge2r results --for merge2, sear
h ranges with right edge i(and not overlapping with anything else in moving 
hains)for merge1, sear
h ranges with left edge j(and not overlapping with anything else in moving 
hains)if pop agenda = (i, j, (_, (Cat f)::NONEMPTY, movers))then getall merge3r results -- sear
hing all sele
tors in 
hartfor merge3, sear
h ranges not overlapping with i,j (or anything else in movers)if pop agenda = (i, j, (_, (Pos f)::alpha, _)) NEVER HAPPENS -- SEE NB ABOVEif pop agenda = (i, j, (_, (Neg f)::alpha, _)) NEVER HAPPENSNB: overlap 
he
k are done only when string is a
tually 
on
atenated, in merge1, merge2, or move1. Doingthem in every step seems not worth the e�ort � too 
ostly.16.0 Parsing and tree 
olle
tionThe re
ognizer above may produ
e (0, n) : Start with no indi
ation of how that item was built. To fa
ilitatere
overy of the derivation history, sometimes the the 
hart items are annotated with their the sour
es (sometimesin an auxiliary data stru
ture).The �rst argument of merge is always a member of nXnSel, where ea
h element 
an be spe
i�ed by 4 integersif we keep tra
k of the `position' of ea
h element in its list:(leftEdge, rightEdge, 
ategory, position).The se
ond argument of merge is either an element of nXnNM or of movers, and in the latter 
ase we 
an just letleftEdge=rightEdge=-1. So the presen
e of -1 in those �elds unambiguously indi
ates elements from the moversarray. (For lexi
al items, we will put -1 in the 
ategory and position �elds as well.) Finally, sin
e the operationrequires (Sel 
ategory) and (Cat 
ategory) to have the same 
ategory, we need only spe
ify that 
ategory on
e. Inthis way, ea
h sour
e of ea
h element 
an be represented by a 7-tuple of integers:(selLeftEdge, selRightEdge, 
ategory, selPosition, 
atLeftEdge, 
atRightEdge, 
atPosition).This spe
i�
ation of sour
es removes the need for sear
h even when move steps are involved in produ
ing the result.Given a list of the possible sour
es of ea
h item, whole derivations 
an be qui
kly re
onstru
ted with a ba
k-tra
king strategy (if there are no 
y
les in the parent relations). Alternatively, we 
ould try to de�ne some semanti
pro
ess that would in
rementally build the most probable parse, in some sense of `most probable'.16.1 MGH parsing, et
The CKY-like methods extend easily to MGs with head-movement, adjun
tion, and 
ertain other kinds of operations[247, 176, 93, 98, 97℄.



16.2. MGS WITH COPYING (MGCS) 15916.2 MGs with 
opying (MGCs)(15) Noti
e that we do not move by performing 
opy+delete. Rather, a movement is just a 
ertain kind ofpossibly dis
ontinuous dependen
y � a instan
e in whi
h a 
onstituent is 
olle
ted from non-
ontiguousparts of the input.Is there any reason to assume that move should be 
opy+delete? Besides various 
on
eptual argumentsbased on theory internal and 
ontroversial assumptions about theoreti
al simpli
ity, various other kinds ofarguments and eviden
e have been mustered:partial movement: Some languages like German, Hindi and Hungarian allow 
onstru
tions in whi
h the matrix
lause has a redu
ed wh-element and an intervening operator position holds the regular question word[81, 122℄:Wasjwhat hasthave Duyou tj geglaubtthought [weniwho sieshe ti gesehenseen hat℄j?has`who do you think she has seen'partial movement in a
quisition: We �nd similar 
onstru
tions even among learners of adult languages thatdo not admit partial movement [257, 174℄:(
hild English) Whi
h animal do you think what really says woof-woof?
overt 
opying of synta
ti
 phrases in ellipsis? [146, 272, 128, 83, 110℄a. This is the book whi
hi Max read ti before knowing that Lu
y did e.b. * This is the book whi
hi Max read ti before hearing the 
laim that Lu
y did e.
. Dulles suspe
ted everyone who Angleton believed that Philby did ed. * Dulles suspe
ted everyone who Angleton wondered why Philby did eovert 
opying of synta
ti
 phrases: [177, 248, 152, 193℄ Mandarin Chinese:Zhangsan like play basketball not like play basketballZhangsan ai da lanqiu (*,) bu ai da lanqiu`Does Zhangsan like to play basketball?'Yoruba:wiwaRED-drive katatra
tor wofell igitree luhit leground niFo
 Omolebuilder wadrive katatra
tor wofell igitree luhit leground(16) Let's use the notation −ŷ to indi
ate a trigger for 
opy-movement, a 
opy-li
ensee, and add the followingrules, where in the new merge3
 and move2
 rules, δ begins with −ŷ for some y. (The original rules 
ouldbe eliminated, or 
ould be restri
ted to instan
es of non-
opy-movers.)2
s :: =fγ, α1, . . . , αk t · fδ, ι1, . . . , ιl merge3
1: lexi
al item sele
ts a 
opy-mover

st : γ, α1, . . . , αk, t : δ, ι1, . . . , ιl

s : =fγ, α1, . . . , αk t · fδ, ι1, . . . , ιl merge3
2: derived item sele
ts a 
opy-mover
ts : γ, α1, . . . , αk, t : δ, ι1, . . . , ιl

s : +fγ, α1, . . . , αi−1, t : −f̂ , αi+1, . . . , αk move1
: �nal move of 
opy-mover
ts : γ, α1, . . . , αi−1, αi+1, . . . , αk

s : +fγ, α1, . . . , αi−1, t : −f̂δ, αi+1, . . . , αk move2
: non�nal move of 
opy-mover
ts : γ, α1, . . . , αi−1, t : δ, αi+1, . . . , αkKobele [152, p.188℄ points out that the following grammar derives the non-mildly-
ontext-sensitive language

a2n :2A number of details about the intera
tions between 
opy movement and other operations need to be de
ided here. For fullerdis
ussion of some possibilities, see [152℄. Kobele 
onsiders, among many other things, a formalism that marks the li
ensors rather thanthe li
ensees, whi
h we mark here.



160 �16. MG PARSER IMPLEMENTATIONa::S ǫ:: =S X -�y ǫ:: =X +y SConsider the following 3-step derivation whi
h uses merge3
1 in the se
ond step (we 
ount from the bottom,sin
e we are drawing trees linguist-style with the root on top).aa:Sa:+y S,a:-�y
ǫ:=X +y S a:X -�y

ǫ::=S X -�y a::SObviously, if we repeat these steps again using this derived aa:S instead of a::S, we will derive aaaa:S.(17) How 
an these rules be implemented? Consider merge3
1 for example. Note that when k 6= l in the followingrule, we must have i 6= i′, where (i′, i) is the same string as (k, l):
(i, j) :: =fγ, α1, . . . , αk (k, l) · fδ, ι1, . . . , ιl merge3
1: lexi
al item sele
ts a 
opy-mover

(i′, j) : γ, α1, . . . , αk, (k, l) : δ, ι1, . . . , ιlA simple idea is that the side 
ondition that (i′, i) is a 
opy of (k, l) be enfor
ed simply as a 
ondition onthe strings, �at PF.� Note that we 
ould avoid some useless 
he
king of this 
ondition based on the fa
t thatin bottom-up CYK parsing, if (i′, i) is a string 
opy of (k, l), then these two spans will also share the samesynta
ti
 analyses. So we need only 
he
k the string identity of (i′, i) and (k, l) when they already haveidenti
al synta
ti
 analyses. Kobele 
onsiders other alternatives [152, pp.187-212℄.16.3 MG parsing one derivation at a timeA number of di�erent `all paths at on
e' strategies are de�ned in [112℄, but there has been very little work on `onepath at a time' strategies. This is true not only for MGs, but for all the other `mildly 
ontext sensitive' grammarformalisms (TAGs, CCGs, et
). Some �rst steps were taken in [265, 131, 266, 269℄, but the topi
 deserves moreattention, sin
e psy
hologists often propose models of this kind, and it is likely to reveal interesting new perspe
tiveson the grammar.



16.4. APPENDIX: LISTING 16116.4 Appendix: listing1 (∗ f i l e : mg−
ky . ml
 r e a t e d : Thu Feb 28 09 : 1 2 : 2 2 PST 2008f i r s t a u t h o r : E S t a b l e r s t a b l e r � u 
 l a . eduCKY− l i k e r e 
 o g n i z e r f o r MGs , u s i n g a s u b s e t o f OCaml .For f i n a l p e r f o rma n 
 e v e r s i o n , p r i n t r o u t i n e s 
an be removed , and we do not need to keep t h e 4 t h e l eme n t o f 
 h a r t
∗ )t y p e f e a tu r e = Se l o f in t | Cat o f in t | Pos o f i n t | Neg o f in t ; ;t y p e 
hain = Em | Tu o f ( in t ∗ i n t ∗ f e a t u r e l i s t ) ; ; (∗ moving e l eme n t s i n s i d e ea 
h i t em ∗ )11 t y p e nmItem = bool ∗ 
hain array ; ; (∗ non−movers , w i t h 
 a t 
oded by a r r a y a d d r e s s , have no f e a t u r e s l e f t ∗ )t y p e se l I t em = bool ∗ f e a tu r e l i s t ∗ 
hain array ; ;t y p e s i t I t em = in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ; ; (∗ s i t u a t e d i t em s f o r agenda+o t h e r ∗ )t y p e nmCatArray = Y | A o f nmItem l i s t array ; ; (∗ l e n g t h A a r r a y s =( s u 
 
 
atMax ) ∗ )t y p e se lAr ray = Z | B o f se l I t em l i s t array ; ; (∗ l e n g t h B a r r a y s =( s u 
 
 
atMax ) ∗ )t y p e nmCatCoordChart = nmCatArray array array ; ; (∗ n X n ma t r i x , f o r n=s u 
 
 ( l e n g t h i n p u t ) ∗ )t y p e selCoordChart = se lArray array array ; ; (∗ n X n ma t r i x , f o r n=s u 
 
 ( l e n g t h i n p u t ) ∗ )t y p e 
hart = nmCatCoordChart ∗ selCoordChart ∗ s i t I t em l i s t array ∗ s i t I t em l i s t ; ;(∗ A grammar i s nee ded t o s e t s i z e p a r am e t e r s moverMax , 
atMax , and s p e 
 i f y 
 a t e g o r i e s .21 J u s t one grammar s h o u l d be un
ommented a t a t ime !#us e " grammars / g0 . ml " ; ; (∗ s i m p l e s t SOV " t he k i n g l a u g h " , " t he k i n g t he p i e e a t " ∗ )#us e " grammars / g4 . ml " ; ; (∗ 
opy l a n g u a g e aabaab ∗ )#us e " grammars / g5 . ml " ; ; (∗ g e n e r a t e s 1^n2^n3^n4^n5^n a s an s ∗ )#us e " grammars /g−ne . ml " ; ; (∗ " t i t u s p r a i s e −s l a v i n i a " n a i v e E n g l i s h SVIO , i n s p i r e d by Mahajan 2000 ∗ )#us e " grammars /g−n ta . ml " ; ; (∗ " B e a t r i 
 e B en e d i 
 k 
 r i t i 
 i z e −s " n a i v e Tami l SOVI , i n s p i r e d by Mahajan 2000 ∗ )#us e " grammars /g−nza . ml " ; ; (∗ " 
 r i t i 
 i z e −s B e a t r i 
 e B en e d i 
k " n a i v e Z a po t e
 VISO , i n s p i r e d by Mahajan 2000 ∗ )#us e " grammars / t l i n g i t . ml " ; ; (∗ w i t h a q−morpheme , i n s p i r e d by Se th Ca b l e ∗ )31 ∗ )#use " g 0 . m l " ; ; (∗ s i m p l e s t SOV " t h e k i n g l a u g h " , " t he k i n g t he p i e e a t " ∗ )(∗ BEGIN p r i n t f u n 
 t i o n s f o r t r a 
 i n g , and some o t h e r u t i l i t i e s ∗ )l e t f s tOf 4 ( a ,_,_,_) = a ; ; (∗ so ( f s t O f 4 
 h a r t ) = nmCatCoo rdCha rt ∗ )l e t sndOf4 (_, a ,_,_) = a ; ; (∗ so ( sndOf4 
 h a r t ) = s e l C oo r d C h a r t ∗ )l e t thdOf4 (_,_, a ,_) = a ; ; (∗ so ( thdOf4 
 h a r t ) = move r s ∗ )l e t fthOf4 (_,_,_, a ) = a ; ; (∗ so ( f t hO f 4 
 h a r t ) = o t h e r ∗ )41 l e t f e a t S t r i ng = f u n 
 t i o nSe l b −> " = "^( 
a tS t r i ng b)| Cat b −> 
a tS t r ing b| Pos b −> " + "^(moverString b)| Neg b −> " - "^(moverString b ) ; ;l e t pr intFeat f = P r int f . f p r i n t f stdout " % s " ( f e a t S t r i n g f ) ; ;l e t p r i ntFeat s f s = L i s t . i t e r pr intFeat f s ; ;l e t p r i n t S t r i ng s ss =51 i f s s =[℄t h e n Pr in t f . f p r i n t f stdout " [ ℄ " (∗ j u s t t o make t h e p r i n t p r e s e n t a t i o n p e r f e 
 t l y 
 l e a r ∗ )e l s e L is t . i t e r ( P r i nt f . f p r i n t f stdout " % s " ) s s ; ;l e t r e 
 printLex grammar = mat
h grammar w i t h[ ℄ −> ()| ( s , f ) : : xs −>b e g i np r i n tS t r i n g s s ; P r i n t f . f p r i n t f stdout " : : " ;p r in tFea ts f ; P r i n t f . f p r i n t f stdout " \ n " ;61 printLex xs ;end ; ;l e t printChain simple = f u n 
 t i o nEm −> ()| Tu ( i , j , f e a t s ) −>b e g i nP r in t f . f p r i n t f stdout " ( % i , % i ) " i j ;i f simple t h e n Pr in t f . f p r i n t f stdout " : : " e l s e P r in t f . f p r i n t f stdout " : " ;L i s t . i t e r pr intFeat f e a t s ;71 end ; ;l e t printChainWithF simple f = f u n 
 t i o nEm −> ()| Tu ( i , j , f e a t s ) −>b e g i nP r in t f . f p r i n t f stdout " ( % i , % i ) " i j ;i f simple t h e n Pr in t f . f p r i n t f stdout " : : " e l s e P r in t f . f p r i n t f stdout " : " ;L i s t . i t e r pr intFeat ( ( Neg f ) : : f e a t s ) ;end ; ;81 (∗ t o p r i n t nmItem , s h ow i ng i , j 
oded i n t o nXnNM a r r a y p o s i t i o n , and Cat f 
oded i n t o nmItem a r r a y p o s i t i o n ∗ )l e t printNMItem i j f ( s imple , movers ) =b e g i nprintChain simple (Tu ( i , j , ( Cat f ) : : [ ℄ ) ) ;Array . i t e r i ( printChainWithF f a l s e ) movers ; P r in t f . f p r i n t f stdout " \ n " ;en d ; ;l e t printNMItemList i j f i t em l i s t = L is t . i t e r ( printNMItem i j f ) i t em l i s t ; ;91 l e t printNMCatArray i j array = mat
h array w i t hY −> ()| A 
atArray −> Array . i t e r i ( printNMItemList i j ) 
atArray ; ;l e t r e 
 printNMCatCoordChart 
oordChart =l e t n = pred ( Array . l ength 
oordChart )i n f o r i=0 t o n dof o r j=0 t o n doprintNMCatArray i j 
oordChart . ( i ) . ( j )101 d on ed on e ; ;l e t l i s tA r r a yS i z e array = Array . f o l d_r ight ( f u n 
 t i o n x −> ( f u n 
 t i o n y −> ( L is t . l ength x ) + y ) ) array 0 ; ;



162 �16. MG PARSER IMPLEMENTATIONl e t nmCatArraySize 
atArray = mat
h 
atArray w i t hY −>0| A array −> l i s tA r r ay S i z e array ; ;l e t nmCatArrayArraySize 
atArray =111 Array . fo ld_r i gh t ( f u n 
 t i o n x −> ( f u n 
 t i o n y −> ( nmCatArraySize x) + y ) ) 
atArray 0 ; ;l e t nmChartSize 
atArray =Array . fo ld_r i gh t ( f u n 
 t i o n x −> ( f u n 
 t i o n y −> ( nmCatArrayArraySize x ) + y ) ) 
atArray 0 ; ;(∗ t o p r i n t s e l I t em , s h ow i n g i , j 
oded i n t o nXnSe l a r r a y p o s i t i o n , and S e l f 
oded i n t o s e l I t e m a r r a y p o s i t i o n ∗ )l e t p r intS e l I t em i j f ( s imple , f s , movers ) =b e g i nprintChain simple (Tu ( i , j , ( Se l f ) : : f s ) ) ;Array . i t e r i ( printChainWithF f a l s e ) movers ; P r in t f . f p r i n t f stdout " \ n " ;121 en d ; ;l e t p r i n t S e l I t emL is t i j f i t eml i s t = L i s t . i t e r ( pr intS e l It em i j f ) i t em l i s t ; ;l e t pr intSe lAr ray i j array = mat
h array w i t hZ −> ()| B 
atArray −> Array . i t e r i ( p r in t S e l I t emL is t i j ) 
atArray ; ;l e t r e 
 printSelCoordChart 
oordChart =l e t n = pred ( Array . l ength 
oordChart )131 i n f o r i=0 t o n dof o r j=0 t o n dopr in tS e lArr ay i j 
oordChart . ( i ) . ( j )d on ed on e ; ;l e t se lAr r ayS i z e 
atArray = mat
h 
atArray w i t hZ −> 0| B array −> l i s tA r r ay S i z e array ; ;141 l e t se lAr rayArr ayS ize 
atArray =Array . fo ld_r i gh t ( f u n 
 t i o n x −> ( f u n 
 t i o n y −> ( se lAr r ayS i z e x) + y ) ) 
atArray 0 ; ;l e t se lChar tS i z e 
atArray =Array . fo ld_r i gh t ( f u n 
 t i o n x −> ( f u n 
 t i o n y −> ( se lArrayArr ayS ize x ) + y ) ) 
atArray 0 ; ;(∗ t o p r i n t s i t I t e m i n moverCats , i n s e r t Cat f t h a t i s 
oded i n t o nmItem a r r a y p o s i t i o n ∗ )l e t printMoverItem f ( i , j , s imple , f s , movers ) =b e g i n151 printChain simple (Tu ( i , j , ( Cat f ) : : f s ) ) ;Array . i t e r i ( printChainWithF f a l s e ) movers ; P r in t f . f p r i n t f stdout " \ n " ;en d ; ;l e t printMoverItemList f i t em l i s t = L is t . i t e r ( printMoverItem f ) i t eml i s t ; ;l e t printMoverArray = Array . i t e r i printMoverItemList ; ;(∗ t o p r i n t s i t I t e m i n o t h e r l i s t ∗ )l e t printOtherItem ( i , j , s imple , f s , movers ) =161 b e g i nprintChain simple (Tu ( i , j , f s ) ) ;Array . i t e r i ( printChainWithF f a l s e ) movers ; P r in t f . f p r i n t f stdout " \ n " ;en d ; ;l e t pr intOther I temLis t i t em l i s t = L is t . i t e r printOtherItem i t em l i s t ; ;l e t printChart (nXnNonmoverCat , nXnSel , moverCats , o ther ) =b e g i nprintNMCatCoordChart nXnNonmoverCat ;171 printSelCoordChart nXnSel ;printMoverArray moverCats ;pr intOther I temLis t other ;en d ; ;l e t 
ha r tSt a t s (nXnNonmoverCat , nXnSel , moverCats , o ther ) =l e t nmSize = nmChartSize nXnNonmoverCat i nl e t s e l S i z e = s e lCha r tS iz e nXnSel i nl e t moverSize = l i s tAr r a yS i z e moverCats i nl e t o t he r S i z e = L is t . l ength other i n181 l e t t o t a l = nmSize+s e l S i z e+moverSize+o the rS iz e i nPr in t f . f p r i n t f stdout " C h a r t s i z e ( % i , % i , % i , % i ) = % i t o t a l , " nmSize s e l S i z e moverSize o t he r S i z e t o t a l ; ;l e t r e 
 printAgenda agenda =b e g i nPr in t f . f p r i n t f stdout " - - - a g e n d a : \ n " ;p r intOther I temLis t agenda ;P r i n t f . f p r i n t f stdout " - - - e n d a g e n d a \ n " ;en d ; ;(∗∗ END p r i n t f u n 
 t i o n s f o r t r a 
 i n g ∗∗ )191 l e t r e 
 ensureMember e l i s t = mat
h l i s t w i t h[ ℄ −> [ e ℄| x : : xs −> i f e=x t h e n x : : xs e l s e x : : ensureMember e xs ; ;(∗ pu t empty 
 a t e g o r i e s i n t o ∗ e v e r y s t r i n g p o s i t i o n ∗ by 
 a l l i n g : em p t y I n s e r t l e x 0 ( agenda0 , 
 h a r t 0 ) l e x . ∗ )l e t r e 
 emptyInsert l e x i stop ( agenda , (nXnNM, nXnSel , movers , o ther ) ) remaining = mat
h remaining w i t h[ ℄ −>i f i = stopt h e n ( agenda , (nXnNM, nXnSel , movers , o ther ) )201 e l s e emptyInsert l ex ( su

 i ) stop ( agenda , (nXnNM, nXnSel , movers , o ther ) ) l e x| ( [ ℄ , ( Cat x ) : : [ ℄ ) : : moreLex −> (∗ empty non−moving Cat −− i . e . j u s t 1 f e a t u r e ! ∗ )b e g i n( mat
h nXnNM. ( i ) . ( i ) w i t hY −> l e t 
atArray = Array .make ( su

 
atMax ) [ ℄i n b e g i n
atArray . ( x) <− ( ( true , Array .make ( su

 moverMax ) Em) : : [ ℄ ) ;nXnNM. ( i ) . ( i ) <− A 
atArray ;end211 | A 
atArray −>b e g i n
atArray . ( x) <− ( ( true , ( Array .make ( su

 moverMax ) Em) ) : : 
atArray . ( x ) ) ;end) ;



16.4. APPENDIX: LISTING 163emptyInsert l e x i stop ( ( i , i , true , [ Cat x ℄ , ( Array .make ( su

 moverMax ) Em) ) : : agenda , (nXnNM, nXnSel , movers , o ther ) ) moreLex ;end| ( [ ℄ , ( Cat x ) : : f s ) : : moreLex −> (∗ empty mov ing Ca t s ∗ )b e g i ni f i=0 t h e n movers . ( x) <− ( i , i , true , f s , Array .make ( su

 moverMax ) Em) : : movers . ( x ) e l s e ( ) ;221 emptyInsert l e x i stop ( ( i , i , true , ( Cat x ) : : f s , Array .make ( su

 moverMax ) Em) : : agenda , (nXnNM, nXnSel , movers , o ther ) ) moreLex ;end| ( [ ℄ , ( Se l x ) : : f s ) : : moreLex −> (∗ empty s e l e 
 t o r , add to 
 h a r t ∗∗ and t o agenda∗∗ ∗ )b e g i n( mat
h nXnSel . ( i ) . ( i ) w i t hZ −> l e t 
atArray = Array .make ( su

 
atMax ) [ ℄i n b e g i n
atArray . ( x) <− ( ( true , f s , Array .make ( su

 moverMax ) Em) : : [ ℄ ) ;nXnSel . ( i ) . ( i ) <− B 
atArray ;231 end| B 
atArray −>b e g i n
atArray . ( x) <− ( ( true , f s , ( Array .make ( su

 moverMax ) Em) ) : : 
atArray . ( x ) ) ;end) ; emptyInsert l e x i stop ( ( i , i , true , ( Se l x ) : : f s , Array .make ( su

 moverMax ) Em) : : agenda ,(nXnNM, nXnSel , movers , o ther ) ) moreLex ;end| _: : moreLex −> emptyInsert l e x i stop ( agenda , (nXnNM, nXnSel , movers , o ther ) ) moreLex ; ;241 (∗ add non−empty wo rd s t o t h e 
 h a r t ∗ )l e t r e 
 l e x In s e r t l e x ( agenda , (nXnNM, nXnSel , movers , o ther ) ) i input remainingG = mat
h ( input , remainingG) w i t h( [ ℄ ,_) −> ( agenda , (nXnNM, nXnSel , movers , o ther ) )| (w : : ws , [ ℄ ) −> l e x In s e r t l e x ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( su

 i ) ws lex| (w : : ws , ( [ word ℄ , ( Cat x ) : : [ ℄ ) : : moreLex ) when w=word −> (∗ non−moving Cat −− i . e . j u s t 1 f e a t u r e ! ∗ )b e g i n( mat
h nXnNM. ( i ) . ( su

 i ) w i t hY −> l e t 
atArray = Array .make ( su

 
atMax ) [ ℄i n b e g i n251 
atArray . ( x) <− ( ( true , Array .make ( su

 moverMax ) Em) : : [ ℄ ) ;nXnNM. ( i ) . ( su

 i ) <− A 
atArray ;end| A 
atArray −>b e g i n
atArray . ( x) <− ( ( true , ( Array .make ( su

 moverMax ) Em) ) : : 
atArray . ( x ) ) ;end) ;l e x In s e r t l e x ( ( i , su

 i , true , [ Cat x ℄ , ( Array .make ( su

 moverMax ) Em) ) : : agenda , (nXnNM, nXnSel , movers , o ther ) ) i input moreLex ;end261 | (w : : ws , ( [ word ℄ , ( Cat x ) : : f s ) : : moreLex ) when w=word −> l e t 
 e l l = movers . ( x ) i n (∗ moving Cat ∗ )i f L is t .mem ( i , su

 i , true , f s , Array .make ( su

 moverMax ) Em) 
 e l lt h e n l e x I n s e r t l e x ( agenda , (nXnNM, nXnSel , movers , o ther ) ) i input moreLexe l s eb e g i nmovers . ( x) <− ( i , su

 i , true , f s , Array .make ( su

 moverMax ) Em) : : 
 e l l ;l e x In s e r t l e x ( ( i , su

 i , true , ( Cat x ) : : f s , Array .make ( su

 moverMax ) Em) : : agenda , (nXnNM, nXnSel , movers , o ther ) ) i input moreLex ;end| (w : : ws , ( [ word ℄ , ( S e l x ) : : f s ) : : moreLex ) when w=word −> (∗ s e l e 
 t o r , add to 
 h a r t ∗∗ and t o agenda∗∗ ∗ )b e g i n271 ( mat
h nXnSel . ( i ) . ( su

 i ) w i t hZ −> l e t 
atArray = Array .make ( su

 
atMax ) [ ℄i n b e g i n
atArray . ( x) <− ( ( true , f s , Array .make ( su

 moverMax ) Em) : : [ ℄ ) ;nXnSel . ( i ) . ( su

 i ) <− B 
atArray ;end| B 
atArray −>b e g i n
atArray . ( x) <− ( ( true , f s , ( Array .make ( su

 moverMax ) Em) ) : : 
atArray . ( x ) ) ;281 end) ;l e t newAgenda = ( i , su

 i , true , ( S e l x ) : : f s , Array .make ( su

 moverMax ) Em) : : agenda i nl e x In s e r t l e x (newAgenda , (nXnNM, nXnSel , movers , o ther ) ) i input moreLex ;end| (w : : ws ,_: : moreLex ) −> le x In s e r t l e x ( agenda , (nXnNM, nXnSel , movers , o ther ) ) i input moreLex ; ;(∗∗ NOW UTILITIES FOR MAIN LOOP, COMPUTING THE CLOSURE ∗∗ )(∗ 
omb ine t h e mov ing e l em e n t s o f two 
 o n s t i t u e n t s , i f p o s s i b l e , r e t u r n i n g ( newArray , s u 
 
 e s s ) ∗ )l e t r e 
 moverMergeVal array1 array2 newArray i stop =291 i f i>=stopt h e n ( newArray , t rue )e l s e i f array1 . ( i )=Em t h e n b e g i n newArray . ( i )<−array2 . ( i ) ; moverMergeVal array1 array2 newArray ( su

 i ) stop ; en de l s e i f array2 . ( i )=Em t h e n b e g i n newArray . ( i )<−array1 . ( i ) ; moverMergeVal array1 array2 newArray ( su

 i ) stop ; en de l s e ( array1 , f a l s e ) ; ;(∗ upd a t e ( agenda , 
 h a r t ) w i t h e a
h p o s s i b l e k i n d o f i tem , a f t e r a p p l y i n g move i f n e 
 e s s a r y ∗ )l e t r e 
 update ( i , j , s imple , f e at s , moverArray ) ( agenda , (nXnNM, nXnSel , movers , o ther ) ) =l e t r e 
 move (k , l , x , f e a tu r es , moverArray ) agendaChart = (∗ t ha t ' s t h e l e t t e r l ∗ )( mat
h moverArray . ( x) w i t h301 Em −> agendaChart| Tu ( i , j , [ ℄ ) −> (∗ move1 : f i n a l move ∗ )i f j=kt h e n l e t newMoverArray = Array . 
opy moverArray i nb e g i nnewMoverArray . ( x ) <− Em;update ( i , l , f a l s e , f e a tur e s , newMoverArray ) agendaChart ;ende l s e agendaChart| Tu ( i , j , ( Neg f ) : : f s ) −> (∗ move2 : n o n f i n a l ∗ )311 i f moverArray . ( f ) = Emt h e n l e t newMoverArray = Array . 
opy moverArray i nb e g i nnewMoverArray . ( x ) <− Em;newMoverArray . ( f ) <− Tu ( i , j , f s ) ;update (k , l , f a l s e , f e a tur e s , newMoverArray ) agendaChart ;ende l s e agendaChart| Tu _ −> ra i s e ( f a i l w i t h " m o v e e r r o r : i n v a l i d l i 
 e n s e e s e q u e n 
 e " ))321 i n ma t 
h f e a t s w i t h[ ℄ −> r a i s e ( f a i lw i t h " u p d a t e e r r o r : f e a t u r e l e s s r e s u l t " )| (Cat x ) : : [ ℄ −> (∗ nonmov ing Cat i t em ∗ )( mat
h nXnNM. ( i ) . ( j ) w i t hY −> l e t 
atArray = Array .make ( su

 
atMax ) [ ℄ i nb e g i n
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atArray . ( x) <− ( ( f a l s e , moverArray ) : : [ ℄ ) ;nXnNM. ( i ) . ( j ) <− A 
atArray ;( ( i , j , f a l s e , ( Cat x ) : : [ ℄ , moverArray ) : : agenda , (nXnNM, nXnSel , movers , o ther ) ) ;end331 | A 
atArray −>l e t 
 e l l = 
atArray . ( x) i ni f L i s t .mem ( f a l s e , moverArray ) 
 e l lt h e n ( agenda , (nXnNM, nXnSel , movers , o ther ) )e l s eb e g i n(∗ P r i n t f . f p r i n t f s t d o u t " a d d i n g : " ; p r i n t O t h e r I t e m ( i , j , f a l s e , ( Cat x ) : : [ ℄ , mov e rA r r a y ) ; ∗ )
atArray . ( x ) <− ( ( f a l s e , moverArray ) : : 
 e l l ) ;( ( i , j , f a l s e , ( Cat x ) : : [ ℄ , moverArray ) : : agenda , (nXnNM, nXnSel , movers , o ther ) ) ;en d341 )| (Cat x ) : : f e a t u r e s −> (∗ moving Cat i t em ∗ )l e t 
 e l l = movers . ( x) i ni f L i s t .mem ( i , j , f a l s e , f e a tur e s , moverArray ) 
 e l lt h e n ( agenda , (nXnNM, nXnSel , movers , o ther ) )e l s eb e g i n(∗ P r i n t f . f p r i n t f s t d o u t " a d d i n g : " ; p r i n tO t h e r I t e m ( i , j , f a l s e , ( Cat x ) : : f e a t u r e s , mov e rA r r a y ) ; ∗ )movers . ( x ) <− ( i , j , f a l s e , f e a tu r e s , moverArray ) : : 
 e l l ;( ( i , j , f a l s e , ( Cat x ) : : f e a tur e s , moverArray ) : : agenda , (nXnNM, nXnSel , movers , o ther ) ) ;351 end| ( Se l x ) : : f e a t u r e s −>( mat
h nXnSel . ( i ) . ( j ) w i t hZ −> l e t 
atArray = Array .make ( su

 
atMax ) [ ℄i n b e g i n(∗ P r i n t f . f p r i n t f s t d o u t " a d d i n g : " ; p r i n t O t h e r I t em ( i , j , f a l s e , ( S e l x ) : : f e a t u r e s , mov e rA r r a y ) ; ∗ )
atArray . ( x) <− ( ( f a l s e , f e a tur e s , moverArray ) : : [ ℄ ) ;nXnSel . ( i ) . ( j ) <− B 
atArray ;( ( i , j , f a l s e , ( S e l x ) : : f ea tu r e s , moverArray ) : : agenda , (nXnNM, nXnSel , movers , o ther ) ) ;361 end| B 
atArray −>l e t 
 e l l = 
atArray . ( x) i ni f L i s t .mem ( f a l s e , f e atu r e s , moverArray ) 
 e l lt h e n ( agenda , (nXnNM, nXnSel , movers , o ther ) )e l s eb e g i n(∗ P r i n t f . f p r i n t f s t d o u t " a d d i n g : " ; p r i n t O t h e r I t e m ( i , j , f a l s e , ( S e l x ) : : f e a t u r e s , move rAr r a y ) ; ∗ )
atArray . ( x ) <− ( ( f a l s e , f e atu r e s , moverArray ) : : 
atArray . ( x ) ) ;( ( i , j , f a l s e , ( Se l x ) : : f e a tur e s , moverArray ) : : agenda , (nXnNM, nXnSel , movers , o ther ) ) ;371 en d)| ( Pos x ) : : f e a t u r e s −>(∗ P r i n t f . f p r i n t f s t d o u t " a d d i n g o t h e r : " ; p r i n tO t h e r I t e m ( i , j , f a l s e , ( Pos x ) : : f e a t u r e s , mov e rA r r a y ) ; ∗ )(∗ l e t newOther = ensureMembe r ( i , j , f a l s e , ( Pos x ) : : f e a t u r e s , mov e rA r r a y ) o t h e r ∗ )l e t newOther = otheri n move ( i , j , x , f e a tur e s , moverArray ) ( agenda , (nXnNM, nXnSel , movers , newOther ) )| (Neg x ) : : f e a t u r e s −> r a i s e ( f a i l w i t h " u p d a t e e r r o r : N e g r e s u l t " ) ; ;(∗ f o r f o rw a r d r u l e s merge1 , merge2 , merge3 , t h i s f u n 
 t i o n 
 a l l s u pd a t e on a l l ma t
he s w i t h Cat i t em s ∗ )381 l e t r e 
 l i s t A l l agendaChart ( i , k , f s , movers1 ) 
 e l l = mat
h 
 e l l w i t h[ ℄ −> agendaChart ;| ( s imple , movers2 ) : : more −>l e t r e s u l t = moverMergeVal movers1 movers2 ( Array .make ( su

 moverMax ) Em) 0 ( su

 moverMax ) i ni f ( snd r e s u l t )t h e n l i s t A l l ( update ( i , k , f a l s e , f s , ( f s t r e s u l t ) ) agendaChart ) ( i , k , f s , movers1 ) moree l s e l i s t A l l agendaChart ( i , k , f s , movers1 ) more ; ;(∗ MERGE1 : s e a r 
 h nXnNM( j ) ( k ) up t o nXnNM( j ) ( s t o p ) f o r mat
he s ∗ )l e t r e 
 g e t a l l 1 ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , f s , movers1 ) x j k stop =391 i f k > stopt h e n ( agenda , (nXnNM, nXnSel , movers , o ther ) )e l s e ma t 
h nXnNM. ( j ) . ( k) w i t hY −> ge t a l l 1 ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , f s , movers1 ) x j ( su

 k) stop| A array −>l e t ( newAgenda , newChart ) = l i s t A l l ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , k , f s , movers1 ) array . ( x ) i ng e t a l l 1 (newAgenda , newChart ) ( i , f s , movers1 ) x j ( su

 k ) stop ; ;(∗ MERGE2 : s e a r 
 h nXnNM( i ) ( j ) down t o nXnNM ( 0 ) ( j ) f o r mat
he s ∗ )l e t r e 
 g e t a l l 2 ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( k , f s , movers1 ) x i j =401 i f i < 0t h e n ( agenda , (nXnNM, nXnSel , movers , o ther ) )e l s e ma t 
h nXnNM. ( i ) . ( j ) w i t hY −> ge t a l l 2 ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( k , f s , movers1 ) x ( pred i ) j| A array −>l e t ( newAgenda , newChart ) = l i s t A l l ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , k , f s , movers1 ) array . ( x ) i ng e t a l l 2 ( newAgenda , newChart ) ( k , f s , movers1 ) x ( pred i ) j ; ;(∗ MERGE3 ∗ )l e t r e 
 g e t a l l 3 agendaChart ( i , j , f s1 , movers1 ) 
 e l l = mat
h 
 e l l w i t h411 [ ℄ −> agendaChart| (k , l , s imple , ( Neg y ) : : f s2 , movers2 ) : : more −>i f movers1 . ( y) = Em && movers2 . ( y)=Emt h e n l e t ( newMovers , ok ) = moverMergeVal movers1 movers2 ( Array .make ( su

 moverMax ) Em) 0 ( su

 moverMax ) i ni f okt h e nb e g i nnewMovers . ( y) <− Tu (k , l , f s 2 ) ;g e t a l l 3 ( update ( i , j , f a l s e , f s1 , newMovers ) agendaChart ) ( i , j , f s1 , movers1 ) more ;421 ende l s e g e t a l l 3 agendaChart ( i , j , f s1 , movers1 ) moree l s e g e t a l l 3 agendaChart ( i , j , f s1 , movers1 ) more| _ −> r a i s e ( f a i l w i t h " g e t a l l 3 : e r r o r " ) ; ;(∗ f o r ba
kwa rd r u l e s merge1r , merge2r , t h i s f u n 
 t i o n 
 a l l s up da t e on a l l ma t
he s w i t h S e l i t em s ∗ )l e t r e 
 l i s t A l l r agendaChart ( i , k , movers1 ) 
 e l l = mat
h 
 e l l w i t h[ ℄ −> agendaChart ;| ( s imple , f s , movers2 ) : : more −>l e t r e su l t = moverMergeVal movers1 movers2 ( Array .make ( su

 moverMax ) Em) 0 ( su

 moverMax ) i n431 i f ( snd r e s u l t )t h e n l i s t A l l r ( update ( i , k , f a l s e , f s , ( f s t r e su l t ) ) agendaChart ) ( i , k , movers1 ) moree l s e l i s t A l l r agendaChart ( i , k , movers1 ) more ; ;(∗ MERGE1r : s e a r 
 h nXnSe l ( i ) ( j ) down to nXnSe l ( 0 ) ( j ) f o r mat
he s ∗ )l e t r e 
 g e t a l l 1 r ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( k , movers1 ) x i j =



16.4. APPENDIX: LISTING 165i f i < 0t h e n ( agenda , (nXnNM, nXnSel , movers , o ther ) )e l s e ma t 
h nXnSel . ( i ) . ( j ) w i t hZ −> g e t a l l 1 r ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( k , movers1 ) x ( pred i ) j441 | B array −>l e t ( newAgenda , newChart ) = l i s t A l l r ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , k , movers1 ) array . ( x) i ng e t a l l 1 r (newAgenda , newChart ) (k , movers1 ) x ( pred i ) j ; ;(∗ MERGE2r : s e a r 
 h nXnNM ( j ) ( k ) up t o nXnNM ( j ) ( s t o p ) f o r mat
he s ∗ )l e t r e 
 g e t a l l 2 r ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , movers1 ) x j k stop =i f k > stopt h e n ( agenda , (nXnNM, nXnSel , movers , o ther ) )e l s e ma t 
h nXnSel . ( j ) . ( k) w i t hZ −> g e t a l l 2 r ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , movers1 ) x j ( su

 k ) stop451 | B array −>l e t ( newAgenda , newChart ) = l i s t A l l r ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , k , movers1 ) array . ( x) i ng e t a l l 2 r (newAgenda , newChart ) ( i , movers1 ) x j ( su

 k ) stop ; ;(∗ f o r ba
kwa rd r u l e merge3r , t h i s f u n 
 t i o n 
 a l l s up d a t e on a l l ma t
he s w i t h S e l i t em s ∗ )(∗ MERGE3r : 
 a t e g o r y x o f mov ing i , j ma t
he s a l l s e l e 
 t o r x a t k , l i n nXnSe l ( k ) ( l ) ∗ )l e t r e 
 l i s t A l l 3 r agendaChart ( i , j , k , l , f s1 , movers1 ) 
 e l l = mat
h 
 e l l w i t h[ ℄ −> agendaChart ;| ( s imple , f s2 , movers2 ) : : more −> (∗ f i r s t , make s u r e t h a t move r s1 and move r s2 a r e 
 omp a t i b l e ∗ )l e t r e s u l t = moverMergeVal movers1 movers2 ( Array .make ( su

 moverMax ) Em) 0 ( su

 moverMax ) i n461 i f ( snd r e s u l t )t h e n ( mat
h f s 1 w i t h(Neg y ) : : morefs1 −> (∗ then , pu t new mov ing f e a t u r e i n t o r e s u l t , i f 
 omp a t i b l e ∗ )i f ( f s t r e s u l t ) . ( y ) = Emt h e nb e g i n( f s t r e su l t ) . ( y ) <− Tu ( i , j , morefs1 ) ;l i s t A l l 3 r ( update (k , l , f a l s e , f s2 , ( f s t r e s u l t ) ) agendaChart ) ( i , j , k , l , f s1 , movers1 ) more ;ende l s e l i s t A l l 3 r agendaChart ( i , j , k , l , f s1 , movers1 ) more471 | _ −> ra i s e ( f a i l w i t h " l i s t A l l 3 r : i n v a l i d f e a t u r e i n l i 
 e n s e e s e q u e n 
 e " ))e l s e l i s t A l l 3 r agendaChart ( i , j , k , l , f s1 , movers1 ) more ; ;(∗ MERGE3r : 
 a t e g o r y x o f mov ing i , j f i n d s s e l e 
 t o r x o f k , l i n nXnSe l ( k ) ( l ) , f o r any ( non−o v e r l a p p i n g ) k , l ∗ )(∗ The k<=l r e s t r i 
 t i o n t o t h e up p e r t r i a n g l e o f t h e ma t r i x i s 
oded by g o i n g t o ( s u 

 k ) ( s u 

 k ) when l > s t o p ∗ )l e t r e 
 g e t a l l 3 r ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , j , f s , movers1 ) x k l stop = (∗ l e t t e r l ∗ )i f l > stop && k >= stop t h e n ( agenda , (nXnNM, nXnSel , movers , o ther ) )e l s e i f l > stop t h e n g e t a l l 3 r ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , j , f s , movers1 ) x ( su

 k ) ( su

 k ) stope l s e i f ( l <= i | | k >= j )481 t h e n ( mat
h nXnSel . ( k ) . ( l ) w i t hZ −> ge t a l l 3 r ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , j , f s , movers1 ) x k ( su

 l ) stop| B array −>l e t ( newAgenda , newChart ) = l i s t A l l 3 r ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , j , k , l , f s , movers1 ) array . ( x ) i ng e t a l l 3 r (newAgenda , newChart ) ( i , j , f s , movers1 ) x k ( su

 l ) stop)e l s e g e t a l l 3 r ( agenda , (nXnNM, nXnSel , movers , o ther ) ) ( i , j , f s , movers1 ) x k ( su

 l ) stop ; ;(∗ MAIN LOOP TO COMPUTE THE CLOSURE OF THE CHART ∗ )491 l e t r e 
 main stop ( agenda , 
hart ) =b e g i n(∗ p r i n t A g e n d a agenda ; f o r t r a 
 i n g , bu t o f t e n p r o d u 
 e s a l o t o f o u t p u t ! ∗ )(∗ p r i n t C h a r t 
 h a r t ; f o r t r a 
 i n g , bu t o f t e n p r o d u 
 e s a l o t o f o u t p u t ! ∗ )( mat
h agenda w i t h[ ℄ −> ( agenda , 
hart )| ( i , j , true , ( Se l x ) : : f s , movers1 ) : : moreAgenda −> (∗ merge1 , merge3 ∗ )l e t (midAgenda , midChart ) = g e t a l l 1 (moreAgenda , 
hart ) ( i , f s , movers1 ) x j j stop i nl e t ( newAgenda , newChart ) = g e t a l l 3 (midAgenda , midChart ) ( i , j , f s , movers1 ) ( thdOf4 
hart ) . ( x ) i nmain stop ( newAgenda , newChart )501 | ( j , k , f a l s e , ( Se l x ) : : f s , movers1 ) : : moreAgenda −> (∗ merge2 , merge3 ∗ )l e t (midAgenda , midChart ) = g e t a l l 2 (moreAgenda , 
hart ) (k , f s , movers1 ) x j j i nl e t ( newAgenda , newChart ) = g e t a l l 3 (midAgenda , midChart ) ( j , k , f s , movers1 ) ( thdOf4 
hart ) . ( x ) i nmain stop (newAgenda , newChart )| ( j , k ,_, ( Cat x ) : : [ ℄ , movers1 ) : : moreAgenda −> (∗ merge1r , me rge2 r ∗ )l e t (midAgenda , midChart ) = g e t a l l 1 r (moreAgenda , 
hart ) (k , movers1 ) x j j i nl e t ( newAgenda , newChart ) = g e t a l l 2 r (midAgenda , midChart ) ( j , movers1 ) x k k stop i nmain stop ( newAgenda , newChart )| ( i , j ,_, ( Cat x ) : : f s , movers1 ) : : moreAgenda −> (∗ me rge3 r ∗ )l e t ( newAgenda , newChart ) = g e t a l l 3 r (moreAgenda , 
hart ) ( i , j , f s , movers1 ) x 0 0 stop i n511 main stop ( newAgenda , newChart )| _ −> r a i s e ( f a i l w i t h " m a i n : i n v a l i d a g e n d a i t e m " )) ;en d ; ;l e t announ
eSu

ess s ta r tCa tegory nXnNM inputLength = mat
h nXnNM. ( 0 ) . ( inputLength ) w i t hY −> Pr in t f . f p r i n t f stdout " N o 
 o n s i t u t e n t o f 
 a t e g o r y % s f r o m % i t o % i . \ n " ( 
 a t St r ing st ar tCategory ) 0 inputLength| A array −>i f array . ( st ar tCategory ) <> [ ℄t h e n Pr in t f . f p r i n t f stdout " T h e r e i s a 
 o n s i t u t e n t o f 
 a t e g o r y % s f r o m % i t o % i . \ n " ( 
 a tS t r ing st ar tCategory ) 0 inputLength521 e l s e Pr in t f . f p r i n t f stdout " N o 
 o n s i t u t e n t o f 
 a t e g o r y % s f r o m % i t o % i . \ n " ( 
 a tS t r i ng st ar tCategory ) 0 inputLength ; ;(∗ #l o a d " u n i x . 
ma " ; ; ∗ )l e t 
ky lex ( startCat , input ) =(∗ l e t t ime0 = ( Un i x . t im e s ( ) ) . Un i x . tms_ut ime i n ∗ )l e t inputLength0 = L i s t . l ength input i nl e t ( 
hart0 : 
hart ) =( Array . make_matrix ( su

 inputLength0 ) ( su

 inputLength0 ) Y,Array . make_matrix ( su

 inputLength0 ) ( su

 inputLength0 ) Z ,531 Array .make ( su

 
atMax ) [ ℄ ,[ ℄) i nl e t ( fstAgenda , f s tCha rt ) = emptyInsert l e x 0 inputLength0 ( [ ℄ , 
hart0 ) l e x i nl e t ( sndAgenda , sndChart ) = l e x In s e r t l e x ( fstAgenda , f s tCha rt ) 0 input l e x i nl e t ( newAgenda , newChart ) = main inputLength0 ( sndAgenda , sndChart ) i n(∗ l e t t ime1 = ( Un i x . t im e s ( ) ) . Un i x . tms_ut ime i n ∗ )b e g i nprintChart newChart ;
har tS t a ts newChart ;541 (∗ P r i n t f . p r i n t f " 
omputed i n %2.2 f ms . \ n" ( ( t im e1 −. t im e0 ) ) ; ∗ )announ
eSu

ess s tar tCat ( f s tOf 4 newChart ) inputLength0 ;end ; ;l e t eg g x = 
ky g ( example x ) ; ;
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t ive Caml ve r s i on 3 .0 9 . 3# #use " mg - 
 k y . m l " ; ;t y p e f e a tu r e = Se l o f in t | Cat o f in t | Pos o f i n t | Neg o f in t5 t y p e 
hain = Em | Tu o f ( in t ∗ i n t ∗ f e a t u r e l i s t )t y p e nmItem = bool ∗ 
hain arrayt y p e se l I t em = bool ∗ f e a tu r e l i s t ∗ 
hain arrayt y p e s i t I t em = in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain arrayt y p e nmCatArray = Y | A o f nmItem l i s t arrayt y p e se lAr ray = Z | B o f se l I t em l i s t arrayt y p e nmCatCoordChart = nmCatArray array arrayt y p e selCoordChart = se lArray array arrayt y p e 
hart =nmCatCoordChart ∗ selCoordChart ∗ s i t I t em l i s t array ∗ s i t I t em l i s t15 va l moverString : i n t −> s t r i ng = <f u n>val moverMax : in t = 1va l 
 a tS t r ing : in t −> s t r i n g = <f u n>val 
atMax : in t = 5va l grammar : ( s t r i n g l i s t ∗ f e a t u r e l i s t ) l i s t =[ ( [ ℄ , [ Se l 1 ; Cat 0 ℄ ) ; ( [ ℄ , [ Se l 1 ; Pos 1 ; Cat 0 ℄ ) ;( [ ℄ , [ Se l 5 ; Pos 0 ; Cat 1 ℄ ) ; ( [ ℄ , [ S e l 4 ; Se l 2 ; Cat 5 ℄ ) ;( [ " e a t " ℄ , [ Se l 2 ; Pos 0 ; Cat 4 ℄ ) ; ( [ " l a u g h " ℄ , [ Cat 4 ℄ ) ;( [ " t h e " ℄ , [ Se l 3 ; Cat 2 ; Neg 0 ℄ ) ;( [ " w h i 
 h " ℄ , [ Se l 3 ; Cat 2 ; Neg 0 ; Neg 1 ℄ ) ; ( [ " k i n g " ℄ , [ Cat 3 ℄ ) ;25 ( [ " p i e " ℄ , [ Cat 3 ℄ ) ℄va l example : in t −> in t ∗ s t r i n g l i s t = <f u n>val f s tOf 4 : ' a ∗ 'b ∗ ' 
 ∗ 'd −> ' a = <f u n>val sndOf4 : ' a ∗ 'b ∗ ' 
 ∗ 'd −> 'b = <f u n>val thdOf4 : ' a ∗ 'b ∗ ' 
 ∗ 'd −> ' 
 = <f u n>val fthOf4 : ' a ∗ 'b ∗ ' 
 ∗ 'd −> 'd = <f u n>val f e a t S t r i ng : f e a t u r e −> st r i n g = <f u n>val pr intFeat : f e a tu r e −> unit = <f u n>val p r i ntFeat s : f e a t u r e l i s t −> unit = <f u n>val p r i n t S t r i ng s : s t r i n g l i s t −> unit = <f u n>35 va l printLex : ( s t r i n g l i s t ∗ f e a tu r e l i s t ) l i s t −> unit = <f u n>val printChain : bool −> 
hain −> unit = <f u n>val printChainWithF : bool −> in t −> 
hain −> unit = <f u n>val printNMItem : i n t −> in t −> in t −> bool ∗ 
hain array −> unit = <f u n>val printNMItemList : in t −> in t −> in t −> ( bool ∗ 
hain array ) l i s t −> unit =<f u n>val printNMCatArray : in t −> in t −> nmCatArray −> unit = <f u n>val printNMCatCoordChart : nmCatArray array array −> unit = <f u n>val p r intS e l I t em :i n t −> in t −> in t −> bool ∗ f e a tu r e l i s t ∗ 
hain array −> unit = <f u n>45 va l p r i n t S e l I t emL is t :i n t −> in t −> in t −> ( bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t −> unit =<f u n>val pr intSe lAr ray : i n t −> in t −> se lAr ray −> unit = <f u n>val printSelCoordChart : se lAr ray array array −> unit = <f u n>val printMoverItem :i n t −> in t ∗ in t ∗ bool ∗ f e a t u r e l i s t ∗ 
hain array −> unit = <f u n>val printMoverItemList :i n t −> ( in t ∗ in t ∗ bool ∗ f e a t u r e l i s t ∗ 
hain array ) l i s t −> unit = <f u n>val printMoverArray :55 ( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array −> unit = <f u n>val printOtherItem : i n t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array −> unit =<f u n>val pr intOther I temLis t :( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t −> unit = <f u n>val printChart :nmCatArray array array ∗ se lArr ay array array ∗( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t −> unit = <f u n>val printAgenda :65 ( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t −> unit = <f u n>val ensureMember : ' a −> 'a l i s t −> 'a l i s t = <f u n>val emptyInsert :( ' a l i s t ∗ f e a tu r e l i s t ) l i s t −>in t −>in t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗ 'b ) −>( ' a l i s t ∗ f e a tu r e l i s t ) l i s t −>75 ( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗ 'b ) =<f u n>val l e x I n s e r t :( ' a l i s t ∗ f e a tu r e l i s t ) l i s t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗ 'b ) −>in t −>85 ' a l i s t −>( ' a l i s t ∗ f e a tu r e l i s t ) l i s t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗ 'b ) =<f u n>val moverMergeVal :
hain array −>
hain array −> 
hain array −> in t −> in t −> 
hain array ∗ bool = <f u n>val update :95 i n t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) =<f u n>105 va l l i s t A l l :( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) −>



16.5. APPENDIX: SESSION 167i n t ∗ i n t ∗ f e a tu r e l i s t ∗ 
hain array −>( ' a ∗ 
hain array ) l i s t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗115 ( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) =<f u n>val g e t a l l 1 :( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) −>in t ∗ f e a t u r e l i s t ∗ 
hain array −>in t −>in t −>125 in t −>in t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) =<f u n>val g e t a l l 2 :( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗135 ( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) −>in t ∗ f e a t u r e l i s t ∗ 
hain array −>in t −>in t −>in t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) =145 <f u n>val g e t a l l 3 :( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) −>in t ∗ i n t ∗ f e a tu r e l i s t ∗ 
hain array −>( int ∗ i n t ∗ ' a ∗ f e a t u r e l i s t ∗ 
hain array ) l i s t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗155 ( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) =<f u n>val l i s t A l l r :( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) −>in t ∗ i n t ∗ 
hain array −>( ' a ∗ f e a t u r e l i s t ∗ 
hain array ) l i s t −>165 ( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) =<f u n>val g e t a l l 1 r :( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) −>175 in t ∗ 
hain array −>in t −>in t −>in t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) =<f u n>val g e t a l l 2 r :185 ( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) −>in t ∗ 
hain array −>in t −>in t −>in t −>in t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗195 ( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) =<f u n>val l i s t A l l 3 r :( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) −>in t ∗ i n t ∗ in t ∗ i n t ∗ f e a t u r e l i s t ∗ 
hain array −>205 ( ' a ∗ f e a t u r e l i s t ∗ 
hain array ) l i s t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) =<f u n>val g e t a l l 3 r :( i nt ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗215 ( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) −>in t ∗ i n t ∗ f e a tu r e l i s t ∗ 
hain array −>in t −>in t −>in t −>in t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗



168 �16. MG PARSER IMPLEMENTATION( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) =225 <f u n>val main :i n t −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) −>( int ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ∗( nmCatArray array array ∗ se lArr ay array array ∗( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t array ∗235 ( in t ∗ i n t ∗ bool ∗ f e a tu r e l i s t ∗ 
hain array ) l i s t ) =<f u n>val announ
eSu

ess : in t −> nmCatArray array array −> in t −> unit = <f u n>val 
ky : ( ' a l i s t ∗ f e a tu r e l i s t ) l i s t −> in t ∗ ' a l i s t −> unit = <f u n>val eg : ( s t r i n g l i s t ∗ f e a tu r e l i s t ) l i s t −> in t −> unit = <f u n># eg grammar 1 ; ;adding : ( 2 , 3 ) : =D vadding : ( 0 , 2 ) : D −kadding : ( 2 , 3 ) : v ( 0 , 2 ) : −k245 adding other : ( 2 , 3 ) : +k T ( 0 , 2 ) : −kadding other : ( 2 , 3 ) : +k T ( 0 , 2 ) : −kadding other : ( 2 , 3 ) : +k T ( 0 , 2 ) : −kadding other : ( 0 , 3 ) : +wh Cadding : ( 0 , 3 ) : C( 0 , 3 ) : C( 0 , 3 ) : T( 1 , 2 ) : : N( 2 , 3 ) : : V( 2 , 3 ) : v ( 0 , 2 ) : −k255 ( 0 , 0 ) : : =T +wh C( 0 , 0 ) : : =T C( 0 , 0 ) : : =V =D v( 0 , 0 ) : : =v +k T( 0 , 1 ) : : =N D −k( 1 , 1 ) : : =T +wh C( 1 , 1 ) : : =T C( 1 , 1 ) : : =V =D v( 1 , 1 ) : : =v +k T( 2 , 2 ) : : =T +wh C265 ( 2 , 2 ) : : =T C( 2 , 2 ) : : =V =D v( 2 , 2 ) : : =v +k T( 2 , 3 ) : =D v( 3 , 3 ) : : =T +wh C( 3 , 3 ) : : =T C( 3 , 3 ) : : =V =D v( 3 , 3 ) : : =v +k T( 0 , 2 ) : D −k( 2 , 3 ) : +k T ( 0 , 2 ) : −k275 ( 0 , 3 ) : +wh CThere i s a 
 on s i t ut en t o f 
ategory C from 0 t o 3 .
− : un i t = ( )# eg grammar ( −1); ;adding : ( 4 , 5 ) : =D vadding : ( 2 , 4 ) : D −kadding : ( 4 , 5 ) : v ( 2 , 4 ) : −kadding other : ( 4 , 5 ) : +k T ( 2 , 4 ) : −kadding other : ( 4 , 5 ) : +k T ( 2 , 4 ) : −k285 adding : ( 0 , 2 ) : D −kadding : ( 1 , 3 ) : D −kadding : ( 4 , 5 ) : v ( 1 , 3 ) : −kadding other : ( 4 , 5 ) : +k T ( 1 , 3 ) : −kadding other : ( 4 , 5 ) : +k T ( 1 , 3 ) : −kadding : ( 4 , 5 ) : v ( 0 , 2 ) : −kadding other : ( 4 , 5 ) : +k T ( 0 , 2 ) : −kadding other : ( 4 , 5 ) : +k T ( 0 , 2 ) : −kadding other : ( 4 , 5 ) : +k T ( 0 , 2 ) : −kadding other : ( 4 , 5 ) : +k T ( 1 , 3 ) : −k295 adding other : ( 4 , 5 ) : +k T ( 2 , 4 ) : −kadding other : ( 2 , 5 ) : +wh Cadding : ( 2 , 5 ) : C( 1 , 2 ) : : N( 2 , 5 ) : C( 2 , 5 ) : T( 3 , 4 ) : : N( 4 , 5 ) : : V( 4 , 5 ) : v ( 0 , 2 ) : −k( 4 , 5 ) : v ( 1 , 3 ) : −k305 ( 4 , 5 ) : v ( 2 , 4 ) : −k( 0 , 0 ) : : =T +wh C( 0 , 0 ) : : =T C( 0 , 0 ) : : =V =D v( 0 , 0 ) : : =v +k T( 0 , 1 ) : : =N D −k( 1 , 1 ) : : =T +wh C( 1 , 1 ) : : =T C( 1 , 1 ) : : =V =D v( 1 , 1 ) : : =v +k T315 ( 2 , 2 ) : : =T +wh C( 2 , 2 ) : : =T C( 2 , 2 ) : : =V =D v( 2 , 2 ) : : =v +k T( 2 , 3 ) : : =N D −k( 3 , 3 ) : : =T +wh C( 3 , 3 ) : : =T C( 3 , 3 ) : : =V =D v( 3 , 3 ) : : =v +k T( 4 , 4 ) : : =T +wh C325 ( 4 , 4 ) : : =T C( 4 , 4 ) : : =V =D v( 4 , 4 ) : : =v +k T( 4 , 5 ) : =D v( 5 , 5 ) : : =T +wh C( 5 , 5 ) : : =T C( 5 , 5 ) : : =V =D v( 5 , 5 ) : : =v +k T( 1 , 3 ) : D −k



16.5. APPENDIX: SESSION 169( 0 , 2 ) : D −k335 ( 2 , 4 ) : D −k( 4 , 5 ) : +k T ( 2 , 4 ) : −k( 4 , 5 ) : +k T ( 1 , 3 ) : −k( 4 , 5 ) : +k T ( 0 , 2 ) : −k( 2 , 5 ) : +wh CNo 
on s i t u t en t o f 
ategory C from 0 t o 5 .
− : un i t = ( )#Pro
ess 
aml−t o p l ev e l f i n i s h e d
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�17 Semanti
s in the 
omputational model17.0 The interfa
e with reasoning: �rst ideasPF and LF 
onstitute the `interfa
e' between language and other 
ognitive systems, yielding dire
t repre-sentations of sound, on the one hand, and meaning on the other as language and other systems intera
t,in
luding per
eptual and produ
tion systems, 
on
eptual and pragmati
 systems. (Chomsky 1986 [48, p68℄)The output of the senten
e 
omprehension system. . . provides a domain for su
h further transformationsas logi
al and indu
tive inferen
es, 
omparison with information in memory, 
omparison with informationavailable from other per
eptual 
hannels, et
...[These℄ extra-linguisti
 transformations are de�ned dire
tlyover the grammati
al form of the senten
e, roughly, over its synta
ti
 stru
tural des
ription (whi
h, of
ourse, in
ludes a spe
i�
ation of its lexi
al items). (Fodor et al. 1980 [85℄). . . the pi
ture of meaning to be developed here is inspired by Wittgenstein's idea that the meaning of aword is 
onstituted from its use � from the regularities governing our deployment of the senten
es in whi
hit appears. . . understanding a senten
e 
onsists, by de�nition, in nothing over and above understanding its
onstituents and appre
iating how they are 
ombined with one another. Thus the meaning of the senten
edoes not have to be worked out on the basis of what is known about how it is 
onstru
ted; for that knowledgeby itself 
onstitutes the senten
e's meaning. If this is so, then 
ompositionality is a trivial 
onsequen
e ofwhat we mean by �understanding� in 
onne
tion with 
omplex senten
es. (Horwi
h 1998 [123, pp3,9℄)17.1 Disambiguation in 
omprehension(0) The nature of the problem: Disambiguation requires `
reativity', mentioned on page 5. . .Hans Kamp agrees with Barbara Partee on the di�
ulty of determining pronoun referen
e:�The strategies used in sele
ting the referents of anaphori
 pronouns are notoriously 
omplex. . . E�ortsto understand these strategies have 
laimed mu
h thought and hard work, but, in its general form atleast, the problem appears to be mu
h to 
omplex to permit solution with the limited analyti
al toolsavailable at the present time. . . Indeed, I in
line to the opinion expressed, for example, in Partee [197,p.80℄, that all we 
an reasonably expe
t to a
hieve in this area is to arti
ulate orders of preferen
eamong the potential referents of an anaphori
 pronoun, without implying that the item whi
h re
ievesthe highest rating is in ea
h and every 
ase the referent of the pronoun.� [133, p.39℄Hilary Putnam agrees with Jerry Fodor on the di�
ulty of de
iding sameness of meaning:�In short, it looks like the problem of me
hanizing � `
omputationalizing' � the notion of samenessof referen
e judgements, and hen
e sameness of meaning judgements, 
annot be 
arried out without
arrying out what [Jerry Fodor℄, I think rightly, 
alls the too Utopian program of 
omputationalizings
ienti�
 explanation, the prin
iple of abdu
tion, or inferen
e to the best explanation. There is anintimate link between the question of what is and is not the best explanation and the question `Is hereferring to the same thing?' or `Has he stopped referring to the same thing?'.� [211, p.222℄Why would a theory of ambiguity resolution be di�
ult to formulate?A1: What an expression really refers to, or really means, is a normative question. This idea defendedin the philosophi
al literature [64, 211, 70, 175℄. Cf. [46, p.9℄, [86, pp.4-5℄ on `
ognizing'A2: What a given individual in a given setting thinks an expression means does not depend on a delimiteddomain, as does, e.g., what synta
ti
 stru
tures the expression has. Fodor [86℄ defends this view, sayingthat syntax is `informationally en
apsulated' in the way per
eptual systems are, and in the way generalreasoning about matters of fa
t is not. Cf. Chomsky [48, p.14n.10℄, and 
ritiques below171



172 �17. SEMANTICS IN THE COMPUTATIONAL MODEL(1) Psy
hologi
al eviden
e of in�uen
es on (and rates of) ambiguity resolution:a. Lexi
al priming [65, 60, many others℄b. Stru
tural preferen
es on `�rst pass' [88, 91, many others℄
. Pragmati
s, dis
ourse [37, many others℄d. In
remental interpretation [62, 212, 233, 235, many others℄.(2) How 1 and 2 
ould be 
ompatible?Long-standing 
ontroversy: Show lexi
al priming not `
ognitively penetrable', so distin
t from generalreasoning. [169, many others℄ Similarly, dis
ourse in�uen
es do not eliminate `garden paths' et
 [217,many others℄Two basi
 ideas to allow (0) & (1) together:�rst Reasoning is shallow. [180, 4℄.
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������

������
������
������
������
������
������

������
������
������
������
������
������

�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������

������
������
������
������
������
������

������
������
������
������
������
������

������
������
������
������
������
������

������
������
������
������
������
������

������
������
������
������
������
������

������
������
������
������
������
������

Commonsense Reasoning Mathematical LogicThis �gure adapted from Minsky 1988 [180℄se
ond Reasoning is narrow and task-spe
ialized [34, 13℄ That is, there is a rather stri
t limit to the rangeof probabilisti
 dependen
ies that we keep tra
k of at any one time. This is the essential idea behindMinksy's �s
ripts� and �frames,� but I think we �nd a mu
h more robust and �exible developmentin graphi
al, network models of belief. Suppose for example that all the propositions whose truth issupported by p are on a bran
h of a tree dominated by p. Then, at least in 
ertain spe
ial 
onditions, itis possible to qui
kly propagate adjustments in support through the relevant propositions. This is alsothe basi
 idea behind Bayesian nets [198, 63℄.



17.2. RECOGNIZING ENTAILMENTS 17317.2 Re
ognizing entailmentsnatural logi
s [25, 210, 229, 96, 184℄For example, trivially we judge pretheoreti
ally that 2b below is true whenever 2a is.2a. John is a linguist and Mary is a biologist.2b. John is a linguist.Thus, given that 2a,b lie in the fragment of English we intend to represent, it follows that our systemwould be des
riptively inadequate if we 
ould not show that our representation for 2a formally entailedour representation of 2b. (Keenan and Faltz [143, p2℄)
[[every]] = {〈p, q〉| p ⊆ q}
[[some]] = {〈p, q〉| (p ∩ q) 6= ∅}

[[no]] = {〈p, q〉| (p ∩ q) = ∅}
[[exactly N]] = {〈p, q〉| |p ∩ q| = N} for any N ∈ N
[[at least N]] = {〈p, q〉| |p ∩ q| ≥ N} for any N ∈ N
[[at most N]] = {〈p, q〉| |p ∩ q| ≤ N} for any N ∈ N
[[all but N]] = {〈p, q〉| |p − q| = N} for any N ∈ N

[[between N and M]] = {〈p, q〉| N ≤ |p ∩ q| ≤ M} for any N, M ∈ N
[[most]] = {〈p, q〉| |p − q| > |p ∩ b|}

[[the N]] = {〈p, q〉| |p − q| = 0 and |p ∩ q| = N} for any N ∈ NFor any binary quanti�er Q we use ↑ Q to indi
ate that Q is (monotone) in
reasing in its �rst argument,whi
h means that whenever 〈p, q〉 ∈ Q and r ⊇ p then 〈r, q〉 ∈ Q. Examples are some and at least N.For any binary quanti�er Q we use Q ↑ to indi
ate that Q Q is (monotone) in
reasing in its se
ondargument i� whenever 〈p, q〉 ∈ Q and r ⊇ q then 〈p, r〉 ∈ Q. Examples are every, most, at least N, the,in�nitely many,. . . .For any binary quanti�er Q we use ↓ Q to indi
ate that Q is (monotone) de
reasing in its �rst argument,whi
h means that whenever 〈p, q〉 ∈ Q and r ⊆ p then 〈r, q〉 ∈ Q. Examples are every, no, all, at most N,. . .For any binary quanti�er Q we use Q ↓ to indi
ate that Q Q is (monotone) de
reasing in its se
ondargument i� whenever 〈p, q〉 ∈ Q and r ⊆ q then 〈p, r〉 ∈ Q. Examples are no, few, fewer than N, at mostN,. . . .Sin
e every is de
reasing in its �rst argument and in
reasing in its se
ond argument, we sometimes write
↓every ↑. Similarly, ↓no ↓, and ↑ some ↓.It is now easy to represent sound patterns of inferen
e for di�erent kinds of quanti�ers.

B(Q(A)) C(every(B))
C(Q(A)) [Q↑] (for any Q↑: all, most, the, at least N, infinitely many,...)

B(Q(A)) B(every(C))
C(Q(A)) [Q↓] (for any Q↓: no, few, fewer than N, at most N,...)

B(Q(A)) C(every(A))
B(Q(C)) [↑Q] (for any ↑Q: some, at least N, ...)

B(Q(A)) A(every(C))
B(Q(C)) [↓Q] (for any ↓Q: no, every, all, at most N, at most finitely many,...)Example: Aristotle noti
ed that �Darii syllogisms� like the following are sound:Some birds are swans All swans are whiteTherefore, some birds are whiteWe 
an re
ognize this now as one instan
e of the Q ↑ rule:

birds(some(swans)) white(every(swan))
white(some(birds)) [Q↑]The se
ond premise says that the step from the property [[bird℄℄ to [[white℄℄ is an �in
rease,� and sin
e weknow some is in
reasing in its se
ond argument, the step from the �rst premise to the 
on
lusion alwayspreserves truth.We 
ould 
ontinue to develop a logi
 in this way (
ompare [96, 17, 229, 210℄), and we 
ould 
onsider variousways to get alternative quanti�er s
opes (e.g. by 
overtly 
hanging the quanti�er positions, or by introdu
ingmore 
omplex inferen
e rules), but let's now turn our attention to aspe
ts of meaning that are not expli
itlygiven by our synta
ti
 stru
tures.sorted and des
ription logi
s [94, 154, 268, 186℄



174 �17. SEMANTICS IN THE COMPUTATIONAL MODEL17.3 Re
ognizing probable 
onsequen
esgeneral reasoning with Bayesian models? [256, 198, 63, many others℄1Problem 0: Bayesian networks are propositional, and so miss general relations among propositions. And onthe other hand, it is not 
lear how to update a �rst order database, sin
e even equivalen
e of �rst orderformulas is unde
idable, and even in the propositional 
ase equivalen
e is intra
table [189, 116, 195℄A standard response to this problem is to abandon the untenable assumption that human beliefs are 
onsis-tent with respe
t to logi
al equivalen
e (�logi
al omnis
ien
e�), and instead asso
iate degrees of belief withparti
ular formulas, with the possibility of propogating belief via inferential steps [14℄. This still leaves theintra
table problem of 
onditioning general databases with new information [136℄. One standard responseto this problem is to 
al
ulate approximations [153℄; another response is. . .Problem 1: In pursuit of tra
tability, Bayesian models stipulate limited propositional domains with theMarkov assumption. [104, 103℄

These diagrams are from Glymour 2003 [104℄A standard response to this problem is that, while there is no prin
ipled limitation on the range of fa
tsbrought to bear on a hypothesis in s
ien
e, in qui
k, human assessments of plausibility, there are of 
ourselimitations [34, 13℄. But pre
isely de�ning those limitations remains an open problem.Problem 2: Bayesian models provide no a

ount of how new terms 
an be introdu
ed to provide better,simpler, more believable models [145, 77℄. Even in 
ommonsense situations, humans 
an think of new kindsof possible explanations of the data, and we know very little about how this is done (. . . an important topi
of learnability theory).
1There are many 
omputational studies of this framework, in
luding an O
aml extension 
alled IBAL that uses (re
ursive fun
tionsde�ned over) Bayesian networks to 
ompute distributions over the possible values of probabilisti
 fun
tions [202, 215, 203, 155℄.
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